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Analysis of Classical Statistical Mechanics by Means of 
Collective Coordinates* 
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The three-dimensional classical many-body system is approximated by the use of collective coordinates, 
through the assumed knowledge of two-body correlation functions. The resulting approximate statistical 
state is used to obtain the two-body correlation function. Thus, a self-consistent formulation is available 
for determining the correlation function. Then, the self-consistent integral equation is solved in virial 
expansion, and the thermodynamic quantities of the system thereby ascertained. The first three virial 
coefficients are exactly reproduced, while the fourth is nearly correct, as evidenced by numerical results 


for the case of hard spheres. 





INTRODUCTION 


HE analysis of the state of a physical system for 
which an exact description is not feasible is 
generally facilitated by isolating predominant quali- 
tative characteristics, and then arranging a quanti- 
tative formulation which exhibits these characteristics 
as directly as possible. In uniform many-body systems, 
the omnipresence of freely propagating sound waves is 
most striking, and suggests that harmonic fluctuations, 
spatially and temporally, of the system density be 
incorporated as an integral part of a many-body theory. 
Following the above approach, we have, in a sequence 
of papers,! investigated the use of the Fourier compo- 
nents of the particle density as fundamental coordinates 
for the analysis of the classical many-body problem; 
in particular, the approximate validity of the dynamical 
independence of these collective coordinates and of 
their simple harmonic motion has been established. We 
have seen that the two-body correlation function plays 
a paramount role in determining the oscillation fre- 
quencies which characterize the lowest order approxi- 
mation. Further, a method of computing the correlation 
function in terms of the approximate solution to the 


* Supported by the Office of Naval Research. 

1G. J. Yevick and J. K. Percus, Phys. Rev. 101, 1186 (1956), 
Paper I; J. K. Percus and G. J. Yevick, Phys. Rev. 101, 1192 
(1956), Paper II; Nuovo cimento 5, 65 (1957), Paper IIT; 5, 
1057 (1957), Paper IV. 
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problem has been obtained, thereby affording a self- 
consistent method for the primitive collective coordi- 
nate treatment of the many-body problem. 

In this paper, the analysis of the optimum oscillator 
frequencies required for the collective coordinate repre- 
sentation of the potential energy is extended to three 
dimensions, and is sharpened by explicit use of the 
knowledge that the system is to be in a statistical state. 
The expression for the correlation function in terms of 
the oscillator frequencies is found to be as in Paper IV 
and is given further credence by comparison with a 
thermodynamic relation of Ornstein and Zernike. 

The stage is now set for a self-consistent computation 
of the two-body correlation function, a problem which 
is set up in the form of a simple nonlinear integral 
equation. First, however, the thermodynamic properties 
are obtained in terms of the correlation function by 
two approaches: via the isothermal compressibility, and 
through variation of the free energy. The leading virial 
coefficients are then determined for the approximate 
theory and compared with the exact coefficients; for a 
hard sphere gas, coefficients B,—B, are numerically 
reproduced with negligible error. Finally, the complete 
cluster expansion for the pressure is obtained in our 
approximation, and compared with the exact cluster 
expansion. 

It seems pertinent to mention at this point that the 
methods employed in the present paper may be regarded 


Copyright © 1958 by the American Physical Society 
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as constituting somewhat of a shift in the philosophy 
of our approach. By this we mean that cognizance must 
be taken of the fact that whereas one would ideally 
want to utilize all of the Fourier components of the 
density, only 3N (N=number of particles) coordinates 
are available. Rather than increase the allowed number 
of coordinates by imposition of a small? or large® 
number of supplementary conditions, with numerous 
attendant difficulties, we prefer to use precisely 3V 
collective coordinates. There is then a choice of either 
selecting one coordinate set as optimal for the system, 
and this is what we have previously done, or having 
the set used depend upon the particular quantity under 
consideration. The latter sampling technique is the one 
which we use in the following analysis; clearly, however, 
there is not a sharp dividing line between the two 
approaches, and indeed, the present approximation is 
formulated so as to be independent of the sample 
chosen. 

Finally, it should be observed that the purpose of the 
emphasis laid upon the low-density region in the latter 
part of the ensuing analysis is twofold. First, it enables 
us to compare our approximate theory with known 
exact results. Second, and of greater importance, since 
it is in this region that the assumption of the separa- 
bility of the collective coordinates is of most question- 
able validity, a severe test is thereby made of the 
adequacy of the approximate formulation, which is 
implicitly based upon such an assumption. 


I, COLLECTIVE COORDINATE PICTURE 


We now extend (to 3 dimensions) and modify the 
formulation developed in Papers III and IV. The 
classical N-body problem to be considered is represented 
by the Hamiltonian 


Pi* Di 
H=>D —+1Z ¥ V(x:—x,), (1) 
i 2m 


i ji 


where x; and p; are coordinate and momentum of the 
ith particle (t=1,---,N), located in a periodic cube of 
side L; V is the periodic potential obtained by allowing 
a given particle to interact with all periodic images of 
any other particle. 

The Hamiltonian (1) is to undergo an extended point 
transformation in which the new coordinates are those 
of the center of mass 


X=); x,/N, (2) 
and 3N—3 collective coordinates 
gu= DL; exp(ik-x;), (3) 


the latter being, to within a volume factor, Fourier 





2D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 

3N. Bogoliubov and D. N. Zubarev, J. Exptl. Theoret. Phys. 
(1989) L 28, 129 (1955) [translation: Soviet Physics JETP 1, 71 
(1955) ]. 
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components of the particle density >>; 5(x—x,). The 
vector k is a vector integer multiple of the basic wave 
number &o for the periodic cube, 


ko=2n/L, (4) 


and the set‘ {k} is restricted only by the conditions 
that it shall not contain the zero vector but shall 
contain the pair k, —k whenever k is a member. 
According to the properties of an extended point 
transformation,’ new canonical momenta ,’ resulting 
from a transformation from x, to x,’ may be specified 
by p= dc p'Ox,'/dx,, so that, P and x, being conju- 
gate to X and gx, we obtain the implicit definition 


py=t > km, exp(ik-x,;)+P/N. (5) 

{ k} 
We shall separately transform the potential and 
kinetic energy terms in (1). From (5), we have at once 


2m K.E.= ik k- Mgx—yruTr 
ikl} 
+21¥ qerck-P/N+P-P/N. (6) 


{k) 
Now our attention is to be restricted to uniform or 
translation invariant states of the system; hence all 
average values must be unaltered under the substitution 
x;—>x;+¢ for all 7, with g arbitrary. But it then 
follows that the average (qx (x;))=(qu(xj;+ ¢)) = (qu(x,)) 
Xexp(ik- gy), from which we conclude that 


(qx) = Nbx, o. (7) 


If the coefficients of the momenta in (6) are replaced 
by their mean values, we then obtain as an approxi- 
mation to (6) 


2m K.E.=N i Ray t P/N. (8) 


{k) 


The potential energy remains to be written in terms 
of the gx. Observing that 


> exp[tk- (x;—x;) ]=qug-n— NV, (9) 


ix] 


it follows that 


2 P.E.=) >. Vu (Quq—x— NV), (10) 
where the Fourier coefficient V; is defined as 
1 
v=— fv exp (ik-x)d*x. (11) 


But all k are used in (10) and we have only (3N—3) qx 
available; thus we replace (10) by the approximation 


2 P.E.= +s vx (qxg-x—V), (12) 


{ k,0) 


4The (3N—3) k’s at our disposal will hereafter be denoted 
explicitly by the symbol {k}. 

5H. C. Corben and P. Stehle, Classical Mechanics (John Wiley 
and Sons, Inc., New York, 1950), p. 229. 
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where the v, are determined so as to optimize the 
approximation. 

The term optimization is a nebulous one. A simple 
criterion which has been used is that the squared 
difference between exact and approximate potentials be 
small, or to be more definite, that the »; minimize the 
expression 


({V(xi—x,;)— ¥ vy exp[—ik- (x;—x,) ]}’). 


(.0) 


(13) 


If o(x) is the two-body distribution function,® defined by 


1 
(x1) == f g(ado(a ers (14) 
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for arbitrary g, the minimization of (13) readily leads 
to the relations 


> ox-in=(LV (x)o(x) Je 


{1.0} 


(15) 


to be solved for the vy. In the event that the density of 
wave vectors in {k} is small, only the oo>=1 term con- 
tributes to (15) (since ox~1/N for k¥0) and we have 


ve=(V(x)o(x) |e: (16) 


the potential V(x;—x,;) is replaced by an effective 
potential which is weighted according to the probability 
of occurrence of the pair of positions x,, x;. For po- 
tentials small enough to avoid severe nonlinear effects, 
one expects (16) to be quite generally valid. 

Inserting (8) and (12), we have now replaced the 
Hamiltonian (1) by the approximate collective coordi- 
nate Hamiltonian, 


NR Vk 
H=>° Wyn +— (Gud. =) 
(kil 2m 2 
P N(N-1) 
——-+——————. (17) 
2mN 2 


Thus we appear to have complete separation of the 
system into harmonic oscillator pairs (¢x,g-«), in addi- 
tion to the center-of-mass motion. However, as has 
been seen in Paper IV, the loss of memory of the 
transformation engendered by approximation (8) must 
be compensated for by attributing a nonuniform domain 
of action to the gx. This warping of g-space results, 
e.g., in modified oscillation frequencies’ as well as 
modified expressions for phase space integrals which 
have been discussed in Paper IV. Fortunately, in the 
succeeding analysis, all computations will be done in 
x space, with (17) and the implied separability of 





® For a translation-invariant system, the one-body distribution 
is uniform or constant and the two-body distribution a function 
of relative coordinates alone. 

7 These particular difficulties may be overcome, others arising, 
by a redefinition of the gx. See D, Pines and D. Bohm, Phys. Rev. 
85, 338 (1952). 
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q space as required background, but with approximation 
(12) alone employed. Interpretation in terms of the 
domain of action of g space will be made when appro- 
priate, but further detailed consideration of this aspect 
will not be necessary. 


II. TWO-BODY CORRELATIONS IN A 
STATISTICAL STATE 


It has been observed that the solution to our V-body 
problem will ultimately be made to depend upon the 
two-body correlation or distribution function (x). 
Since a(x) is certainly determined by the solution, a 
self-consistent method is then available. We now 
inquire as to the manner in which o(x) is obtained from 
the solution. As a first step, we note that, from the 
defining relation (14), 


1 
o1= few) exp(ik-x)d*x=(expik: (x;—x,)) 


1 
a —()° expik- (x;—x;)), 
N(N-1) ix] 
or 
1 ( ) ) 
Be Racca ba (18 
. N(N-1) 


This fundamental relation was similarly employed to 
advantage by Feynman’* in his work on He II. 

To make use of (18), we must know the state of the 
system, and this will be taken as a Gibbsian canonical 
state: one in which the unnormalized probability 
density in phase space is given by 


K being the Boltzmann constant, H the system Hamil- 
tonian, and 7 the system temperature. Of course in 
principle the problem is now solved, but in practice, 
this is no help. What does help is the knowledge that 
the potential energy replacement (12) is indicated and 
that the approximate separability of g space should 
thereupon introduce important simplifications. 

Let us then insert (12) into the probability function 
(19) and compute the expectation (18); the momentum 
integrations drop out and there remains (to within 1/.V) 


f exp( —6 . A nigig—-1) ( Qxg—k — N)dx3% 
1 {1>0} 
oO, =— s . ( 20) 
? f exp(—@ } ngig_sdx* 


{1>0) 





The notation {1>0} refers to any half of the set {I} 
which contains just one member of each pair I, —1; to 
employ this notation in (20), we have used the assump- 
tion »;=v;, a clear consequence of the fact that 
V(x)=V(—x). We shall suppose that k is one of the 


§R. P. Feynman, Phys. Rev. 94, 262 (1954). 














4 fy. 


set {1>0}; since o; is a slowly varying function of k, 
even a set {1} of very low density will completely 
determine the functional form of ox. 

To apply g-space decomposability, we first prove a 
simple theorem. Let £ be a linear functional (linear 
transformation onto the complex numbers), normalized 
so that £(1)=1; then we have 


(it) 


=e TIf{2(A)+[4.-£(A)]} 


i=l 


- «(TIC ANE CA, £(4) IIT £140) 


+ © ((4;— £(Aj) L4Ar— £(A,)] TT £(A))) 
TAR<T ixj,k 
Hl 


from which we see that 


] k) 
eT A)=|1+4 x a} 84, 
i TAT L&(A ;)£(Ax) i 


if £(1)=1. (21) 


The correspondence between (20) and (21) is 
achiev ed by taking £( ) as L-**f( )dx®*, with 
A,=exp(—@qig-1) for 1¥k, Ay=exp(—Orxquqg_x) for 
the denominator, and A x= (qxg_-x—V) exp(—OrxQug_x) 
for the numerator. We are then led to inspect quantities 

of the form 
S498 (Qng-m)ds8™ 


Sha (qug-s)dx*" f ¢(@mq- dN 


The discussion of Paper IV, extended to three dimen- 
sions, informs us that the nonzero contributions to (22) 
arise from terms of the form (q:9-1)*(¢mg-m)°’ where 
a 1=+mb; these contributions can be arbitrarily di- 
minished by making the density of wave vectors in 
{1} sufficiently low (so that any two k’s are “nearly” 
incommensurable) in which case the leading term of 
(21) suffices. Substituting into (20), we conclude that 
for low enough density of wave vectors, 





(22) 


1 f exp(—Orxgxq—%) (qug—-n— N)dx*® 
——— ei SR 


N? f exp(— Ce da" 


Several obvious extensions of (21) permit finer compu- 

tation of oc, but will not be considered at this time. 
Finally, for the evaluation of (23), or indeed more 

generally of f f(qxqg-x)dx*”, it suffices to compute 





(0,0) = f 8(Ox cosyx—Q cosy)3(Ox sings 


—Qsing)dx*¥, (24) 
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where 


Or.= (qxg—x)?, ¢x=}i In(q_x/@«) (25) 


















are the oftentimes more convenient polar components 
of gx, for then we have 


f f(Onex)dz?" = f fQ,e)Ju(Q,e0%d0de. (26) 


It may be remarked that Jx(Q,¢), being the additional 
factor required to perform a q-space integration if one 
regards the g,’s as an independent Cartesian system, 
is precisely the “domain of action” correction previously 
alluded to. 

To evaluate (24), we have, on Fourier-representing 
the 6 functions and noting that Ox cos¢x=4(¢u+49_x), 
Ox singx= —}7(¢x—G_-x), 


J(Q,¢) = (29)? [ , f exp —i(10 cosy 


+wuQ sing) ] exp[i(¢® ; cosk-x; 


+u>-; sink-x,;) }dx*%didu, (27) 


or, shifting to polar coordinates, this becomes 


any*f f exp[ —izQ sin(¢+4) ] 


N 
x| f expiz sin(k-x-+0)| zdzd8@. (28) 


But® 


exp[iz sin(k-x+6) ]= = J (2) expli(k-x+6)n J, 


n=—2 


(29) 
whence 


«(Qy¢) = (2m)-218" f f exp[—i2Q sin(y-+6)] 
X [Jo(z) }¥ dade 


(30) 


[3X 
-— f J0(Q2.Ju(2) dz 
Qn 


or expanding” Jo(z) and performing the indicated 
Laplace transform," 


® Grey, Matthews, and Macrobert, Bessel Functions (Mac- 
Millan and Company, Ltd., London, 1952), p. 32. 

10W. Magnus and F. ‘Oberhettinger, Special Functions of 
Mathematical Physics (Chelsea Publishing Company, New York, 
1949), p. 16. 

4 Erdelyi, Magnus, Oberhettinger, and Tricomi, Table of 
Integral Transforms (McGraw-Hill Book Company, Inc., New 
York, 1954), p. 185. 
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I 3N 


Ji(Q,¢) = z =f Jo(Q2)(1—N24/32+---) 


T 
Xexp(— N2?/4)zds 


[8N’ 
= — f s29y (1 —}Ny'+---) exp(—Ny)dy 
© 


= (L?%/x){N- exp(—(#/N)—N~ [1 —202/N 


+4(0?/N)*] exp(—Q?/N)+---}. (31) 
Thus, neglecting terms of relative order 1/.V, 
Jx(Q,¢) = (L'%/eN) exp(—Q?/N). (32) 


We can now evaluate (23) by the use of (26) and 
(32). This readily yields, for k~0, 


Oo, >= —O6v,/ (1+ N6rx), (33) 


which is the key result of this section. 


III. INTERPRETATION OF THE CORRELATION- 
FREQUENCY RELATION 

The function », which represents the force constant 
for phonon oscillations has occurred in the work of 
Ornstein and Zernike in a different aspect. If h(x) is 
the Fourier transform of — V6vy, (properly normalized, 
since (33) does not hold for k=0), we may write, as a 
consequence of Noy+NoxN@vy+N6x,=0, which fol- 
lows from (33), 


No(x—x;) = hx) + f i(x—m hea) 


+f [ix— sila h(a) Ped 2+ »++, (34) 


Thus #(x) may be regarded as the “intrinsic” 2-body 
correlation: Vo(x) is composed of direct correlation, 
correlation with intercession of one body, with two 
bodies, etc. For further discussion of this intrinsic 
correlation, see Goldstein.” 

On the other hand, the interpretation of », as a 
force constant yields an important verifiable result, 
first obtained in a different form again by Ornstein and 
Zernike.” First we must ,consider the oscillation fre- 
quency of the kth collective harmonic oscillator, which, 
since the g space appropriate to (17) is warped, is not 
given simply by w.’=Nk’»;/m. Observing from (32) 
that the spacial distortion may be accounted for by 
insertion of the factor exp(—qug-x/') for each pair 
x, Y—x, We see that since the result is to replace vy in 


2 L. Goldstein, Phys. Rev. 100, 981 (1955). 
13. S. Ornstein and F. Zernike, Proc. Acad. Sci. Amsterdam 


17, 793 (1914). 


the phase space density (19) by vx+(1/N6), then 
wy = (NR/m)*(vy,+1/N6)!. 


Thus the sound velocity in the long wave limit, c, 
is given by c=Oa/Oh| 4-40 OF 


c= (N/m)*(vo.+1/N0)4, 


(35) 


(36) 


where it is now convenient to restrict ourselves to a 
spherically symmetric potential and: thus to an isotropic 
medium. It must be recalled that since the system is 
fixed in temperature, c is an unusual quantity, the 
isothermal sound velocity; however, we may at once 


obtain the isothermal compressibility Kr: Kr" 
=n(0p/dn)r=nc, or 
Ky =nN (vo,.4+1/N8), (37) 


where n= .\/L* is the particle density. Our relation 
(33), in the form (1+ N@v,)(1+Nox)=1, will then be 
verified for k—>0 if we can show by standard equilibrium 
arguments (since k—>0 implies equilibrium) that 


n 1 
Kr"= -(——} (Ornstein-Zernike) (38) 
6 1 + Noo i 


is valid. 

The standard arguments" for relation (38) take place 
outside the constant-V body system we are examining ; 
we shall therefore present an alternative scheine which 
seems more suitable. 

To obtain the isothermal compressibility of a uniform 
system, we apply an infinitesimal external potential 
> U(x,), where U is very slowly varying (compared, 
e.g., to intermolecular spacing) and, for convenience, 
averages to zero: [U(x)d*x=0. The trick is then to 
compute the work done on the system in two different 
fashions. For this purpose, we first find the new partition 
function (subscript 0 denoting quantities as U0): 


a= fem expl—@ }> U(x;) Jdr® 


= fte-0 Ds U(xe-# +44 S LU (x,) Pe 


+30 Yi U(xi)U (xje - - - dr ®% 
N(N-1) 


N 
= Zy+4e— f (U(x) Pax Z.+4¢X-——- 
LP Le 


x f Uae(x— NU WeaeryZot- +, (39) 


4 T. L. Hill, Statistical Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1956), p. 236. 











6 i Pee ae 
Next we find the altered density: 


n(x) =(2/ 6(x—x;)) 


- a/a) fx 8(x—x,Je exp[—0>U(x,) Jdr™ 


= (1/2) f (Esd(a—xyerm 
—@ >: 5(x—x,) U(x,)e~*# 
—0 digs 5(x—x,)U (xj)e- - - +) de®, 


or 


7 


1 4 N 
n(x) =| 2-00) 2 (40) 
ZL i? 


6Zo 
—~N(N—-1)— | o(x—y)U(y)dy--- |. 
v= 1)— fota—y)U (yey --] 


Now if ou, is the asymptotic part of a(x), then 
o(x)—@a, is of short range, with area determined by 


Lf [o(3)-culex 


tim f [o/3) —o.] expik- xd°x=o, 


(with the additional consequence that o4,=1—¢0;). 
Thus 


I f o(x—y)U(y)d¥y 


=ou.U(x)+(1-oo4)L-* f UCy)ey 


in our case. 
simply 


The previous expressions then become 


2=2] 1+4ndh(+Now) f (UG) Fext--- (42) 


n(x) =mo_1—0(1+Noo,)U(x)+---]. 
The work done in an isothermal process is given'® 


15 P_S. Epstein, Textbook of Thermodynamics (John Wiley and 
Sons, Inc., New York, 1937), p. 87. 


PERCUS AND G. J. 


YEVICK 
by the change of free energy, so that here 


W=6 In(Z/Z>) 
= Ang (1+Noo) f U(x)ets--. (43) 


On the other hand, the work done in isothermally 
compressing an amount of matter mov from volume » 
to volume v—6v and so to density o(1+-60/») is clearly 


be 
J Coot+-me(a/s)(ap/an)r+- Jaa 
= pobv+ 4 (no/v) (0 p/On) r(5v)?+- - - « 
= pobv+[} (6m)?(m0)"(0p/dn)r+--- Jv. (44) 


Hence the total work done in application of the external 
U(x) to a constant volume is 


W=3(8p/On)x(na) f Lin (a) Pate >: 


= Kr f [on(x)/moPate- my (45) 


or according to the preceding Eq. (42), 
W=}Kr-#(1+Noo,)? f [U(x)Patet- +. (46) 


Comparing (43) and (46),’we conclude that (dropping 


subscript on ) 

n 1 

6 1 + Noo, 
as desired. 


It is interesting to remark that if we assume simply 
that low amplitude low-frequency sound propagation 
is the result of harmonic oscillation of the single corre- 
sponding pair gx and g_x, then relation (38) is very 
quickly implied. For if qx and g_, oscillate harmonically 
at angular frequency wx, then we must have 


(38) 


wie? = (Gun) /(Qq—x); (47) 


where G,=dq;/dt. But 


(GxG—«) = (Qos, j k-vs k- vj exp[ik- (x,—x,) ]) 
=(¥,, ; Pb.;v,5- v; exp[ik- (x;—x;) ]) 
= NRX) = NR/ mo; 


inserting (18) as well, (47) then yields precisely (38). 
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IV. EFFECTIVE POTENTIAL FOR A STATISTICAL STATE 


In Sec. II, Eq. (20), we effectively replaced the two-body potential V (x) in the phase space distribution function 
by 


V*(x)= > », exp(—ik-x), (48) 
{ k,0} 


and computed the correlation coefficients ¢, on this basis. The computational method employed increased in 
accuracy as the density of wave numbers in {k} decreased. Our problem now is to obtain the optimal coefficients 
vy to be inserted into the effective potential V*; the v, are expected to occur in a form not radically different 
from (16). 

The basic fact which we shall utilize is that the », may be determined not merely as optimal but indeed as 
exact. A brief explanation is in order. Suppose that the “sample” of (3V—3) {k} has been chosen; using the 
continuity of o,, it suffices to evaluate o, at each of the 3V—3 wave numbers. Now the v; are introduced so 
that the expression (20) when evaluated yields the correct ox, i.e., that which would be obtained by using the 
true V(x) in (20) rather than V*(x). But 3V —3 relations thereby result: 


Sf expl—6 0 V*(xi—x;) ](qug-u—N)de" ff expl—0 L V(xi—x,) ](qug—u— N) da” 








>) >] 
ree -— (49) 
S exp[—6 0 V*(xi—x;) Jdae® S expl—6 Y V(x;—x;,) Jax” 
i>7 >i 
just enough to determine the v; uniquely (since vp does not appear in the ratio). 
If we now define vo by the condition 
J exp0-0 Dos Vax) Mer= f expl-0 Do, Vexr—x) ue, (50) 
then (49) and (50) may be combined into 3N—2 relations: 

J (expl—0 Devs V4(x.—x,)]—expl—0 Dany V(x,—x,) J} (gug_a— de® =0, (51) 


for the full set {k,0}. Since the integrand is symmetric, ¢xg-x— NV may be replaced by V(N—1) exp[ik- (x2—x;) ]; 
we may thus rewrite (51) as 


f exp[ik- (x2—xi) {IT exp[0( V (x,;—x,)— V*(x,—x,)) ]—1} exp[—@ LX V(xi—x;,) Jd” =0, (52) 


i>; >7 
or simply as 
t>2 
(explik- (X2—X1)+0V (x2— x1) —OV*(x2—x:) JIT exp{6LV (x,—x,) — V*(x,—x,) ]} —exp[ik- 2—x)]) =0. (53) 
>i 


To solve (53) for the »;, some approximation must be made, and it would be too much to expect this to be 
similar to the approximation used in (33), i.e., that the density of {k} be sufficiently low. In fact, we shall suppose 
that the wave number density be high enough that the deviations, for different pairs i, 7, of the exp[@(V (x;—x,) 
—V*(x,;—x;,)) ] from their means be sufficiently small and random to be deemed independent. It then follows 
from the theorem of (21), with L=(_ ), that (53) may be written as 


(exp[ik- (x2— x1) +0(V (x2— x1) — V*(x.—x)) DI Texpl V (xi—x,)— V*(xi—x;)) ])—(expik: (x2—x1))=0, (54) 


or dividing by the k=0 case, and using the definition (14) of o, 
Lo (x)e®’@e-OV"® ] = oy. (55) 
A computation similar to that of (54) has been used by Butler and Friedman” in their work on He II. 


16S, Butler and M. Friedman, Phys. Rev. 98, 287 (1955). 
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Let us examine (55) in two limiting situations: those 
of long-range and of short-range forces. If V(x) is of 
long range compared to interparticle spacing and is not 
singular at short distances, then V(x) may be repre- 
sented by a finite Fourier series of type (10); thus 
V(x)=V*(x) and (55) is satisfied identically. Devi- 
ations of V* from V can then be treated iteratively. 
A first approximation is available at once if @V(x)>>1 
for most of its range; in such a case, a(x) will consist 
of (V—1) 6-like functions corresponding to the equi- 
librium positions (if stable) of all particles with respect 
to one. Thus, we require V(x)=V*(x) at the equi- 
librium positions, which determines the constants rx. 
Of course, our collective method is almost guaranteed 
to be valid in such high-density systems. More crucial 
is the short-range potential or low- to moderate-density 
region in which a collective description might be 
inappropriate for the individual encounters which pre- 
dominate. Such a region offers a severe test for our 
approximate formulation, and so we henceforth restrict 
our attention to systems in which short-range potentials 
are effective. 

In order to reduce (55) to tractable form, we now 
revert to the assumption that {k} be sufficiently diffuse 
that any two members are virtually incommensurable."’ 
It readily follows that the Fourier component 
[exp(—0V*(x) ], exists only if 1 is a member of {k}, 
and further that for 1+0, 


[e-#Y*®) = {exp[ —0r:(exp(il-x)+exp(—d-x)) }}, 
X {exp[6»;(exp(il-x)+exp(—il-x))e-?""™ J} o. 


Since 6v, is of order 1/N for all k (i.e., ratio of molecular 
volume to total volume), (56) may be reduced, to 
within terms of order 1/.V?, to 


[ee = —One oven), 
so that (55) becomes 


[o(x)e*”® ],—Do[o(x)e?"™ Jy 0r4= Cx / [e-OV*(=) Jo, (58) 
{1} 


(56) 


(57) 


Finally, we make direct use of the low density of 
{k}, so that, as in (16), only the I=k term in (58) 
contributes. Further, then, [exp—@V*(x) ]o—1 and we 
know that in general [o(x) exp@V(x) ]o=1 to order 
1/N. Thus for k#0, (58) contracts to 


Ov =[(e?”® —1)o(x) Ji, 


which is our desired relation. We may say that the 
effective potential is now given by 


(59) 


1 
=—"* 1)o(x); (60) 





17 The prescription of Paper II appears a likely candidate to 
best satisfy our apparently incompatible restrictions on {k}. 
An explicit density of k’s may be determined to annihilate the 
second order corrections in theorem (21), but we shall defer such 
considerations. 
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if @V(x) is small, this coincides as expected with 
V (x)o(x) of (16). 


V. INTEGRAL EQUATION FOR a(x) 


We now construct a coordinate-space integral equa- 
tion from which the correlation function, and conse- 
quently the thermodynamic quantities, may be deter- 
mined. It has been shown that in our “zeroth order” 
approximation to (20) and (53), o(x) is specified 
(except perhaps for ¢4,—1, which alone may be in 
error due to neglect of terms of order 1/N) by the 
relations 


Ovx=[ (ce? —1)o(x) Ja, 
O~. = —6v,/(1 +N6r,), 


ool, 


k~0, (61) 


representing (59), (33) and normalization of o. 
Eliminating 6, and reversing the Fourier transform 
in (61), we then have 


o(x) +(e" —1)o(x) 


+(N/L*) f (e°") —1)a(y)o(x—y)d*y=c, 
62) 


(1/28) fo(x)ate=1 


for some constant c. 
Integrating the first equation of (62) and using the 
second, the constant is then determined by 


1+ (W+I)L- f (e—1o(x)dte=c (63) 


Again dropping the 1 in .V+1, we obtain the integral 
equation for a(x): 


e7%o(x)=1—n f (ev 1)o(y)[o(x—y)—1 ]d*y. (64) 


The family resemblance of (64) to the Born-Green- 
Yvon* and Kirkwood” integral equations is pro- 
nounced, with the very welcome distinction that (64) 
is quadratic in o(x) and not transcendental. It will 
develop that other than merely computational ad- 
vantages thereby result. 

For the sake of convenience in general and of neces- 
sity when dealing with singular potentials, it is prefer- 
able to regard 


7 (x) =e9" (g(x) (65) 


as the basic unknown quantity; the corresponding 
_ 8H. S. Green, Molecular Theory of Fluids (Interscience Pub- 
lishers, Inc., New York, 1952), p. 77. 


* Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases 
and Liquids (John Wiley and Sons, Inc., New York, 1954), p. 330. 
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integral equation is then 


r(a)=1+m f (70-1) 


Xr(y)[e*’ = r(x—y)—1]d*y. (66) 


A crude picture of the new function r(x) is obtained if 
we note that r(x) reduces to o(x) for small V(x) and 


to the effective potential #v(x) for large V(x); actually 
of course, (65) and (60) tell us that 
r(x) =o(x)+6r({x). (67) 


VI. THERMODYNAMIC QUANTITIES 


Having in principle solved for the two-body distri- 
bution function, we are now prepared to obtain the 
various thermodynamic properties of the system. One 
can imagine a number of methods, all equivalent, of 
utilizing exact knowledge of o(x) to construct these 
quantities. However, if o(x) is known only approxi- 
mately, these methods yield different results, and one 
must choose the one which is most suitable for the 
particular approximation employed. Since the char- 
acteristic relation for the isothermal compressibility is 
demanded by our theory, it seems clear that it will be 
particularly appropriate to obtain the thermodynamic 
properties from Ky, To offer some measure of com- 
parison, we shall carry along in parallel a more usual 
method, elegant in form, based upon the variation of 
the (Helmholtz) free energy. 

First, then, we recall from our expression (38) for 
isothermal compressibility that 


Op 1 
(=) =~(1+N6r,). (68) 
On] 4 0 
Further, from (59) and (65), we have for k~0 
on= — L(V —1) r(x) ]e: (69) 


but if V(x) vanishes for large x, so does e~*’“)—1, 
whence 


Oro = —[(et¥—1) r(x) 
== 14 f (1) 


Thus, (68) yields 


ap, 1 
(=) =f i-n f(er—nrines (70) 
On ” 6 


It is now an easy matter to generate all pertinent 
thermodynamic quantities from relation (70). Inte- 
grating over n, observing that p=0 when n=0 [and 


from (60) that r is a function of x, n, and @ alone ] we 
have 


1 n 
p=-(n— fica] f W's (xpd [tn ). (71) 
6 0 


The Helmholtz free energy A may then be determined 


by 
(““) ~(—) 
aut), N\oan/, 


we reduce the double integral obtained from the 
integration of (72) by the general observation that 


~(f ras ern( f¢ Mar) 
=| fi area] cs 


for any integrand vanishing strongly enough at z=0. 
If we take g(z)=1/z in (73), then (72) integrates at 
once to 


aa (72) 


N 


‘ ~—ost4 In6+Inn 


~ fre f (1-=) aman] (74) 
0 n 


where do is a normalization constant and the 6 depend- 
ence results from the known zero-interaction limit. The 
internal energy and specific heat are of course now 
computed from 


Ce 


a 
2=—(0A), Cy=—K#—(0A). 75 
rs a (75) 


The second method of determining the thermo- 
dynamic quantities hinges on computing the variation 
of A, which may rigorously be divided into kinetic and 
potential portions”: 


A=Axu.tAp.ez., 


Ax.x.=(N/@)(ao+$ Iné+Inn), 


Ap.x. 


= — (1/6) in f expl—@ i>; V(xi—x,) ] 


x da / Lan . (76) 


* J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1940), p. 235. 


? 
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For a change not involving volume, clearly 


i(04en)= [Eos 50V (x;—x;) ] 
Xexpl—0 > i>; V (xx) 2 / 


J expL—9 ij V(x,—x,) Jd, 
or 


5(6A px) =IVW—1L" f 50V())o(a)de (77) 
On the other hand, for a change in the length L, 


ff expl-0 Vin—x)aen/L" 


i>? 
J expl—6 Ding V (xs —x,') ](dx’)**/(L+dL)*, 
which, under the substitution x’= (1+dL/L)x, becomes 


fent-0x VO (x,—x,)(14+dL/L) }}dx8%/L'%, 
i>j 
as if the potential had changed: 
6(6V (x))=O@VL(1+dL/L)x ]—@V (x) 
= (dL/L)x-VOV (x). (78) 


Hence under a change of 6, V, or L,:we have 


N bL. 
5(6A px) =< fo(a)| 0 (a) +—x- OV (Ja (79) 


4 


Applying (79) to the special cases (75) and (72), we 


obtain 
ee 
B=N(- +n f V(x)o(a)as'), 
ze 2 


n n 
p="(14" f raye-ve as’), 
6 6 


The fact that the equation of state in virial form 
(81) involves differentiation, whereas that in com- 
pressibility form (71) requires integration, suggests 
that the latter may rather generally be a superior 
approach when approximations are involved, aside 
from the specific indications for the suitability of (71) 
in our particular approach. 


(80) 


(81) 


VII. VIRIAL COEFFICIENTS 


A useful form in which to solve our fundamental 
integral equation (66), which provides as well a check 
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against precisely known results, is in a virial (power 
series in density) expansion. For the leading terms, 
this is most readily done by iteration, for which purpose 
we write Eq. (66) as 


T= itn f faara(ra Deartn f faafiarriln, (82) 


where 
fig=exp[l—OV (x;—x,;) ]—1, 


Commencing at r12.=1, we readily iterate out a power 
series, obtaining 


74j3= 7 (X;—X;). 


T12= 1+ mf fasfirstn® ff Lfafoh 


+2 fosfsafisfes ld?xsd*x4+ coe, 


In order to compare (83) with standard virial 
expansions, it is convenient to have numbers, rather 
than functions. In particular, defining the virial coeffi- 
cients B, by the series for the equation of state, 


(83) 


p= 5 Bn’, 


a=] 


(84) 


let us compute the B, from (83), using both (71) and 
(81). Substituting in (71), we have at once the “com- 
pressibility-derived”’ coefficients : 


By = & 


BO = -3f fist, 


(85) 
B{O=— § [ fuaheafiaP dey, 


BO = —3 uafesfufut2fiahrafa fafa Wears, 


Correspondingly, the virial form (81) yields on 
substitution 


6B,” =6, 


6Bi"= f (xia-Vid) fin 
6B. = f fafa Vu) fsb, (86) 


6B = [Ciehrafuct 2feafo frail 
X (X12° Viz) fied*x2d*x3d*x4, 
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which requires further elucidation. We first write (86) as 


6Bs"= f (x ‘Vitxe: V2) fisd*x,d*x,/L, 


6B = f(x Vite Veta V) 
XK (firfesfis\P xP xed*xs/3L*, (87) 
6B = f [exit ae Veta Vet ae Ve) 


X (fiefesfsafiat2firfesfaafra fos) 
—2fiefesfsafraXea* Voafoa ld*xid*x2d*x—d*x4/4L'. 


But, in general, 


Pile Deb ee DDR in fig nia 
-E f Pinta, »+)d8xy-++x;-dS;-- s,] 


= [Pasha ° 2 >> V;°x;d'x1° ° -d*x,. 
°] 


Since fx,;-dS;=3L', and the remaining integrand is 
independent of x;, we then have 


fort: »++x,°V,)F (fis, fis, + + )d*x1-- x, 


= —3(s— 1) f Piaf . -)d*x,- ° - d*x,. (88) 


Substituting into (87), we conclude that 


By” =1, 


BS”) =—— if fut, 


BY) = <4 f fahrafist rates, (89) 


B= —4f Bfufuafufut 6furfafufuf 


+4 fiofosfsafisXoa Vos foa)d xed x3d*x4, 


Now by the exact cluster expansion of Ursell,”' one 


finds 


21 J. E. Mayer and M. G. Mayer, reference 20, p. 287. 
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Br=—4f fufafb ran, (90) 


By= bf (Bfufafrfutfiafuafufufa 


+ fiofosfasfisfoafrs)d*x2d*x3d* x4, 


Thus, comparing (85), (89), and (90), we find that 
B,, Bz, B; are reproduced exactly by either compres- 
sional or virial form of our approximation. Further, 
the difference between B,‘"? and B, occurs in a term 
of small coefficient, indicating that the deviation may 
not be large. On the other hand, we see that 


BiO—Bu=¥f fufafufa(l+ fu) 


X (1+ fis)d*xed*x 3x4; (91) 


since the integrand is small unless, crudely, the pairs 
of positions 12, 13, 34, and 14 are close, but the pairs 
13 and 24 distant, the difference By“ — By, is expected 
to be very small indeed. Although we shall show that 
the higher B, are characterized as containing only 
plane convex irreducible clusters, accurate estimate of 
the validity of further B,© is fraught with difficulty. 


VIII. GAS OF HARD SPHERES 


To further investigate our approximate virial coeffi- 
cients, let us consider a gas of hard spheres of diameter 
a: 
lx| <a, 


|x| >a. 


V(x)= for 


92 
V(x)=0 4) 


for 


The leading virial coefficients have been computed”: 


B,=1, B3= 3 (3xa*)?, 
B,= 3na'®, By=0.2869(32a*)', (93) 
and the approximate values of B, as well™: 
By =0.2969 (32a), (04) 


By =0.2500(3xra°)*. 


Thus the fourth virial coefficient By is in error by 
only 3%, while By” is off by 13%, even this being an 
improvement over the results of current approximate 
theories. 

It is of interest to observe that our expressions for 


2R. H: Fowler and E. A. Guggenheim, Statistical Thermo- 
dynamics (Cambridge University Press, New York, 1952), p. 289. 
*% B.R. A. Nijboer and L. Van Hove, Phys. Rev. 85, 777 (1952). 
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Fic. 1. Recurrence relation for r‘. 


B,, and for its sire in r(x), were postulated by Nijboer 
and Van Hove’ solely on the basis of their numerical 
computations on hard spheres, as being a simple 
approximation which would give results far superior 
(for virial expansions) to those obtained by application 
of the Kirkwood superposition principle.* We have now 
found that the relevant principle which appears to 
replace superposition, for the gaseous state, is that of 
independence of collective oscillations. Since the col- 
lective approach was set up with a dense rather than a 
rare medium in mind, we may then have derived a 
fairly broad spectrum approximation. 


IX. COMPLETE CLUSTER EXPANSION 


It is not difficult to obtain, in form, the full set of 
coefficients in the expansion of our approximation to 


ela) = 5 wtr'4(). (95) 


s=0 


One simply substitutes (95) into the defining relation 
(82) and equates coefficients of m?*", For p20, the 
result is that 


P 
712?) = YF fosfistes 713°? x, 


s=0 


Pp 
+20 | fesres 713°? -d*x3. (96) 


s=l1 


We represent the recurrence relation (96) symbolically 
in the accompanying Fig. 1, the straight lines denoting 
f factors, the curved lines 7 factors, and particle i 
being integrated over each case. 

The claim is now made that r+ consists of all 
geometrically distinct (unaltered by a cyclic rotation) 
(p+2)-particle plane convex irreducible diagrams with 
a single peripheral link missing. That is, set up a 
polygon of +2 ordered vertices, connect all adjacent 
positions but 1-2, and make any set of internal con- 
nections such that no two intersect inside the polygon. 
Since the statement is true for p=1 [see (83) ], we may 
proceed inductively, assuming that all r” are as 
described for r< p. Consider then r‘?t ; if 1 and 2 are 
connected to the same vertex i, then they will be 
represented by the center graph of Fig. 1, but since i 


% J. G. Kirkwood and E. M. Boggs, J. Chem. Phys. 10, 394 
(1942). 
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must be unique, the graph is not duplicated. If 1 and 
2 are not connected to a common vertex, let i be the 
vertex nearest 2 to which 1 is connected; the preceding 
argument applies verbatim. 

Upon inserting (95) into (70), which we write as 


op 
e=t—nf furadtes, (97) 
On 


this yields at once the prescription that in our approxi- 
mation, 


Op 2 
—" 1— >} n*X[sum of pictorially distinct plane 
n s=l 


convex irreducible (s+1)-particle clusters]. (98) 


Here, pictorially distinct refers to the fact that since 
the distinguished pair 1-2 has disappeared, then with 
the vertices undesignated, rotation may produce a 
distinct diagram. Expression (98) is to be compared 
with the “exact” (with the usual stipulations) Mayer- 
Ursell?® 





Op o # 
g—=1-> [sum of irreducible 
On smi s—1! 


(99) 
The first five virial coefficients, defined by (84), and 


(s+1)-particle clusters ]. 


-$ By a O = 
m2 2 
2A 
-# 8, | A 2 a) f) 
QD 2 -R 
a 2A 
aa 
BS’-B, Ain nia 


mt 
N 
ij 


SO 


Fic. 2. Exact virial coefficients compared to those in 
collective coordinate approximation. 


36 J. E. Mayer and M. G. Mayer, reference 20, p. 293. 
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their differences are shown pictorially in Fig. 2. The 
dotted line in the third row of Fig. 2 denotes the factor 
1+/. It is observed that the difference Bs — Bs is 
small in the same sense as B,©)—B,, which was 
discussed following (91). 

It is not hard to see that the deviation B,“ — B, can 
always be pictured so as to contain at least one factor 
of 1+/, for this requires only that B,“—B, vanish 
formally when f=—1. Now when f=—1, (82) may 
be solved trivially and yields 


r(x) = (1—nL')“, (100) 
from which, employing (97), 
0(p/an) = (1—nL~, 
6p= —L |n(1—nL*), (101) 


BO =(L')"1/s, 


On the other hand, the cluster expansion virial coeffi- 
cients are precisely those obtained** from the grand 
canonical partition function: 


6p=L-* In[d0*(Zw/N 12"), (102) 


where 
Zu= f+ f expl-10 Dos Vinx) ee, 
n=62(0p/d2). 


For the special case f= —1, (102) reduces easily to 
6p=L~ In(1+L'z), n=2/(1+L*2), (103) 


so that again 
6p= —L |In(1—nL'), (104) 
%* 1D. ter Haar, Statistical Mechanics (Rinehart and Company, 
New York, 1954), p. 175. 


showing, as desired, that B,“=B, for all s, and 
establishing that in general B,‘©—B, has the factor 
1+. However, the 1+/ factors will certainly not in 
general reduce the difference of B,“ and B, as severely 
as in the case s=4. 


X. CONCLUDING REMARKS 


We have shown that a careful self-consistent formu- 
lation of the classical statistical mechanics of the many- 
body problem, based upon the approximation of inde- 
pendent dynamical behavior of the Fourier components 
of the matter density, yields exceptionally accurate 
results not only in the high-density region*’ for which 
it appears most appropriate, but for low density as 
well. The approximation thus appears to have a wide 
range of validity. 

It is worth noting that the combination o(e*”—1)/8, 
which does not arise in our previous work! on the 
subject and which characterizes the form of the sta- 
tistical state, is necessary for quantitative accuracy, 
but very often not for qualitative accuracy. This follows 
from the fact that the replacement of o(e°”—1)/@ by 
oV itself results in the replacement of f=e*”—1 by 

'=—@V/(1+6V); f and /’ differ by at most 30% for 
V>0 and coincide for V=0 or & (as in the hard-sphere 
case, for which our approximation is nearly optimal). 
Of course, the equality between f and /’ fails dismally 
for large negative 6V, a region in which the metastable 
two-particle “bound states” become important. We 
see, however, that the crude and tentative approach 
to the determination of the oscillation frequency, 
reviewed in Sec. I, is justified over a considerable 
domain. 








274 more detailed analysis of this region will appear in a 
succeeding paper. 
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A general method is proposed for constructing conduction-band 
wave functions in nonperiodic monovalent metals and alloys. The 
method is a cellular approximation in which it is assumed that 
the lattice potential can be considered to be spherically symmetric 
within ellipsoidal cells centered on the individual ions. It is shown 
that the resulting wave functions are correct, within this approxi- 
mation, to first order in a parameter which corresponds to the 
wave number in a perfect crystal. In the case of a strained metal 
in which the strains vary slowly in space the method takes a form 
analogous to the deformation-potential formalism, but contains a 
term which is first order in the derivatives of the strain. 


I. INTRODUCTION 


HE determination of electronic wave functions 
in nonperiodic structures has been most widely 
considered within the framework of scattering calcu- 
lations. The customary procedure consists of considering 
a periodic structure in which a perturbation has been 
introduced. The particular approximation which is 
made in treating the scattering then depends upon the 
nature of the perturbation which is introduced. There 
has been no single method which is applicable, for 
example, both to slowly varying strains and to the 
presence of foreign atoms. In cases in which interference 
between two such effects is important, there has been 
considerable uncertainty in the results. Furthermore 
there have been no methods which are suitable for 
treating cases in which the deviation from periodicity 
is very large, such as it is in the immediate neighborhood 
of an interstitial atom, or as it is in a liquid metal. 
Thus it is desirable to have a single method for calcu- 
lating wave functions in a wide variety of situations, and 
a method which is applicable when the periodicity is 
completely lost. 

Two possible approaches to this problem come to 
mind: the wave function might be constructed in terms 
of localized functions which overlap to some extent ; or 
the system might be divided into cells and functions 
determined in each cell could be matched on the cellular 
boundaries. Difficulty is encountered in pursuing the 
first method if atomic orbitals are used, since these are 
very poor approximations to the conduction-band 
wave functions in a metal. On the other hand, Wannier 
functions are not sufficiently well localized and sums 
of overlap terms do not converge well. Thus it would 
appear that a new set of localized functions would be 
needed if the problem were to be approached in this 
way. A cellular method would appear at first to be 
difficult because the matching of the wave function 
from cell to cell would seem formidable even if a 
suitable approach were found to construct the wave 
functions within each cell. It will turn out, however, 
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The individual ionic potentials enter the procedure through 
parameters which are evaluated and tabulated for all of the alkali 
and noble metals. These parameters correspond to deformation- 
potential constants when that approximation is valid. 

The general procedure is written in a form which is convenient 
for treating electron scattering, and the case of point defects is 
discussed. In particular, the influence of the lattice distortion on 
the scattering is considered in some detail. 

The scattering of electrons by stacking faults is discussed, and 
some of the features of scattering by lattice vibrations in solid 
and liquid metals are considered. 


that boundary conditions will arise in a natural way 
and will not be difficult to apply. 

The wave functions in each cell will be determined 
by a generalization of the Wigner-Seitz cellular method! 
as extended by Bardeen’ and by Hunter and Nabarro.* 
Since the functions will be determined only approxi- 
mately in each cell, the matching from cell to cell will 
also be approximate. 

Only a part of the physical problem will be treated 
in detail. We consider the problem of calculating the 
eigenstates of a given Hamiltonian which does not have 
the periodicity associated with a perfect lattice. There 
are terms in the Hamiltonian which are due careful 
consideration in the nonperiodic case ; for example, the 
self-consistent screening problem should be treated in 
detail. Here a self-consistent potential will be intro- 
duced formally, and general features of the screening 
will be discussed, but the detailed form will be con- 
sidered only in the Fermi-Thomas approximation. The 
effects of correlation will be included only in a crude 
manner by assuming that the electron in a cell sees an 
ionic rather than an atomic potential; thus all conduc- 
tion-band electrons but the one under consideration 
are excluded from the atomic cell. The accuracy of the 
method as applied to a physical problem will, of course, 
depend upon the accuracy of the approximations used 
to treat these various effects. , 


II. DERIVATION OF THE METHOD 


We wish to solve for the eigenstates of a Hamiltonian 
H appropriate to a nonperiodic structure; i.e., we seek 
solutions of the one-electron Schrédinger equation, 


Hy = EW. 


It will be convenient to look briefly at the cellular 
solution for the periodic lattice first. We shall see that 


(1934) Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 509 
4). 

2 J. Bardeen, J. Chem. Phys. 6, 367 (1938). 

3S. C. Hunter and F. R. N. Nabarro, Proc. Roy. Soc. (London) 
A220, 542 (1953). 
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wave functions proposed by Bardeen diagonalize the 
assumed Hamiltonian to first order in wave number and 
are therefore solutions of the Schrédinger equation in 
that approximation. We shall then see how these 
solutions might be generalized to the nonperiodic case 
and show that these solutions diagonalize the non- 
periodic Hamiltonian in the same approximation. This 
approach serves to motivate the choice of solutions for 
the nonperiodic case and to clarify the assumptions 
which are made. The validity of the method depends 
only upon the fact that the solutions we choose diagonal- 
ize the Hamiltonian. 


1. Periodic Lattice 


In a periodic lattice, wave functions may be written 
in the usual Bloch form y;=«x(r) exp(ik-r). Then 
uy(r) can be constructed approximately according to 
the Wigner-Seitz cellular method! as extended by 
Bardeen.? Two major assumptions are made in this 
method. 

(a) Spherical approximation.—It is assumed that 
the potential seen by an electron within an atomic cell 
is spherically symmetric and is appropriate to the ion in 
that cell. In addition, the atomic cells are approximated 
by spheres in the following way: from the fact that 
the functions u(r) must have the translational periodic- 
ity of the lattice, certain boundary conditions upon 
u,(r) at the cell surfaces are obtained. In this method, 
the boundary conditions are applied at a spherical 
surface of volume equal to the cell volume rather than 
on the true cell surface. This assumption restricts us to 
spherical energy surfaces in the band. 

(b) Expansion in wave number.—The wave functions 
are found to first order and the energy to second order 
in kr,, where r, is the radius of the atomic sphere. kr, 
is equal to about two at the Fermi surface in mono- 
valent metals. Thus it is not clear at once that this 
expansion is valid. We note, however, that in the 
empty-lattice limit; that is, as the ionic potential 
becomes small, u(r) becomes constant and our solu- 
tions are exact. Thus the expansion may be justified as 
an expansion from the free-electron limit or as the 
restriction to a single parabolic band. The expansion 
should be good in cases in which the band-edge wave 
function, uo(r), is flat over much of the cell. This 
assumption is particularly appropriate in the alkali 
metals. 

The solutions given by Bardeen are of the form 


Wu= ux (re *=[uo(r)+0(r)ik-r je, 


The boundary conditions on u, which are applied on 
the sphere, are that the even term, u(r), have vanishing 
normal derivative and that the odd term, v(r)ik-r, 
vanish. These solutions diagonalize the Hamiltonian 
approximately : 


(vi,Hy,;)=0 to first order in & for i¥*j; 
(yi, ;) = E; to second order in k. 
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This procedure has been generalized by Hunter and 
Nabarro*® to the case in which the atomic cells are 
approximated by ellipsoids. The appropriate boundary 
conditions are satisfied on the ellipsoid (to first order 
in the ellipticity) by constructing the even term in u, 
from uo(r) and a d function and by constructing the 
odd term in uw, from o(r)ik-r and an f function. This 
does not introduce any new assumptions, but enables 
us to improve upon the spherical approximation in 
cases in which the cells are elongated or flattened. 

We note that within the Bardeen approximation a 
more general eigenstate of the periodic crystal may be 
constructed by taking linear combinations of states of 
the same energy; i.e., states with wave number of the 
same magnitude. This is most conveniently done if 
u, is rewritten in equivalent form by replacing o(r)ik-r 
by v(r)r-V. We designate the new form of uz by U. 
Then U is formally independent of k and we may add 
degenerate states by simply adding the exponentials. 
The most general state of a particular energy has the 
form 


¥=leo=[uo(r)+0(r) 4-9 Je, 


where ¢ satisfies. V?9= — k?¢. 


2. Nonperiodic Lattice 


This suggests how the procedure may be generalized 
to nonperiodic lattices. The function U may be con- 
structed as a differential operator in the above way 
in each atomic cell. ¢ then will satisfy an appropriate 
differential equation within each cell such that the 
eigenstate energy is obtained in each cell. The major 
assumptions will be essentially the same as those for 
the periodic lattice: 

(a) Ellipsoidal approximation.—The spherical ap- 
proximation has been generalized to an ellipsoidal 
approximation without the necessity for further 
assumptions. However, in nonperiodic structures it 
may be more difficult to construct cells which are well 
approximated by ellipsoids than it is in periodic 
structures; thus the cellular approximation may be 
cruder in this case. 

(b) Expansion in wave number.—The expansion in 
wave number becomes an assumption that ¢ be slowly 
varying in each cell in the sense that exp(ik-r) was 
assumed to be slowly varying in the Bardeen approxi- 
mation. This assumption may become more question- 
able in the case of nonperiodic structures‘ since, in the 
case of a strong perturbation, the energy of an electron 
may be profoundly modified and fairly rapid variations 
in ¢ may be required. In the case of an impurity, for 
example, the Fermi energy of an electron in the solute 
metal may lie very far from the Wigner-Seitz energy 
corresponding to the impurity metal. In such a case 
the use of band-edge wave functions in the impurity 
cell would be very crude. Thus the validity of this 





4 The author is indebted to Dr. Melvin Lax for pointing this 
difficulty out,to him. 
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assumption must be tested in each region of the crystal 
for the conditions which are appropriate there. 

It should also be pointed out that in Bardeen’s 
calculations the properties studied depend on all of 
the electrons in the band, whereas scattering depends 
on only those electrons at the ¢op of the filled region 
of the band. Thus in metals in which the band becomes 
nonparabolic at large wave numbers, the validity of 
the expansion in wave number is not so well justified 
in scattering problems as it is in the problems treated 
by Bardeen. 

One further question arises immediately. In the 
periodic case boundary conditions upon #, at the cell 
surfaces arose from symmetry conditions which do not 
apply to the nonperiodic case. It is not clear that these 
boundary conditions remain appropriate now. This 
reflects the fact that there is no longer a unique way 
to separate the wave function into factors. It will be 
most convenient to apply the same cellular boundary 
conditions to “,, which fixes the way the separation is 
done, and then to determine what boundary conditions 
this places on the function ¢. These conditions on ¢ 
will become clear when we require that the functions 
diagonalize the Hamiltonian. It will be noted then that 
these conditions are consistent with the requirement 
that ¢ be slowly varying within the cells. 

Thus if we can verify that the functions lUl¢ satisfy 
the conditions 


(U¢,,HU¢,;) =0 to first order in Vg foriX~j, (1) 
(U¢,,Hl1¢;) = E; to second order in ¥ ¢, (2) 


we wiil have shown that these functions are solutions 
of the nonperiodic Hamiltonian in essentially the same 
approximation that the functions given by Bardeen 
are solutions of the periodic Hamiltonian. 

We will now write down the proposed solutions 
explicitly and show that they do in fact diagonalize 
the Hamiltonian. The generalization of u, as given in 
the ellipsoidal approximation to a differential operator 
U proceeds in the same way that it does in the spherical 
approximation. We obtain our proposed solutions 
directly from the expressions given by Hunter and 
Nabarro: 


¥=Ug= (U+xg2) e— (U+xg2)t- VeterPet esky. (3) 


U, g1, g2, and g; are spherically symmetric functions 
satisfying the s-, p-, d-, and f-radial Schrédinger 








equations: 
—-wW10 2a h? 1(1+-1) 
= €0£1. (4) 
2m Pr or Or 


€) is chosen by the Wigner-Seitz condition; i.e., it is 
the energy of the s function satisfying the boundary 


condition 
aU (r)| 
(5) 





or TA 
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ra is the radius of a sphere of volume equal to the cell 
volume. The subscript A indicates that rs depends 
upon the dilatation of the cell in question. 

P,, x, and F, are p-, d-, and f-angular functions, 
respectively, to first order in the derivatives of ¢ and 
to first order in the shear strains (or in the ellipticity). 
Thus the boundary conditions are to be satisfied only 
to first order in the ellipticity of the cell. Coordinate 
axes may be taken along the principal axes of the 
ellipsoid, and principal strains «, €, and ¢; may be 
defined. Thus the ellipsoid is given to first order in 
€; by 


= ra’. (6) 








eae -} imninianien 
1+2e, 1+2¢. 1+2e, 
The angular functions are written down. 


r-V¢e 2dr 3 a 





hasta oe pe Ee sa (7) 
r 5 =r x) 
x= : (- (8) 
=] 
rv¢e 
F,=)ra > (4) 
r l=] 
2dr, 3 Xi 0¢ 
-—¥ (a-44)——. (9) 
5 ml r Ox; 


The dilatation A is given by A= e+ 2+ ¢3. The param- 
eter A is given by 


gi 
Ars= 1+) ‘ (10) 
£1 £17 ra 


The boundary conditions, which are the same as 
those used by Hunter and Nabarro, are the following: 

(a) The normal derivative of the zero-order [in 
derivatives of ¢] solution, (0/dn)(U+xg:), is to vanish 
on the ellipsoid to first order in the shear strains. 

(b) The magnitude of the first-order [in derivatives 
of g] term in ¥, —(t-Vy)(U+xg2)+g1Ppt gay, is to 
vanish on the ellipsoid, to first order in the shear 
strains. 

That these conditions are satisfied by y may be 
verified using Eqs. (5) through (10), provided that 
the normalization of the p, d, and f terms is deter- 
mined from the following relations: 


81(7a) =ga(ra)=raU (ra), (11) 
Og PU | 

—| (12) 
or TA or’ TA 








The normalization of the s term remains at our disposal. 
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(a) Diagonal Elements of the Hamiltonian 


It is now possible to construct the diagonal elements 
of the Hamiltonian with respect to any function Uy¢. 
The diagonal element (2) may be written 


Ug Hte)= f (Ue)tzMedr (13) 


The integration is to be performed over the entire 
crystal. The Hamiltonian is assumed to have the form 


H= (—h?/2m)V?+VitVs. (14) 


V; is the ionic potential, which is spherically symmetric 
in each cell. Vs is any slowly varying potential which 
may occur. In particular, it will include a self-consistent 
screening potential. We assume that Vg varies suffi- 
ciently slowly over the cell that it may be considered 
constant in each cell. 

It will be convenient first to consider the integral (13) 
performed over a single unit cell, keeping only terms to 
second order in the derivatives of ¢ and to first order 
in the shear strains. The calculation, which is somewhat 
long, yields a result analogous to that obtained by 
Hunter and Nabarro: 


nw 6 Ve hB(A) 
(Uy,AUyg)c= ca) a pi 


m ¢ 2m¢ 
3 Py 
eS Lacbbbererh V5|elleye. (15) 
l=] Ox? 


€o(4) is found from the Wigner-Seitz condition. a(A) 
and 8(A) are given for any atomic cell by 


4dr 
a(a) [ Var oe r,°U?(rs) 
Cc 3 
Sr 7's 
+f (2g,\Ur+rUgy')dr; (16) 
0 


16% gi(rs) 
a(a) f Urdr=—"rat (rs) ( — “—4"(n)) 
Cc Pe] 


Ts 
169r "a "a 
if (Pei'—res)eadr—dra f rav'ar} (17) 
Pe] 0 0 


B is the quantity m/mz, defined by Hunter and Nabarro. 
It is seen that if ¢ satisfies the equation 


h? 2 
ex(A) -—a(A)V-—-—8(A) 
2m 2m 
3 
x > (e:—44)—+ v.|o-Be (18) 
l xP 
within the cell, (15) may be written 


(Uy,AUy)c=EUeUe)c. (19) 


Then if E is the same in every cell, Eq. (19) may be 
summed over all cells and, subject to the normalization 
of U¢ in the entire crystal, we obtain for each function 
¢ satisfying (18) in every cell, the Eq. (2). 


(b) Of-Diagonal Elements of the Hamiltonian 


It can be seen by letting H operate on U¢; as given in 
(3), that to first order in V¢ in any cell, HUg;=El¢;, 
where £, is determined from (18). The matrix element 
(1) becomes 


(Uy,,HUy;) =, f (Uy,)*Ugdr 


to first order in ¥ ¢. Thus to verify that the off-diagonal 
matrix elements vanish, we need simply to show that 
the functions U¢, are orthogonal to first order in ¥ ¢. 
Using the form of Ug from (3), we see that to first 
order in V¢ and to first order in the ellipticities, 





U* (ra) 
[Wertedr={—etedr, 20) 
Y 
where y is the parameter defined by Bardeen, 
4dr 
Lars rrr) | f UPd. (21) 


Values of U (rg) and of y are to be defined for each cell. 
Within each cell the ¢; satisfy Eq. (18),° which may be 
rewritten as H’g;=E,¢,. Since both H’ and E; are 
real, we may use this to rewrite the integral in (20). 


U* (rg) 1 
" E,—E,; 


U* (rs) ; 
xf ——[_ 9H’ o*— e*H’ 9; ]dr. 
* 


(22) 


Thus the matrix elements connecting nondegenerate 
states vanish if 
U* (rg) U*(ra) 
——-¢;H' 9*dr= | ——o*H' er. 
Y 


(23) 


Matrix elements connecting degenerate states can be 
made to vanish by taking suitable linear combinations. 

H’ may be inserted in (23) and terms on the left-hand 
side which contain derivatives may be integrated by 
parts twice in each atomic cell. The left-hand side is 
found to be equal to the integral on the right plus 
surface integrals which are to be added for all atomic 





5 Up to this point we have been concerned with the evaluation 
of the integral in the individual cells, which we have discussed to 
first order in Wy. The fact that (20) will vanish depends upon the 
variation of the y; over the entire crystal, so we must now use the 
precise prescription by which we will determine the ¢;. 
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cells. These may be written 


«—44)| 
dy," 
fle ~— Yi 
Cc Ox) 


dS, is the component of the surface element (treated 
as a vector) along the x, direction. We now select 
boundary conditions such that the integration over 
each portion of surface is exactly canceled by the 
integration over the same portion but performed in the 
adjacent cell. This will be achieved if U(rs) is taken 
the same in every cell, if ¢ is continuous across cell 
boundaries, and if 


2 "9 *(ra) Lo Fa 


2m 1 





O95 
“ “las. 
Ox) 


dg 
x [4 +— (e— 42) Jo 


Ox) 


is also continuous across cell boundaries. ; is the 

component of a unit normal to the surface along the x, 

direction. This may be more conveniently written in a 

coordinate system with one axis (the x; axis) normal 
to the matching surface. Thus the quantity 

a B 0¢ 

L byt (€ij— 145.) | * 

ay ¥ Ox; 


(24) 


is to be continuous across the matching surface. 

The details of the matching procedure remain 
obscure. It is seen, however, that if the state of strain 
in adjacent cells is the same (the case treated by 
Bardeen and by Hunter and Nabarro), ¢ is matched 
smoothly. Furthermore, if adjacent cells differ in size, 
but not in shape, a discontinuity in 0 ¢/0x; is introduced 
which just cancels the change in the normal derivative 
of U at the cell surfaces. 

Thus the method which has been proposed generates 
functions Uy; which diagonalize the assumed Hamil- 
tonian to first order in the generalized electronic wave 
number, and is therefore a first-order method for 
constructing wave functions in a nonperiodic lattice. 
The method consists of solving for a function ¢ accord- 
ing to Eq. (18) in all regions of uniform strain (such 
regions may be single atomic cells) and matching at 
surfaces between regions of different strain or com- 
position according to specified rules. Because only a 
limited set of functions are included, the diagonalization 
is not complete; that is, a one-band approximation has 
been made. 


3. Deformation-Potential Approximation 


A further approximation may be made in cases in 
which the strain is slowly varying; that is, a 
deformation-potential method. Then an added curva- 
ture of ¢ appears in the cells, rather than discon- 
tinuities in the slope at the cell surfaces. 
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In order to see how to do this, we rewrite the quantity 
(24) as > xij0 ¢/dx;. Since ¢ is to be continuous across 
the boundary, d¢/0x; for ji is also continuous. Thus 
the matching of the quantity (24) simply introduces a 
change in the normal derivative given by Ki (09/8x,) 
=~); dkd¢ Ax; to first order in the change in xj;. 
To first order in the derivatives of x;; and to second 
order in the derivatives of ¢, it is equivalent to spread 
this change in 0 ¢/0x; over a region of length equal to the 
interatomic distance; i.e., to add a curvature given by 


KO ¢/dxP= — DO; (Ox,;/Ax,;) (0¢/0x;). 


Thus Eq. (18) may be modified to include the effect 
of the matching approximately. We obtain 


hy rs) 
(eo+ Vs)¢ pili i > rare 


2m ii Ox; 


a A d¢ 
| (rt in 443.) )— "|= #6. (25) 
Y Ox; 


Here €0, V's, y, a, 8, and ¢€;; are to be considered to be 
slowly varying functions and ¢ and ¥¢ are everywhere 
continuous. This is analogous to the form obtained by 
Hunter and Nabarro, but contains the extra term which 
is first order in the derivatives of ¢ and of the 
parameters a, y, 8, and ¢;;. It may be verified that this 
term makes the operator in (25) Hermitian. Hunter 
and Nabarro noted that their perturbing operator was 
not Hermitian and that their symmetrization procedure 
was not unique. 


III. PERTURBING OPERATOR 


In order to treat a scattering problem, it is convenient 
to construct a perturbing operator; that is, to cast (18) 
into the form of a simple free-electron Schrédinger 
equation with an operator playing the role of a perturb- 
ing potential. 

Let ap and €9 be the values of a and €9 appropriate 
to the normal material (A=0). Then if ko is the magni- 
tude of the wave vector to be associated with an 
electron outside of the region of a scattering center, the 
energy may be written E= éo0+aoh*ko?/2m. Equation 
(18) may be rewritten 


—}2 h? 
—V°¢4+(Hp+HatHs)e=—kiy; (26) 
m 2m 
where 
€o— €00 Wk? ao 
Hy= eo ‘%. ), (27) 
a 2m a 
—h*g - 
Hz=—— > (e:—44)—_, (28) 
2ma | Ox? 
Hs= Vs ‘a. (29) 


It is seen that ¢ satisfies a free-electron Schrédinger 
equation in each cell with perturbing operators which 
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are determined from (27), (28), and (29). Boundary 
conditions are to be applied at cellular surfaces such 
that .y and the quantity (24) are continuous. 

In order to determine the operators (27) and (28), 
once the atomic cells are specified, it is necessary to 
know ¢o, a, and 6 as a function of the cell size for the 
monovalent metal in question. The parameter y is 
also needed in order to perform the matching. All of 
these parameters depend upon the ion-core potential 
and are obtainable by the quantum-defect method or 
by direct integration of the Hartree field. These 
calculations have been made for all of the alkali and 
noble metals and are described in the appendix. 
Using these calculated parameters, the quantities 
entering the perturbing operator and the matching 
conditions were determined and tabulated in Table I. 

Hp is a simple scalar which vanishes in the normal 
material and which depends upon the electron energy. 
It is written, for the Fermi energy, to second order in 
the dilatation in the following dimensionless form: 


(mr 2/h®)H p= E\A+ F:d°+0(d"). 


Here r, is the radius of an atomic sphere in the normal 
material for the metal in question. Z, and £, are 
given for the various metals in Table I. In treating 
impurities, an additional term in Hp arises due to the 
difference in €99 and ap in the two metals. This term 
may be calculated directly from (27) using parameters 
discussed in the appendix. 

a/y, which enters the matching condition, is written 
to second order in the dilatation in the form 


a/y= AgtA,A+A2d?+0(A'). 


Ao, Ay, and A; are given in Table I. 

Finally, 8 is calculated for A=0. Though it would be 
surprising if any of these values were in error by as 
much as 0.1, the percent error in the smallest values 
might be rather large. The fact that the values are 
generally small (with the exception of gold) and the 
fact that they tend to increase with increasing atomic 
number (with the exception of lithium) seems estab- 
lished. This is in marked contrast to the results of 
Hunter and Nabarro, who obtained a value B= m/m; 
=—1.116 for copper by using a square-well approxi- 
mation to the ion-core potential. 


IV. SCATTERING BY POINT DEFECTS 


The scattering center will be considered to be 
spherically symmetric in the case of point defects. 
That is, the cell of the vacancy, interstitial, or impurity 
is a sphere surrounding the defect. The nearest 
neighbors, then, lie in a spherical shell surrounding this, 
and having volume equal to the sum of the volumes 
of the near-neighbor cells. Similarly, spherical shells 
may be constructed for the more distant neighbors. 
Since Hp and Hs are scalars, it is a consistent approxi- 
mation to treat them as spherically symmetric and 
constant in a shell consisting of equivalent atoms; 
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TABLE I. Interaction constants for monovalent metals. 





Ei Ex Ao Ai As 8 


Li 1.28 —0.61 0.678 0.411 —0.281 0.191 
Na 0.68 0.14 1.000 0.210 —0.056 —0.006 
K 0.81 0.42 1.020 0.215 —0.101 0.069 
Rb 0.89 —0.21 1.051 0.253 —0.047 0.080 
Cs 0.80 0.68 1.097 0.199 +0.037 0.272 
Cu 1.57 — 1.34 0.994 0.277 —0.147 0.087 
Ag 1.65 —0.81 1.051 0.326 —0.103 0.260 
Au 1.82 —0.93 1.247 0.343 —0.072 0.720 


the forms (27) and (29) are unchanged. Hz, on the 
other hand, is a tensor and simply writing its spacial 
dependence as spherically symmetric automatically 
introduces a variation over the shell. Thus Hg must 
be treated by a deformation-potential approximation 
within each cell. 


1. Spherical Approximation 


We consider the deformation potential as applied 
to a single shell. The quantities €9, Vs, a, y, and 8 do 
not vary within the shell since only H¢ is to be con- 
sidered in the deformation-potential approximation. 
The Eq. (25) is written down for a Cartesian coordinate 
system centered on the defect and all terms are evalu- 
ated on an axis (the x axis). For spherically symmetric 
strains €,;—4A=—2(€22.—4A4)= —2(€33—44) on this 
axis and the only nonvanishing first derivatives of 
these strains are the derivatives with respect to 2. 
On this axis €12> €23> €31:=0, but O€12, Ox2= 0€31/0X3 
=3(€;—4A)/2x,; the other derivatives vanish. The 
resulting deformation-potential equation is rewritten 
in the form (26) and we obtain 


4 


—h*pr a 12 1 2 
2ma Oxy 20x 20x? 


O€, €r\ O° ' 
+( 43") —| (30) 
Ox, x1 OX). Z2—_73--0, 


where €,=€::—4$4 is a general function of r. The 
derivatives with respect to the x; may be written in 
terms of derivatives with respect to the spherical 
coordinates and if the angular dependence of ¢ is 
written as a spherical harmonic (as will be done later), 
we obtain finally 





—-h’ BF e- 0 ed(l+1) ode, 0 
H,=— le —+2— —+———_-+ —| (31) 
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We may now treat ¢, as a slowly varying function of r, 
continuing use of the deformation potential, or we 
might set it constant in each shell and apply suitable 
boundary conditions at the shell surfaces in the spirit 
of the cellular method. We will proceed with the latter 
point of view, but will note that the term in de,/dr 
(which vanishes in the cellular method) must be 
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retained when the deformation-potential approximation 
is used for the radial dependence. 

Now that the operators have been written in 
spherically symmetric form we may separate the wave 
equation by writing ¢(r)=¢.(r)V1"(0,o), where the 
Y,"(6,6) are spherical harmonics. An equation for the 
radial part, ¢,(r), may then be obtained from (26): 





ied 2d 2m 
——r—¢i-—(Hpt+HetHs)¢: 
ror or h? 
l(l+-1) 
-— gi=—keg:. (32) 
r 


Hp and Hs are given by (27) and (29), respectively, 
and Hg is given by (31) (with de,/dr=0). 
The matching function (24) may be written 


a £6 0¢ 
(4) 
7 yy far 


and the matching conditions become 
d¢ | + d¢|- 

= R— 

or | or 





» 9l*=¢l. (33) 





Here the plus signs represent values just outside of a 
shell surface and the minus signs represent values just 
inside. R is the ratio of a/y+e,/y defined inside the 
surface to that defined outside. 

It should be verified at this point that (23) is satisfied 
by the operator represented by (32) in conjunction with 
the boundary conditions (33), and thus that this 
mixture of cellular and deformation-potential methods 
is consistent. Note that in doing this one must multiply 
Eq. (32) by @ in order to get it in a form in which the 
operator H’ is explicitly independent of gg). As it 
stands Hp depends upon ¢; through k,”. 


(a) Asymptotic Behavior 


Radial wave functions will be found in accordance 
with Eq. (32), with boundary conditions (33) being 
applied on the shell surfaces. At large distances the 
radial wave functions approach the form® 


gi— sin(kr+6,—4lx)/r, 


where / denumerates the angular momentum of the 
states, and the 6, are phase shifts which are to be found 
and which will determine the scattering. 

Since the scattering is described entirely in terms of 
the asymptotic forms, and since in this single-band 
spherical model the asymptotic forms are identical 
to the free-electron forms, we may carry over the free- 
electron formula for the scattering area; i.e., the scatter- 


6 See, for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1949), p. 104. 
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ing area is given by’ 
A = (4ar/ko?) ae (1+ 1) sin?(6,—62, 1). 


Furthermore, the incremental resistivity per atomic 
percent of scattering centers may be written in terms 
of the scattering area and we have 


Ap= (4rh/100e*ko) 1 (1+-1) sin? (6:—- 8141). 


The value of the coefficient preceding the sum is 3.8 
microhm centimeters per atomic percent for copper. 


(b) Born Approximation 


An approximate formula for the phase shifts may be 
obtained using the Born approximation.* The partial 
integration must be performed separately in each shell 
since the final wave function has discontinuous deriva- 
tives at the shell surfaces. This yields extra terms and 
the final result is 

(1—Rj)(Rorj)? 1 Aj? (hor) 
seit SE sinactttnalenelibanne when ws 


? 2 ko or ley 


2mko ws é - 
-— f rj(kor)(Hp+Het+Hs)jilkor)dr. (34) 
0 


The index j denumerates the shell surfaces. R; is the 
parameter entering (33) defined for the jth shell 
surface. The j;(kor) are spherical Bessel functions. 

Use of the Born approximation simplifies the calcu- 
lations somewhat and the errors introduced are not 
large, as long as the phase shifts are small. This simplifi- 
cation will be made in calculating the contribution of 
Hz since the phase shifts arising from this term are 
small. The phase shifts arising from Hp may be quite 
large, on the other hand, and this contribution will be 
determined by solving (32) exactly with the calculated 
Hp. 

Next, the three terms in the perturbing operator 
will be considered individually. The effect of Hp will 
be discussed in terms of impurity scattering, since in 
many such cases, the other terms may be neglected. 


2. Monovalent Impurities 


If the effects of strain and of screening are neglected, 
the atomic sphere associated with a substitutional 
impurity atom is simply the atomic sphere of the 
substitutional site in the normal material and the 
perturbing operator is simply Hp. Hp is a scalar which 
may be determined for the impurity atom as described 
in Sec. III, and which vanishes in the remainder of the 
crystal. The matching parameter R in Eq. (33) becomes 
simply the ratio of a/7 defined inside the surface to that 


7This form was derived by L. M. Roth [thesis, Radcliffe 
College, 1956 (unpublished) ] directly from a relation given by 
K. Huang [Proc. Phys. Soc. (London) 60, 161 (1948)). 

§ Reference 6, p. 164. 
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outside. The general solutions of the Eq. (32) in the 
impurity cell and in the normal material are® 
Cojilkr), 
and 
C,[cos61j (kor) — sind yni(kor) J, 


respectively. The j; and m, are spherical Bessel func- 
tions. Only solutions which are regular at r=0 have 
been included in the impurity cell. £ is to be determined 
from the equation 


h*k?/2m+ H p=h?ko?/2m. 


If the interior and exterior solutions are matched on 
the cell surface according to (33) the following ex- 
pression for 6, is obtained: 


aj (x ) 
u(x) 
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where 2=kr,, x=kr,, and R is the ratio of a/y in the 
impurity cell to that outside. 

This is precisely the form found by Roth.’ The 
results obtained by applying this to the noble metal 
alloys were in fair agreement with experiment (within 
30%) except for the case of Cu in Ag and Ag in Cu, in 
which cases the results were too small. The discrepancy 
in these two cases can presumably be explained by the 
inclusion of the effect of elastic strain. The method 
showed a considerable improvement over the Mott!® 
square-well method. 


3. Effects of Shear 


Since, as was mentioned in Sec. ITI, the interaction of 
the electrons with shear is generally quite small, it is 
reasonable to treat the effects of shear in the Born 
approximation. It will also be convenient to make a 
deformation-potential approximation, which should be 
satisfactory for obtaining a range of magnitude. We 
will calculate the phase shifts associated with the strain 
field surrounding a point imperfection such as a vacancy, 
an interstitial, or an impurity. 

The displacements of neighbors to a point imperfec- 
tion fall off as 1/r? at large distances; i.e., in the elastic 
range. These displacements may be conveniently 
written as u,= A (a*/r*)r, where a is the lattice distance 
(a unit cube edge.) This corresponds to ¢,= —2Aa‘/r’. 
It is clear, on the other hand, that the shear strain to be 
associated with the central cell is zero; thus we assume 
¢-=0 for r<r,, and e,=—2Aa'*/r for r>r,. Because 
there is a discontinuity in ¢, at r=r,, the matching 
term associated with that surface must be retained. 

§L. M. Roth, thesis, Radcliffe College, 1956 (unpublished). 
Portions have been published: Bull. Am. Phys. Soc. Ser. IT, 2, 


58 (1957); Bull. Am. Phys. Soc. Ser. IT, 2, 214 (1957). 
WN, F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 
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The remainder of the crystal is to be treated in the 
deformation-potential approximation. We may now 
substitute (31) into (34), retaining only terms which 
depend upon the shear strains. 1—R is determined to 
first order in ¢,. We obtain finally 


2. A (ka)? | 
=-- ae re a) 
2x Ox zz 





a 


* ple, 1 dj, Ul+1), 
+f if ‘ak 2° “BET TPE + J . 
ao ser fe. 
Here kr has been replaced by x and kr, by x,. The 
calculation of the 6; is facilitated by using the following 


recursion relation which may be derived from (35) 
using the properties of the j,: 


I-1 | A(ka)* 8 je 
aCe, 


(35) 
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The resulting phase shifts are given by d95=+0.2135, 
5,:= +0.0436, 6.= —0,0012, 6;= —0.0007, 6,= —0.0001, 
for a close-packed metal, where each is to be multiplied 
by A (ka)*8/a for the particular case in question. 

We may expect the shear strains to be largest in the 
case of an interstitial atom. For interstitials in copper, 
Huntington" has calculated A to be about 0.04. We 
may insert the other parameters for copper and deter- 
mine a resistivity per interstitial arising from this 
effect alone. We obtain Ap=0.021 microhm-cm per 
atomic percent. This is quite small, and we may 
conclude that, at least in copper, this effect will be 
unimportant unless the phase shifts arising from the 
other terms in the perturbing operator are quite small. 


6y2@—-4.4 FP 
I+1 2a 





4. Effects of Screening 


Use of the ionic potentials in each cell may not be 
sufficient for determining the wave functions in a 
nonperiodic structure since charges may tend to 
accumulate in the region of a disturbance. These would 
give rise to long-range Coulomb fields unless they were 
properly screened. For this reason a self-consistent 
screening potential Vs was introduced in formulating 
the method. We shall now consider some general 
features of the screening of a spherically symmetric 
center. We shall first determine the accumulation of 
conduction electrons in the region, and then shall 
consider the entire center. 


(a) Conduction Electrons 


Friedel’? has shown that number of electrons in a 
free-electron gas which are accumulated in the region 


1H. B. Huntington, Phys. Rev. 91, 1092 (1953); Acta Met. 2, 
554 (1954). 
12 J] | Friedel, Phil. Mag. 43, 153 (1952), see Appendix. 
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of a spherically symmetric perturbation may be written 
in terms of the phase shifts evaluated at the Fermi 
surface according to the following formula: 


n= (2/m) >: (2/+-1)6;. 


A parallel proof may be made for the case of a conduc- 
tion band in the framework of the approximations 
which have been made here. 

Equation (32) may be rewritten by multiplying 
through by a, writing out the operators explicitly, and 
rearranging terms. We find that within each shell, ¢, 
satisfies the equation 


O¢1 2m 
pe) 
or h? 


e, W(1+1) 
-| -3 |= -g = —aoko’ ¢1. 
2 r 


10 
[ate —( —€otVs)¢1 
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(36) 


Similarly we may write down (36) for a different 
function ¢g,’ with a different parameter ko’. This 
equation is multiplied by ¢,*, the complex conjugate 
of Eq. (36) is multiplied by ¢,’ and the two are 
subtracted. 


gi @ dei" a ) del 
a+ Be, r —-—-—fr 
r ar or r or or 


= —ao(ke?— ko”) gi* gr. 











This is divided by y and integrated over a large volume. 


0 dg* 0 
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Within each shell we integrate the left-hand side by 
parts. 
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The expression on the left is to be evaluated at r=0, 
at r equal to a large radius M, and at all shell surfaces. 
However, by virtue of the boundary conditions (33), 
terms evaluated at the inside of each shell surface just 
cancel those at the outside. The r=0 term vanishes 
also, so we are left with only the value at the upper 
limit. We now let ko’ approach ko. To first order in 
ko’—ko, we obtain 


er [ Agi dgi* Poi gi gr 
—]| r—— —roit* -f dr. (37) 
Royo Ok Or okdr r=M 7 
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Let the radius of the crystal be M’. Thus M’>M>r,. 
The asymptotic form for the normalized functions ¢; 


is given by 
( ) sin(kr-+6.— wad 
qe —-) —— 
2M’ r 


[Note the form of the normalizing integral (20) with 
U(r.) the same in every cell. ] This may be substituted 
in the left-hand side of (37). We obtain 
gt gr 
f ——dr. 
Y 


0 


1 06, 1 
—| a+ — sin2( +6:— 4h) |= 
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The integral on the right gives the fraction of the 
electron which lies within the radius M. The corre- 
sponding equation in the absence of the perturbation is 
subtracted from this and the expressions are summed 
over all occupied states. The right-hand side becomes 
the total number of extra electrons in the region. The 
left becomes a sum over / of an integral over k. [The 
number of states of angular momentum quantum 
number / between k and k+dk is 2(2/+-1)M‘dk/x. ] The 
oscillating term is dropped and we obtain 


n= (2/mr) 301 (214+1)68:. (38) 


The Friedel sum rule retains the same form within the 
framework of the approximations made here. 


(b) Entire Center 


In order to consider the screening problem, we again 
construct a large sphere surrounding the imperfection 
site. Unless the total charge enclosed in this sphere 
vanishes, the imperfection has not been properly 
screened. We construct the scattering center step-by- 
step to determine the total charge. 

Before the imperfection is introduced the total ionic 
charge exactly cancels the total charge of the conduc- 
tion electrons within the sphere. If a vacancy, an 
interstitial, or a polyvalent ion is introduced at the 
imperfection site without distortion of the other ions 
or the conduction electrons, an integral number of 
electronic charges, Q;, are added. For vacancies 
Q;=—e, for interstitials Q;= +e. 

If now, the lattice is allowed to relax, the ionic 
displacements at large distances are radial and may be 
written “,= Aa*/r*, where r is the radial distance to the 
ion in question. Thus the total ionic charge displaced 
inward across the sphere is given by Q;’= —4rM*(Aa*/ 
M’)e/Q= —4nrAa’e/Q, where Q is the atomic volume. 
Upon using Huntington’s" values for A, this gives Q7’ 
=-+0.44e for vacancies in copper and Q;’= —2.0e for 
interstitials. Clearly this is an important term in the 
ionic charge of an imperfection. Blatt! has analyzed 
the implications of this term on the resistivity of dilute 


4 Vacancies: H. B. Huntington and F. Seitz, Phys. Rev. 61, 
315 (1942); interstitials: reference 11. 
uF, J. Blatt, Phys. Rev. 108, 285 (1957) and (to be published). 
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alloys of the noble metals, and has found that it gives 
rise to a dependence of the resistivity of the alloy upon 
the location of the solute atom in the periodic table. 

The displacement of the conduction electrons due to 
the scattering operator Hp+Hzxz may be found using 
the Friedel sum rule, (38), where the phase shifts are 
calculated from Hp+H x. We call this contribution Qc. 

Finally, there is a displacement of the conduction 
electrons by the unknown screening potential Vs; 
this contribution is written Qs. The requirement that 
the total charge vanish (Q:+Q1'+Qct+Qs=9) in 
conjunction with (38) gives a normalization condition 
upon Vs. In order to determine the form of Vg, the 
distribution of the charge Q:+Q1'+(Qc must be known, 
whereas the calculation just described gives only the 
total charge. 

As a first approximation we might assume that the 
excess charge is distributed in proportion to the excess 
ionic charge density as defined in each cell by e(6Z—A)/ 
[Q(1+A) ]. Here 6Z is the difference between the ionic 
charge in the cell and that in the normal monovalent 
metal; A is the dilatation; and Q is an atomic cell 
volume. Then in the Fermi-Thomas approximation, the 
screening potential in each shell may be written 


4rre 
Vs=- 


wt i ev 
Oo, 
qr i 


€ 
potA 


where po is the excess charge density in the shell. A and 
B are to be evaluated in each shell such that Vs and 
VV are everywhere continuous and Vs vanishes at 
infinity. The screening parameter gq is defined by’® 


g’=4me’k/rh'a. 


For normal copper this gives gr,= 2.58. It may be noted 
that Vs may not be slowly varying within each shell 
as assumed in Sec. II. However, it is not rapidly 
varying in the sense that the ionic potential is, and this 
approximation may be suitable when V s does not make 
a large contribution to the resistivity. 


V. OTHER SOURCES OF SCATTERING 
1. Dislocations 


The method is directly applicable to nonspherical 
centers, such as dislocations. The major difficulty in 
treating dislocations, however, is the lack of knowledge 
of the details of the core. Once a suitable model of the 
core is available, it will be possible to treat the scatter- 
ing using the cellular method. A deformation potential 
method is suitable only for treating the strain field, and 
it appears that this is an unimportant contribution to 
the scattering.’® In the case of screw dislocations in 
particular, the contribution of the strain to the scatter- 
ing in copper would be reduced by a factor of about 
170 from that calculated by Hunter and Nabarro’ if 


"16 This form was given by L. M. Roth, reference 9. 
16 W. A. Harrison, J. Phys. Chem. Solids (to be published). 
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the value of 8 of Table I were used rather than the 
value determined by the square-well method. 


2. Stacking Faults 


There has recently been interest in the scattering 
by a stacking fault. Two pieces of evidence have been 
proposed!” as indicating that this scattering is ap- 
preciable: first, it has not been possible to understand 
the increase in resistivity due to cold work in terms of 
the calculated resistivities to be associated with 
dislocations; second, a calculation of the scattering by 
stacking faults by Seeger'’ yielded a reflectivity of the 
order of one half. The experimental evidence appears 
inconclusive since there has not been a satisfactory 
treatment of the scattering by the core, and since this 
contribution to the scattering may be expected to be 
of the right order of magnitude to produce agreement.'® 
The reflectivity calculation appears to be questionable 
inasmuch as the lattice potential was treated as a 
first-order perturbation in the scattering calculation; 
but to obtain a first-order matrix element, one must 
use wave functions which are of zero order in the lattice 
potential; i.e., free-electron functions. Since free- 
electron functions give a vanishing matrix element for 
scattering, a consistent first-order procedure gives 
vanishing reflectivity. The second-order perturbation 
procedure has not been done, and it is not evident that 
it will give a nonvanishing result. ' 

Both A and e; vanish for all cells in the neighborhood 
of the stacking fault, so none of the parameters entering 
the determination of ¢ nor the matching of ¢ change; 
hence, the cellular method yields vanishing reflectivity. 
This simply means that any scattering by a stacking 
fault must come from terms in the wave function of 
lower symmetry than those considered here. It is 
concluded that the reflectivity should be very small. 


3. Lattice Vibrations 


For the case of scattering by long-wavelength 
phonons, the assumptions leading to Eq. (25) are 
justified and use of the deformation-potential formalism 
is suitable. Furthermore, it is reasonable to treat this 
effect in the Born approximation. A complete analysis 
has not been made, but a few features of the method 
are apparent and will be discussed briefly. 


(a) Long-Wavelength Longitudinal Phonons 


In the limit of long-wavelength phonons, we may 
neglect terms containing the derivatives of the strain. 
Thus the deformation-potential Eq. (25) becomes 
identical to (18) and the interaction may be discussed 
in terms of the perturbing operators of Eq. (26). 

Neglecting, for the moment, the effect of Hz, we 
note that Hp+/H is a scalar interaction. In the long- 
wavelength limit the net potential must be such as to 


17 A. Seeger, Can. J. Phys. 34, 1219 (1956). 
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bring about screening of the ionic charge accumulated 
in regions of compression. If Hp+Hs is calculated in 
the Fermi-Thomas approximation to first order in the 
dilatation, it is found that Hp+Hs=2ErA/3, where 
Er=h’k,?/2m. Thus the interaction is independent of 
Hp in this approximation. 

Hex, on the other hand, does not shift the average 
energy of the conduction electrons at any point, and 
therefore does not affect the screening. The ionic 
displacements associated with a longitudinal phonon 
may be written uz=(¢/c) exp(io-r). It is seen that 
€11.= A; €22= €33=0, where the x, axis is taken along go. 
Thus Hz becomes (#78/2ma) (4/3) (2k?— ke? —k;*). This 
may be written —SErA/3q in the case of small-angle 
scattering where o is perpendicular to k. The 
total interaction becomes simply Hp+Hz+Hs 
=3[1—4(6/a) JErA. It is seen that the interaction 
with shear reduces the small-angle scattering by 
longitudinal phonons. We may expect the interaction 
to be correspondingly enhanced in the case of umklapp 
process. However, owing to the smallness of 8 (see 
Table I), this effect would be relatively unimportant 
except in the case of gold. 


(6) Long-W avelength Transverse Phonons 


The ionic displacements associated with a transverse 
phonon may be written u,=+exp(io-r), where ¢ is 
perpendicular to o. If we take the x, axis along @, and 
the x2 axis along t, we see that only €;2 is nonvanishing. 
Thus the only perturbing term contains a factor of 
€:2kik2. In the limit of small-angle scattering k,=0, 
so this term does not contribute. In umklapp processes, 
on the other hand, this term will not necessarily vanish. 


(c) Short-Wavelength Phonons 


It is appropriate to consider short-wavelength 
phonons in terms of a cellular method. However, 
difficulty is encountered in constructing cells. A 
reasonable picture would consist of having the cells 
unchanged and moving the ions off center. In the 
cellular method as developed here cells were always 
centered upon the ion. The procedure could presumably 
be readily generalized to include such a distortion, but 
that has not been done. 


(d) Liguid Metals 


It may be remarked that this analysis would not 
change appreciably in a treatment of small-angle 
scattering in liquid metals. The method is not sensitive 
to the detailed symmetry of the cells, so one need only 
determine the atomic cell volume from the density and 
construct the phonons in the liquid metal. This is 
consistent with the known properties of the noble 
metals, which do not change volume greatly upon 
melting: the change in resistivity can be very well 
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understood solely on the basis of the change in phonon 
energies.!® 


VI. CONCLUSIONS 


A cellular method has been proposed for constructing 
one-electron wave functions for a nonperiodic mono- 
valent metal. The factor which corresponds to the 
exponential in the periodic case must satisfy a particular 
differential equation in each cell, as well as specific 
matching conditions at all cell surfaces. The potential 
seen by the electrons was assumed to be spherically 
symmetric within ellipsoidal cells centered on the metal 
ions and the ellipticity of these cells was treated as 
small. It was shown that the proposed functions are in 
fact solutions of the corresponding Hamiltonian to 
first order in the electronic wave number (as generalized 
to nonperiodic structures). 

The form which this method takes in the case that 
the strains are slowly varying was also written down. 
It was seen that there is a term which depends upon 
the spacial variation of the strains which does not occur 
in the deformation potential of Hunter and Nabarro, 
and that this term is necessary if the Hamiltonian is 
to be Hermitian. 

The procedure for constructing the wave functions 
depends upon the lattice ions through certain param- 
eters which are obtainable from the quantum defect 
method or from integration of the Hartree field. These 
parameters were calculated for the alkali metals and 
the noble metals. These constants become the 
deformation-potential constants in the deformation- 
potential approximation. 

The cellular method was used to construct wave 
functions in crystals containing a single point im- 
perfection and thereby to determine the scattering. 
It was found that in the absence of shear strains and of 
screening effects, the method reduces to that of Roth* 
for treating monovalent impurities in monovalent 
metals. 

It was found that shear strains associated with point 
imperfections are usually unimportant since the 
parameter which determines the coupling of the 
electrons with the shear strains is small in all of the 
metals considered except gold. 

The screening problem was considered in general 
terms. It was seen that the ionic charge to be associated 
with a point imperfection depends upon the deformation 
of the lattice, as well as upon the point imperfection 
itself. It was also seen that the Friedel sum rule for 
determining the excess electronic charge to be 
associated with the singularity remains valid within the 
framework of the approximations of this calculation. 

It was indicated that application of this method to 
stacking faults yields a vanishing reflectivity. This 
result was discussed briefly in relation to considerations 
of this problem which have been made previously. 


186A. N. Gerritsen, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 19, p. 178. 
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The method was not applied to the scattering by 
lattice vibrations in detail, but several limiting cases 
which give some insight into the problem were dis- 
cussed. It was pointed out that a generalization of the 
method would probably be necessary if the scattering 
by short-wavelength phonons were to be treated 
properly. It was also mentioned that if the scattering 
of electrons in liquid metals is treated by this method 
using a simple model for the liquid, the results are 
qualitatively correct. 

Calculations by this method of the resistivity of 
vacancies and interstitials in copper are currently in 
progress. Preliminary results indicate that the resis- 
tivity due to a vacancy is of the order of 0.8 microhm 
centimeter per atomic percent and that the resistivity 
due to an interstitial is somewhat smaller. 
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APPENDIX 


The parameters €o, a, y, and 8 must be determined for 
the metal under consideration if the perturbing operator 
is to be found explicitly. The ¢o, a, and y are identical 
in this treatment to the same parameters defined by 
Bardeen.? The parameter y is given by (21). Bardeen 
showed that a, which is given here by Eq. (16), may be 
expressed in terms of the logarithmic derivative of the 
p function: a=~y(A)6,(4), where 8;(A)=ragi'(ra)/ 
gi(rs). These parameters have been calculated for three 
values of atomic sphere radius for the alkali metals by 
Brooks and for the noble metals by Kambe.”° We 
obtain values for intermediate atomic cell sizes by 
quadratic interpolation with respect to dilatation. 

The parameter 8 is given by Eq. (17). The first 
term in the expression for 8 arises from an integration 
over the cell surface. This term was apparently omitted 
by Hunter and Nabarro.’ In addition, a transcription 
error occurred in the first integral term and the g» factor 
did not appear in their paper. 


1H. Brooks, Phys. Rev. 91, 1027 (1953), and unpublished 
work which is given by F. S. Ham, in Solid State Physics, edited 
by F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1955), Vol. 1, p. 185. 

”K. Kambe, Phys. Rev. 99, 419 (1955). 
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Equation (17) may be written in terms of the loga- 
rithmic derivatives of g; and g2 by performing operations 
similar to those used by Bardeen in calculating a. 
We obtain 


27 U" / 2B; 
a=—|1-s2-+re-—(—-1) 
5 U\ Bo 


where 82= rage’ (r4)/g2(ra). 

We shall neglect the variation of 8 with A and 
evaluate it for A=0. Since the boundary conditions are 
satisfied only to first order in the shear strains, it is 
consistent to neglect this variation which corresponds 
to terms of the order ¢,;A. 

y and f; are obtained from the interpolated values 
of y and @ found above. Hunter and Nabarro have 
shown that yr?U"/U = (2mr’/3h*)de/dr, which we may 
calculate from the interpolation of €. Thus only the 
logarithmic derivatives of the d functions are needed. 

Ham” has calculated the logarithmic derivatives of 
the d functions for the alkali metals at the band-edge 
energy and at the observed lattice spacing by using the 
quantum-defect method. Ham points out that the 
interpolation is considerably less reliable when applied 
to the d function than it is when applied to the s and 
p functions. Absolute errors in 8 are about equal to the 
corresponding fractional errors in B32, i.e., 6(8) ~ 682/82. 
The estimated possible errors, 682/82, for K, Rb, and 
Cs were less than 0.06. Errors for Liiand Na should be 
even smaller. 

It seemed advisable to estimate $2 for the noble 
metals by integration of the Hartree fieid since the 
extrapolation required in the quantum-defect method 
is quite unreliable in these cases. The tabulated Hartree 
fields” for the noble metal ions were corrected for the 
removal of a single d electron and the addition of a 
conduction electron distributed uniformly over the 
atomic cells. The resulting field was integrated numeric- 
ally for the band-edge energy, ¢€, to obtain the loga- 
rithmic derivative of the d function. It is difficult to 
estimate the error entailed in this approach, but an 
error of greater than ten percent would seem surprising. 

The values of 6 determined from these various 
parameters appear in Table I. 





*1 The author is indebted to Dr. Ham for supplying him with 
the results of these calculations, which have not been published. 

# Hartree calculations for Cu*+, Agt, and Aut have been made 
by D. R. Hartree, Proc. Roy. Soc. (London) A141, 282 (1933) ; 
M. M. Black, Mem. Proc. Manchester Lit. and Phil. Soc. 79, 29 
(1935); and Douglas, Hartree, and Runciman, Proc. Cambridge 
Phil. Soc. 51, 486 (1955), respectively. 
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Penetration Depth, Susceptibility, and Nuclear Magnetic Resonance in 
Finely Divided Superconductors* 


M. TINKHAM 
Department of Physics, University of California, Berkeley, California 
(Received December 12, 1957) 


On the basis of experimental evidence that the effective superconducting penetration depth is increased 
by a decrease in electronic mean free path, whether by body or surface scattering, and guided by the Pippard 
nonlocal theory, we propose that many types of experiments on small particles can be interpreted semi 
quantitatively by taking over the formal results of the London theory with A» modified to Ao(1+-Eo/Lets). 
In this, &) is Pippard’s coherence length and 1//.¢; includes both surface and body scattering. This method 
gives a good fit to Whitehead’s susceptibility data on colloidal superconducting mercury, but predicts a 
narrower nuclear resonance line than is observed by Reif in a similar colloid. 


I. INTRODUCTION 


INCE Pippard’s original discovery’ of the effect, 
further independent evidence has appeared which 
shows that the effective penetration depth for an elec- 
tromagnetic field into a superconductor is increased 
when the mean free path / of electrons in the sample is 
sufficiently reduced. This reduction in screening effec- 
tiveness of the supercurrent seems to be at least qualita- 
tively the same whether the mean free path is limited 
by lattice disorder, impurities, or the diffuse scattering 
at the sample boundary. In this paper we suggest a 
radically simplified form of Pippard’s theory which can 
be used for the semiquantitative analysis of experiments 
using geometries which have resisted exact solution 
with the unsimplified form. The method consists 
essentially of taking over the results of the simple 
London theory with the modification that the penetra- 
tion depth A is assumed to depend on a characteristic 
mean free path in a way suggested by the Pippard 
theory. It will be shown that this simple method gives 
a more satisfactory account of the susceptibility data 
of Whitehead? on superconducting colloids than do the 
theories which he considers. This experimental support 
suggests that the method be applied to the analysis of 
the nuclear magnetic resonance data of Reif* on super- 
conducting colloids. If this is done, the reduced dia- 
magnetic shielding results in a predicted line width 
considerably less than that observed. Other broadening 
mechanisms in the superconducting state may then be 
required to explain the observed line width. 


II. THE INCREASE OF PENETRATION DEPTH WITH 
SHORT MEAN FREE PATH 


This effect was first discovered by Pippard,' who 
found that the penetration depth for microwaves in 
superconducting tin could be doubled by alloying with 
3% of indium, with consequent reduction of the mean 


* Supported in part by the Office of Naval Research, the 
Signal Corps, the Air Force Office of Scientific Research, and the 
National Security Agency. 

1A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 

2C. S. Whitehead, Proc. Roy. Soc. (London) A238, 175 (1956). 

3 F. Reif, Phys. Rev. 102, 1417 (1956) ; 106, 208 (1957). 
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free path /. For small amounts of impurity, \ approaches 
a limiting value; but as / drops below ~10~ cm, 
\ starts to increase, the increase being very rapid by 
the time the mean free path drops to 10~* cm. This 
effect was confirmed by Chambers‘ at a lower frequency. 

To explain these effects, Pippard introduced a non- 
local modification of the usual London® expression for 
the supercurrent 


(1) 


where A=m/ne*® and A is an appropriately gauged 
vector potential. He proceeded in two stages. First, he 
replaced (1) by 


Js=— (&/&0)A/Ac. (2) 


In this, & is a constant of the material, the coherence 
length for an ordered lattice, which he sets equal to 
ahvo/kT., where v is the Fermi velocity, 7, is the 
superconducting transition temperature, and a is a uni- 
versal numerical constant which Faber and Pippard® 
found to be 0.15. The other length, é, is the coherence 
length in the actual sample, which is reduced from £o if 
lis small. This reduction might be presumed to go as 


1/§=1/to+1/1. (3) 


For small /, this form (2) now bears a strong resemblance 
to Ohm’s law, since it then reduces to a point relation 
with J/A proportional to /. The second step in his 
development was then to generalize (2) in exact analogy 
to the generalization of the ordinary Ohm’s law to the 
form valid when mean free paths are long compared to 
sample dimensions or to the penetration depth (anoma- 
lous skin effect case). This generalized, nonlocal form is 


— 


r! 
4R. G. Chambers, Proc. Cambridge Phil. Soc. 52, 363 (1956). 
5 F. London and H. London, Proc. Roy. Soc. (London) Al49, 
71 (1935). 
6 J. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London) 


A231, 336 (1955). 
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where the integration extends over the entire sample. 
Unfortunately it has proved possible to solve the 
electromagnetic problem using (4) only in the case of 
plane parallel geometry. Agreement with the experi- 
mental results of Pippard and of Chambers was quite 
satisfactory. 

Subsequently, related effects have been observed by 
several workers. Whitehead? has observed that the 
diamagnetic susceptibility of superconducting colloidal 
mercury is less than that calculated using the London 
theory with the penetration depth measured with bulk 
specimens. The discrepancy becomes more serious the 
smaller the mean radius of the particles. Whitehead 
was able to calculate only the asymptotic result of the 
Pippard theory in the limit of very small particles. 
This agrees quite well with his data for small particles, 
but naturally it fails to fit the dependence on the radius 
for larger particles. 

Lutes’ has found an increase in A with decrease of 1, 
in tin whiskers. The order of magnitude agreement with 
Pippard’s results is reasonable, but the change is some- 
what larger for small / than was found by Pippard. 
His method of determination of is rather indirect, 
being based on critical field values. 

Glover and Tinkham® have found a similar decrease 
in the supercurrent at microwave frequencies in very 
thin films. They found the effective penetration depth 
to be increased by an order of magnitude over its value 
in bulk material. Further, they found a direct pro- 
portionality between the superconducting conductivity 
a2” (which is c?/4)\*w in the London theory) and the 
conductivity of the normal state oy (which is pro- 
portional to /), namely 


a2" /an=akT./hw. (5) 


This proportionality seems to be valid whether the 
mean free path is limited mainly by surface scattering 
in the film or by scattering on lattice disorder in an 
unannealed film. The form (5) is predicted by the 
Pippard theory, with a=1/a. The observed value 
a=3.7 corresponds to a=0.27, in at least reasonable 
agreement with the Faber and Pippard value. 

As a final piece of experimental evidence, we cite the 
measurements of Schawlow® on the penetration of 
audiofrequency magnetic fields through much thicker 
films. He finds values of \ of the order of twice the bulk 
value. 

Basic theoretical support for the nonlocal picture is 
offered by the new theory of superconductivity of 
Bardeen, Cooper, and Schrieffer."° It leads to a penetra- 
tion law similar to that of Pippard, though differing in 
detail. Thus the qualitative properties of the Pippard 


70. S. Lutes, Phys. Rev. 105, 1451 (1957). 

8R. E. Glover, III, and M. Tinkham, Phys. Rev. 104, 844 
(1956) ; 108, 243 (1957). 

9A. L. Schawlow (private communication). 

1 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957) ; 
108, 1175 (1957). 
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picture seem quite likely to prove correct. Unfortu- 
nately it has proved impossible to obtain exact solutions 
to the Pippard equations for most geometries. The 
theory of Bardeen et al. would be even harder to work 
with, since it lacks a simple analytical form. Therefore 
we should like to point out that a semiquantitative 
description of these phenomena is offered by the 
following convenient method. 


III. SUGGESTED SIMPLIFIED METHOD 


Inspection of (4) shows that Js at any point is 
reduced if £ is reduced (by reduction of /) or if the 
region of integration is reduced (by reducing the 
physical size of the sample). In either case, there is an 
effective cutoff of the integration. We now suggest that 
the effect of the size of the sample can be included in 
the & cutoff simply by taking 


1 [f= 1/fo+1 ‘Lete= 1 ‘Eo+-1 I+ 1/d, (6) 


where 1/l.4; includes both the scattering due to dis- 
order in the body of the sample and scattering at the 
surface as given by a characteristic distance d. For a 
spherical particle, d would be of the order of the diam- 
eter. In a thin film, d would be of the order of the 
thickness, but increased by the logarithmic factor 
which enters in obtaining the effective mean free path 
for ordinary conduction.'! This reduction to a simple 
dependence on an effective mean free path is supported 
by the results of Glover and Tinkham, which indicated 
that o2”/ow is independent of whether /.¢¢ is limited by 
surface scattering or by body scattering. 

Having included the surface effects via (6), we can 
now simplify (4) back to (2), provided that A is reason- 
ably constant over a region of dimension &. This will 
be true for small enough or impure enough samples, 
and will be a useful first approximation in other cases. 
Thus we are led back to the simple London equations, 
but with the penetration depth parameter changed to 


A=)o(Eo/E)*=Ao(1+ Eo ‘lets)*. (7) 


Since solutions of the London equations for many 
geometries are available,'? this simplified method im- 
mediately provides a semiquantitative method of inter- 
pretation of some types of experiments in any of these 
geometries. 


IV. SUSCEPTIBILITY OF COLLOIDAL 
SUPERCONDUCTORS 


As an illustration of the utility of the method 
suggested in Sec. III, we shall now show how it may 
be used to fit the data of Whitehead? on colloidal 
mercury. In doing this, we take /.4=d=2a, where 


4K. Fuchs, Proc. Cambridge Phil. Soc. 34, 100 (1938). 

2 F. London, Superfluids (John Wiley and Sons, Inc., New York, 
1950), Vol. 1; M. von Laue, Theory of Superconductivity (Academic 
Press, Inc., New York, 1952). 
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Fic. 1. Variation of x/xo at O°K with average particle size. 
e@—Values observed by Whitehead? (a) London theory with 
do=430 A; (b) Whitehead approximation with A,=430 A; (c) 
Whitehead approximation with A, =350 A (&)=2000 A); (d) ap- 
proximation presented in this paper with )>= 2000 A, A» =430 A. 
Note that the curve (d) approaches (c) asymptotically in the 
limit of very small particles. This behavior is correct, since (c) 
should be valid in that limit. 


a=[a*),,/(a*)s, }* is the suitable average radius for a 
distribution of particle sizes. The value of £ is not 
certain. Pippard and Faber find )=2.110~* cm for 
Sn. Since & should be proportional to 1/7, for constant 
Fermi velocity, it is reasonable to expect & for Hg to 
be rather similar, since 7,=3.7° for Sn and 4.1° for Hg. 
Thus we might assume {=2X10-° cm for Hg. With 
these assumptions, and A» having its standard value of 
430 A, values of \ were computed as a function of 
radius, using (7). The curve (d) in Fig. 1 was then 
calculated using the formal results of the London theory 
together with the size-dependent \. For comparison, 
we also show the results with the ordinary London 
theory and the approximate form of Pippard’s theory 
given by Whitehead. It is clear that the present pro- 
posal gives the most satisfactory fit. At the very 
least this gives it some justification as a method of 
phenomenological interpretation. 


V. NUCLEAR MAGNETIC RESONANCE (NMR) IN 
COLLOIDAL SUPERCONDUCTORS 


If we may assume that the excellent agreement with 
Whitehead’s data is significant, the method should be 
applicable in estimating the effect of the diamagnetic 
currents in modifying the magnetic field seen by 
resonating nuclei inside colloidal particles in a sample 
quite similar to those used by Whitehead in his experi- 
ments. This should be true even if the method should 
lack general validity. In a small particle, the applied 
magnetic field penetrates with only second-order changes 


~ (a/d)? produced by the shielding supercurrents. Thus 
the distribution of current would not be expected to 
depend critically on the exact penetration law. The 
principal departure from the usual London theory 
should be simply to reduce the strength of the shielding 
currents, thus narrowing the spread of resonant fre- 
quencies for a given applied field Ho. As Whitehead 
observes, the discrepancy between his results and the 
London theory could be largely removed by choosing Ao 
to have twice the usual value. This would cut the line 
width by a factor of 4. Our proposal should be a better 
approximation than this, however. 

Using the \(a) computed as in Sec. IV, the distri- 
bution of local magnetic fields in a colloidal sample 
having the particle size distribution shown in Reif’s’ 
histogram (Fig. 1 of his paper) was calculated with the 
aid of the line shape factor for a single sphere given in 
his Eq. (9): 


I(v)~da' fl (E+ 20") /3a"*), (8) 


where a’=a/d, {= 30(v—v,)/v,, and f(x)=(1—|x|)4 

Since this factor was calculated with the London 

equations, this procedure is in keeping with the spirit 

of the suggested method. Using the size-dependent A in 

(8), we obtain 

Aor(Eotd) 2 
J ae 

d 3 





4 
To)~reld+0/f- 


For dé, we find a peak intensity independent of 
sphere diameter and a width proportional to (d/Ao)’. 
For d>>¢&o, (9) reduces to the usual result, namely, 
a peak intensity ~(d/Ao) and width ~ (d/Xo)*. Such 
large spheres are, however, not present, and if present 
they would be in the normal state at the magnetic 
fields used. Therefore, for the particle sizes of interest, 
there is a very pronounced narrowing of the line found 
by summing over the distribution of sphere sizes, com- 
pared to that calculated previously using the usual 
London theory. Since these previous estimates are in 
reasonable agreement with the experimental line width, 
the widths calculated allowing for the increased field 
penetration in small particles turn out to be about a 
factor of 3 too small. In fact, the width of the theoretical 
line, after folding in the line width found in the normal 
state (on the assumption that the internuclear inter- 
actions are not seriously changed in the superconducting 
state), is only slightly greater than that of the normal 
line. The line is quite asymmetric, though not as much 
as that computed by Reif. The line widths referred to 
are based on the separations of maximum and half- 
maximum derivative points. 

Summarizing, the effect of our suggested correction 
to the London theory is to destroy the apparent agree- 
ment between theory and experiment on the line width 
of the NMR spectrum. To restore agreement, an addi- 
tional source of broadening in the superconducting state 
seems to be required. Such a source might be offered, 
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for example, by a highly anisotropic Knight shift in 
the superconducting state. Since the superconducting 
ground state in the theory of Bardeen, Cooper, and 
Schrieffer is a singlet state, it should have no electronic 
spin susceptibility and hence no Knight shift at all, 
if this state is separated from states with 50 by an 
energy gap. It is conceivable that a theory giving a non- 
zero Knight shift might also provide an additional 
source of line width. Alternately, the line width might 


simply be increased by clustering of the colloidal par- 
ticles or some other nonideality of the sample. 
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An experimental investigation of the polarization reversal process in Rochelle salt shows that besides the 
slow, lateral motion of b- and c-domain walls, there is also a fast reversal process characteristic of the nucle- 
ation and wall propagation in the orthorhombic a-direction. Reversal in this direction is qualitatively 
analogous to the polarization process in c-domain BaTiO. 


INTRODUCTION 


OCHELLE salt (NaKC,H,O0,-4H,0) is not only 
the oldest but also one of the best known! among 
ferroelectric crystals. Yet our understanding of ferro- 
electric phenomena is stil! rudimentary. In the case of 
Rochelle salt, the complex arrangement of the atoms 
forming the space lattice of the unit cell, as well as 
thermal and mechanical instabilities of the macroscopic 
crystal, have increased the difficulty of the experimenter 
intent on showing the relation between the optically- 
observable domain dynamics and the electrical hysteresis 
and polarization. 

These observations were relatively easy in the case 
of BaTiO;. It was shown? that, for an electric field 
applied in an antiparallel direction to the polar axis of 
a macroscopic “‘c-domain” crystal, there occurs first a 
nucleation of spike-shaped domains and thereafter a 
motion and expansion of these domains in the direction 
of the applied field until the entire crystal volume 
becomes saturated. 

The number of optically visible nuclei increases 
exponentially with the applied field. For low applied 
fields, the peak switching current also increases expo- 
nentially and the switching‘time of a crystal decreases 
logarithmically with the field. Switching at low fields 


1 An exhaustive survey of the literature prior to 1946 is available 
in the book by W. G. Cady, Piezoelectricity (McGraw-Hill Book 
Company, Inc., New York, 1946). For later publications, see the 
review article by Shirane, Jona, and Pepinsky, Proc. Inst. Radio 
Engrs. 43, 1738 (1955). 

2 W. J. Merz, Phys. Rev. 95, 690 (1954). 

8E. A. Little, Massachusetts Institute of Technology Labora- 
tory for Insulation Research Report No. 87, 1954 (unpublished). 


may be defined in terms of the empirically determined 
constant a which represents an “activation field.” 

At high applied fields, the peak switching current as 
well as the switching time are linearly dependent upon 
the field. At high fields, therefore, the crystal behaves 
more like a resistance during polarization reversal, and 
no individually moving nuclei may be discerned. The 
nuclei generated propagate through the crystal with 
some average mobility yu, characteristic of the motion 
of a single wall. Both a and yu were found to be highly 
temperature dependent. A rise in temperature towards 
the Curie temperature brought about a faster polariza- 
tion reversal because, in spite of the randomizing effect 
of thermal energy, the increase in symmetry of the 
crystal unit cell makes it easier for the field to over- 
come the potential barrier keeping the dipoles in a 
stable orientation. 

Although optical evidence of domain wall motion has 
not been found yet in guanidinium aluminum sulfate, 
the electrical behavior of this ferroelectric during 
polarization reversal closely parallels that of BaTiOs. 
The same observations apply in the case of triglycine 
sulfate and partly in the case of potassium niobate. 

Rochelle salt is, however, unique among ferroelectrics 
in having not one but two Curie temperatures. The 
large role played by the hydrogen bonds in Rochelle 
salt had been established by Hablutzel® who succeeded 
in widening the ferroelectric temperature range by 
partial chemical replacement of the hydrogen atoms 


4H. H. Wieder, Proc. Inst. Radio Engrs. 45, 1094 (1957). 
5 J. Hablutzel, Helv. Phys. Acta 12, 489 (1939). 
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Fic. 1. Spontaneous polarization P,, measured from hysteresis- 
loop data at 60 cps, is shown as a function of temperature. Its 
reciprocal (1/P,) is also given. 


with deuterium. Neutron diffraction studies of Frazer® 
established a large atomic displacement of particular 
hydrogen atoms in the crystal lattice of Rochelle salt 
leading to the polar character of this structure and 
hence playing a large role in ferroelectric behavior of 
this crystal. 

Outside of the ferroelectric temperature range, Ro- 
chelle salt is orthorhombic. In the ferroelectric region, 
this crystal has monoclinic symmetry,’ the original 
orthorhombic a-axis being defined as the polar ferro- 
electric axis. 

Mitsui and Furuichi* used the polarizing microscope 
for a thorough study of domain-wall dynamics in 
Rochelle salt. The crystals used were of the a-cut type 
with domains visible as thin slabs parallel to the 
orthorhombic c-direction or b-direction. They showed 
that an electric field applied in the direction of the 
polar axis causes a discontinuous displacement of a 
particular domain wall, successive positions of the wall 
producing a hysteresis loop if the field is gradually 
increased and then decreased. The propagation velocity 
of the wall was shown to be a linear function of the field. 

In another paper, Marutake® indicated that wedge- 
shaped domains exist at the boundaries of large 
c-domains as well as at boundaries between c-domains 
and b-domains, probably in order to decrease any 
induced strains. Upon application of an electric field, 
wedge-shaped domains appear at the same positions 
within the Rochelle salt crystal in a similar manner to 





6B. C. Frazer, quoted by Shirane, Jona, and Pepinsky in 
Proc. Inst. Radio Engrs. 43, 1775 (1955). 

7H. Jaffe, Phys. Rev. 51, 43 (1937). 

8 T. Mitsui and J. Furuichi, Phys. Rev. 90, 193 (1953). 

9M. Marutake, J. Phys. Soc. Japan 7, 25 (1952). 
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the nucleation process in (101) plates of BaTiO;. The 
possibility that wedge-shaped domain nuclei penetrate 
the crystal in the direction of the a-axis was explored by 
Marutake. His observations of the domain configuration 
on the opposite sides of an a-cut specimen of Rochelle 
salt having various electric fields applied to it indeed 
supports this idea. 

It is of some interest, therefore, to examine experi- 
mentally the analogies in electrical behavior between 
c-domain BaTiO; and a-cut Rochelle salt, using the 
same experimental techniques on Rochelle salt as had 
been previously employed on BaTiO,;, and to explore 
the inherent similarities between simple, ionic-bonded 
ferroelectrics such as BaTiO; and complex, hydrogen- 
bonded crystals such as Rochelle salt. 


EXPERIMENTAL 


Large Rochelle salt crystal blocks grown by the 
Clevite Research Laboratories were diced into 18 
tabular crystal samples having square major surfaces 
approximately 1 cm per side. The thickness of the 
samples ran in a graduated range between 0.05 cm and 
0.34 cm. In each case the orthorhombic a-axis was 
carefully oriented perpendicular to the major faces. 
Circular silver electrodes of 0.8 cm* were vacuum 
deposited upon the latter. 

The crystals were placed in a coaxial sample holder 
made of brass; light, spring loaded contacts provided 
electrical connection with the electrodes, and a thermo- 
couple in the immediate vicinity of the crystal served 
to monitor the ambient temperature. The sample 
holder, enclosed in a brass jacket for thermal filtering, 
was placed in a Dewar containing a thermostatically 
controlled atmosphere of dry nitrogen. Within the 
sample holder the temperature could be maintained to 
better than +0.5°C and the temperature varied in 
continuous increments between +30°C and —25°C. 

A bridge similar to that described by Diamant, 
Drenck and Pepinsky” was used to measure the param- 
eters associated with the hysteresis loop of Rochelle 
salt. For a sinusoidal driving field of 50 cps excellent 
agreement was obtained between the spontaneous- 
polarization values P, published by Hablutzel® and 
those shown in Fig. 1 for the present crystals. Measured 
values of coercivity were of the same order of magnitude 
as those presented by Hablutzel; however, the exact 
magnitude of the measured coercivity is strongly de- 
pendent upon the time rate of change of the driving 
field, just as was found to be the case in other ferro- 
electrics. The measured coercivity EZ, depends upon the 
peak driving field as shown in Fig. 2; and while this 
variation is perhaps not very great, the coercivity 
dependence upon the frequency of the driving field is 
very great indeed. 

Provided that the electrothermal and electrocaloric 


1 Diamant, Drenck, and Pepinsky, Rev. Sci. Instr. 28, 30 
(1957). 
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effects are excluded, EZ. varies as the logarithm of the 
driving frequency w. The decrease of E£, with the 
logarithm of w was ascertainable down to 1 cps, below 
which de conductivity problems interfered with the 
measurements. It seems reasonable to interpret this 
coercivity dependence upon frequency in the same way 
as for BaTiO; "': 


logw+ (a’/E,.) =k. (1) 


Here a’ is defined as an activation field and & is a 
constant. 

While Eq. (1) is based upon the crude assumption 
that we may consider polarization reversal in a field 
which varies with time to be essentially the same as 
reversal in a constant field, it is nevertheless satisfactory 
for showing the close relation existing between the 
properties of the hysteresis loop and switching param- 
eters obtained from pulsed polarization-reversal experi- 
ments. The latter will be explored in detail sub- 
sequently. 

From plots of EZ, vs logw such as Fig. 3, the activation 
fields may be determined, and a plot of a’ as a function 
of temperature T is shown in Fig. 4. The similarity to 
the curve of P, vs T of Fig. 1 is evident. One might 
assume that a’ as well as P, are structure-sensitive and 
increase with an increase in crystalline anisotropy. 
There is as yet no complete crystallographic analysis 
of the Rochelle salt structure which would corroborate 
this view. The increase in a’ with anisotropy is clear, 
however, in the case of BaTiO; in its various ferro- 
electric crystalline phases. 

At higher frequencies, electrothermal effects no longer 
can be neglected. It is evident from Fig. 3 that as the 


1H. H. Wieder, J. Appl. Phys. 28, 367 (1957). 
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frequency increases, the coercivity gradually departs 
from its logarithmic dependence upon frequency, and 
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Fic. 3. Reciprocal of the coercivity (1/E,) is dependent upon 
the logarithm of the frequency of the driving field provided there 
are no electrothermal effects. The slope of the line (1/E.) vs w 
defines an activation field a’. 











32 H. H. 





2000, 





1600) 











(VOLTS/CM) 


a’ 























+10 +20 +30 
OEGREES C 





Fic. 4. The activation field a’ calculated from graphs such as 
Fig. 3, using Eq. (1), is shown to have a temperature dependence 
proportional to that of P, or some power of P,. 


it has been experimentally ascertained that the par- 
ticular frequency at which this starts to occur becomes 
higher as the ambient temperature decreases. 

Similar results were obtained in the case of other 
ferroelectrics. Indeed, in the case of BaTiO; ** a rise in 
surface temperature was found to correspond exactly 
to the decrease in E.. This is reasonable if we consider 
the very low thermal conductivity of Rochelle salt, 
which is quoted to be smaller than that of quartz.” 
Since polarization reversal is an adiabatic process, it is 
only to be expected that the temperature of a ferro- 
electric crystal element would rise with the frequency 
of the driving field. A simple calculation of the upper 
frequency limit for which a hysteresis loop may still 
be obtained, i.e., for which the temperature of the 
crystal is below the Curie temperature, places it between 
50 kc/sec and 190 kc/sec, which is easily verified by 
experiment. 


PULSE MEASUREMENTS 


Polarization reversal in Rochelle salt under pulse 
conditions is different from the previously described 
hysteresis-loop investigations, in that here a step func- 
tion with a rise time of the order of 0.01 usec is applied 
to the crystal and the electric field remains constant 
throughout the process of reversal. Alternate polarity 
pulses of selected, variable amplitudes are applied 
sequentially to the sample under investigation. Pulses 
of the same polarity may be applied to the crystal in 
order to differentiate between the transient signal ob- 
tained for reversal and nonreversal of polarization. 

Representative switching transients obtained from a 
Rochelle salt sample are shown in Fig. 5. The similarity 


2D. S. Campbell, J. Brit. Inst. Radio Engrs. 17, 385 (1957). 
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to the switching transient obtained from BaTiO; 
crystals? is clearly evident. Of particular significance are 
the switching time 7,, which is defined here as the time 
required for approximately 1.8P, of reversed polariza- 
tion to be present in the area under the transient 5(a) 
and the peak current density Jinax obtained from the 
same figure. The area under the transient of Fig. 5(b) 
represents simply the charge flowing into the stray 
capacitance of the cable and the linear capacitance 
portion of the sample being investigated. Pulses of 600 
milliseconds in duration spaced 600 milliseconds apart 
were applied to the crystals from an electromechanical 
pulse generator of low impedance. The latter had been 
described elsewhere." The switching transients were 
obtained from a 120-ohm resistance in series with the 





Fic. 5. Representative switching transients of a Rochelle-salt 
crystal sample obtained at +13°C. Abscissa represents time in 
units of 20 usec/division; ordinate is time rate of change of the 
polarization (0P/dt) in units of 2.1 (ma/cm*) per division. 
(a) Reversal of the remanent of polarization with net polarization 
change of 2P,. (b) No reversal in remanent polarization. Area 
under transient is proportional to the linear capacitance of sample 
and cable. 


ferroelectric. The data obtained show the dependence of 
the switching time and the peak switching current 
density upon the applied field amplitude as well as the 
ambient temperature. 

As in the case of BaTiO; a dependence of the 7, upon 
crystal thickness was determined experimentally. No 
fatigue of polarization reversal was encountered such as 
described by Mitsui and Furuichi® in the case of 
Rochelle salt, or such as found for BaTiO;. The switch- 
ing transients did not decay with time for periods of one 
hour, the longest employed test period. Figure 6 
represents the dependence of (1/7,) upon the applied 
field E. Figure 7 shows Jimax as a function of E. Both 


4H. H. Wieder and D. A. Collins, Rev. Sci. Instr. 28, 580 
(1957). 








FERROELECTRIC POLARIZATION 


figures show that the process of polarization reversal in 
Rochelle salt is analogous to that of other ferroelectrics. 
The linear part of (1/r,) vs E indicates that for high 
fields we may interpret reversal in terms of the average 
mobility « of a wall sweeping through the crystal 
volume in the direction of the applied field. The linear 
part of Jinax vs E shows that during reversal the crystal 
behaves as an energy-consuming device, i.e., a resist- 
ance, as postulated by Merz for BaTiO;.? We take the 
same empirical expressions: 
t,= (d/p)[E—Eo}', 
J naxx = m(E— Eo); (2) 


here d is thickness of the crystal and m is the slope of 
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Fic. 6. Reciprocal switching time (1/r,) shows the exponential 
and linear dependence upon electric field E previously found in 
other ferroelectrics. +, is determined from transients such as 
Fig. 5(a). 


linear part of the plot of Fig. 7. In each of the two 
figures, Ho is taken as the intercept of the linear part 
of (1/7,) vs E and Jmax vs E, respectively. Since the 
total amount of reversed polarization during reversal is 
2P,, we may write that 


2PL~T inaxTaf (3) 


The shape factor f determined from transients such as 
shown in Fig. 5(a) is approximately 0.8 for Rochelle 
salt, which contrasts with the value f~2 found by 
Merz for BaTiO . A simple substitution of Eq. (3) into 
(2) shows that: 


um (1/2P,)mfd. (4) 
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Fic. 7. Peak current density (Jmax) has the same dependence 
upon the applied field E as (1/7,). This is also indicated in 
Eqs. (2) and (3). 


The domain wall mobility may therefore be determined 
either from Eq. (2) or from the Jax measurements and 
Eq. (4). From plots such as Figs. 6 and 7, obtained at 
other temperatures within the ferroelectric range, the 
mobility as a function of temperature may easily be 
evaluated. Representative » vs T plots are shown in 
Figs. 8 and 9, and are in good agreement with each 
other. The similarity between these curves and the 
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Fic. 8. The mobility «1 of an average domain wall is calculated 
from Eq. (2) and graphs such as Fig. 6. Its dependence upon 
temperature is shown, 
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Fic. 9. The mobility wy, calculated from Eq. (4) and graphs 
such as Fig. 7, is shown to have the same temperature dependence 
as (1/P,) of Fig. 1. 


(1/P,) curve shown in Fig. 1 is clearly evident, and 
shows the relation to be expected from Eq. (4). If P, or 
a higher exponent of P, is related to the crystalline 
anisotropy, then an increase in symmetry, i.¢., an 
approach to either of the monoclinic-orthorhombic 
transitions, should be accompanied by a sharp increase 
in the experimentally determined mobility. 

At lower field amplitudes, an exponential increase of 
the 7, and Jimax With field is evident from Figs. 6 and 7. 
This is another property that Rochelle salt has in 
common with other ferroelectrics.?* Using again the 
BaTiO; analogy, we may write: 


7, <exp(a/E), 
J max © exp(—a/E). (5) 


Therefore the activation field a may be determined 
from a plot of a, vs (1/E), or Jmax vs (1/E), a repre- 
sentative plot being shown in Fig. 10. Good agreement 
within the error of measurement may be obtained 
between the two plots. For Fig. 10 the value of a de- 
termined from switching-time data is a,~~513 kv/cm, 
while the corresponding value from Jmax data is 
ay™599 kv/cm. A question of interest is whether a 
threshold field below which no switching may be 
observed does indeed exist in Rochelle salt. No such 
threshold field was found at 0°C down to E=10 v/cm 
for which the area under the switching transient was 
still essentially 2P,. It is interesting to note, therefore, 
that while the number of optically observable nuclei, 
according to Mitsui and Furuichi,’® decreases loga- 
rithmically with the driving field, nevertheless polar- 





18 T. Mitsui and J. Furuichi, Phys. Rev. 95, 558 (1954). 


WIEDER 


ization reversal proceeds to completion unimpeded by 
any large internal depolarizing fields. 

As in the case of BaTiO;, the reversal of polarization 
is retarded by the low mobility of domain walls, but no 
threshold mechanism seems operative. If a threshold 
energy does exist, and there must be one because 
nuclei must obtain a finite energy from the driving 
field to grow and expand, then it probably is not very 
much larger than kT. From plots such as Fig. 10 the 
magnitude of a was determined experimentally as a 
function of temperature. The result is shown in Fig. 11. 
The similarity to the graph of a’ vs T shown in Fig. 4 
should be noted. Both Figs. 4 and 11 bear a strong 
resemblance to the plot of E. vs T published by 
Hablutzel.' This is to be expected from similar relations 
encountered in other ferroelectrics. Thus, for BaTiQOsg, 
(da/dT)™10(0E./AT), where E, is measured at 60 cps. 


DISCUSSION 


The polarization reversal experiments described in 
this paper differ basically from the experimental work 
and the description of domain wall motion in Rochelle 
salt of Mitsui and Furuichi.*:"® The work of these 
authors and their observations refer to the dynamics of 
b-domains, i.e., domains parallel to the orthorhombic 
b-axis of a Rochelle-salt crystal. No significant differ- 
ence between b-domain and c-domain dynamics was 
found. The mobility calculated from their experiments 
yields u~1.36X 10 cm? (volt sec)! at +11°C, which 
is indeed in strong contrast with the data presented 
here: u-~110 cm? (volt sec), at the same temperature. 
The velocity of a b-domain wall from their observations, 
yields, for a field of 200 v/cm at +11°C, a magnitude 
of v0.14 cm/sec, while our measurements indicate a 
velocity at the same field and temperature of >~10* cm/ 
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Fic. 10. At low value of E the switching time and peak current 
density are related to the applied field by the empirical constant a 
representing an activation field as shown by Eq. (5). 
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sec. Allowing for the differences in experimental method, 
the discrepancy is much too large to be accounted for 
in terms either of experimental method or of difference 
in the quality of the crystals used. 

A plausible interpretation is the assumption that the 
experiments described in this paper are indicative of 
polarization reversal in the direction of the ferro- 
electric a-axis. It had been mentioned earlier that 
Marutake’ already presented optical evidence of the 
motion of nuclei along the direction of the a-axis. In 
this respect then, reversal in Rochelle salt along the 
a-axis closely corresponds to the reversal in BaTiO, in 
the direction of the c-axis. On the other hand, the 
observations of Mitsui and Furuichi might parallel the 
experiments of Little? on the dynamics of a-domains 
of BaTiOs. 

In both cases, polarization reversal in the direction 
of the ferroelectric axis is inherently faster. Also in 
contrast to the results of Mitsui and Furuichi, we 
found that the velocity of the propagation v= 4 (E— Eo) 
of an assumed a-domain wall varies inversely with P, 
rather than directly as proposed by the above authors 
in the case of a b-domain wall. 

Rochelle salt is much more anisotropic than BaTiQOs. 
Mitsui and Furuichi*® considered a domain wall to be 
composed of a relatively large number of unit cells, the 
polarization vector gradually decreasing and passing 
through zero and thereafter increasing with a reversal 
in sign. Upon treating the energy associated with this 
wall as a continuum they obtained a wall energy of the 
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Fic. 11. The activation field a is shown to depend — the 
ambient temperature. Note similarity to curve of a’ vs T shown in 


Fig. 4. 


POLARIZATION 35 


order of 0.06 erg/cm®. Even though their assumption 
of the relative insignificance of the first order piezo- 
electric strain may have been incorrect, this still leaves 
more than a factor of 100 between the above value and 
that estimated by Merz? for BaTiO; walls having only 
189° orientations. In the latter case, the wall energy 
came to 7 ergs/cm’. 

Sidewise motion of the wall is quite likely caused in 
Rochelle salt by the relative thickness of the domain 
walls; energetically, however, motion in the direction 
of the polar a-axis is much easier: lower fields are 
required and the process is accomplished faster as 
attested by our empirical factor yu. This is in contrast to 
c-domain BaTiO;, where the thin domain walls reduce 
any but forward coupling of dipoles, and hence no 
sidewise motion of the walls is experienced when an 
applied field is directed along the ferroelectric c-axis. 

A fact obvious from the data presented here is that 
Rochelle salt has the highest mobilities recorded for any 
ferroelectric. While partly the reason for this is the 
relative nearness of the transition temperature, and 
there is of course a sharp increase in the mobility of a 
ferroelectric crystal as it approaches a phase transition, 
nevertheless a comparison with BaTiO; for equal tem- 
perature increments still points out the higher mobility 
in Rochelle salt. For example: 10 degrees below the 
paraelectric transition of BaTiOs, at +110°C, w~20 
cm? (volt sec)~!. For a corresponding temperature in- 
crement taken at +13°C, Rochelle salt has a mobility 
of uw~120 cm? (volt sec). 

If the process of polarization consists on the atomic 
scale of a positional displacement of certain hydrogen 
atoms such as some experimental evidence suggests,® 
then the smaller mass of the hydrogen atom ought to 
lead to a higher mobility in comparison with the 
relatively large mass of the titanium ion, on the basis 
of an admittedly crude comparison. Since little is known 
about the internal field in Rochelle salt, this remains 
however only a supposition. Similar tests to those de- 
scribed in this paper if made on deuterated Rochelle 
salt should provide at least a partial clarification. 

Higher fields than those shown in Figs. 6 and 7 were 
applied to some of the ferroelectric crystals, and the 
linear relation between (1/r,) vs E was shown to hold 
up to the experimentally attainable E=5 kv/cm. 
A reversal time of approximately 10 usec for a crystal 
0.33 cm in thickness yields a velocity of the order of 
3X 10* cm/sec which is less by a factor of 10 than the 
velocity of an acoustic wave through Rochelle salt. The 
latter computed from the compressional frequency con- 
stant given by Jaffe and Durana'® is of the order of 
4X 10° cm/sec. As of the present it could not be ascer- 
tained whether the acoustic propagation velocity is an 
upper bound on the speed of polarization reversal in 
Rochelle salt. Figure 10 shows that at low applied 


16H. Jaffe and V. Durana, Clevite Research Center Technical 
Memorandum (private communication). 
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fields polarization reversal in Rochelle salt is essentially 
the same as that in BaTiO. In this respect the results 
obtained are in agreement with Mitsui and Furuichi,* 
who indicate that the number » of optically observed 
nuclei increases with the applied field as (dn/d?) 
«exp(—a/E). The experimental data of Marutake® 
shows that wedge-shaped domain nuclei propagate in 
the direction of the a-axis of Rochelle salt in a manner 
similar to that encountered for c-domain BaTiQs3. 
Motion and growth of these nuclei occur in discon- 
tinuous steps possibly by means of Barkhausen jumps, 
in a manner similar to that observed in other ferro- 
electrics. At low fields the effect of domain nucleation 
should be more important. Yet the polarization-reversal 
transient has the same characteristic shape at high 
fields as at low fields. The optical data of domain 
relaxation shown by Nakamura"’ also show that the 
rate of increase of observed domain-wall nuclei, as a 
function of time for a low field of 60 v/cm, has roughly 
the same shape as our high-field switching transient. 
The inference drawn from this is that the switching 
transient, as in the case of BaTiO, is mainly charac- 
teristic of domain-wall displacement rather than nucle- 
ation of domains, and that charge flowing into the 
electrodes is proportional to the volume of reversed 
polarization with respect to the total volume of the 
crystal. The extent to which this is indeed related to a 
nucleation effect cannot yet be ascertained. A com- 
parison of the plot of a vs T of Fig. 11 with P, vs T of 
Fig. 1 indicates a similarity in behavior, which might 
be explained as a dependence of the activation field 
upon the crystalline-anisotropy and the spontaneous 
strain which each vary as P,. The same type of relation 
might hold for the curve of a’ vs T of Fig. 4. Qualita- 
tively Fig. 4 and Fig. 11 are the same, though the 
values of a’ are consistently larger than those of a. 
Partly this is due to the simplifications in the definition 
of a’, and partly to the fact that a’ is determined from 
hysteresis-loop data, where the periodic increase and 
decrease of the field does not permit a separation of 


17T, Nakamura, Repts, Inst. Sci. Tech. Univ. Tokyo 7, 113 
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nucleation from the process of wall motion and domain 
growth. 


SUMMARY AND CONCLUSION 


The experiments described in this paper show the 
analogy between the polarization-reversal process in 
Rochelle salt and that of other ferroelectrics, irrespective 
of crystal structure or symmetry. The result and the 
conclusions to be drawn from them are as follows: 

1. The mobility uw of Rochelle salt is the highest yet 
recorded for any ferroelectric, and varies inversely with 
the spontaneous polarization. 

2. The activation field a is lower by an order of 
magnitude than that of tetragonal BaTiO;, and in- 
creases roughly as the spontaneous strain and possibly 
the crystalline anisotropy. 

3. Both a and u show sharp changes as they approach 
either of the paraelectric phase transitions, the first 
decreasing and the latter increasing with temperature. 

4. Nucleation and growth occurs in Rochelle salt in 
directions both perpendicular as well as parallel to an 
applied field. Nucleation as well as growth is much 
faster if the field vector is collinear with the a-axis of 
the crystal. 

5. No threshold field may be found in Rochelle salt 
down to a field of 10 v/cm. This seems to be a property 
of most ferroelectric substances studied to date and is 
probably connected with the very low depolarizing 
fields'* present within a ferroelectric. 

6. As in the case of other ferroelectric substances, 
the hysteresis loop may be interpreted in terms of the 
empirical switching parameters of Rochelle salt, pro- 
vided that account is taken of electrothermal and 
electrocaloric effects. 
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The coherent neutron scattering cross section of Ho as determined from neutron diffraction measurements 
on Ho,(O; is found to be (9.10.5) b with amplitude of positive phase. The total nuclear scattering cross 
section is estimated to be about 13 b. The magnitude and angular dependence of the differential cross 
section for paramagnetic scattering by the trivalent holmium ion in Ho,O; have been measured at room 
temperature. For small scattering angles the observed cross section is equal, within experimental error, to 
that calculated for the free-ion moment, i.e., 10.6 Bohr magnetons, and the angular dependence of the 
differential scattering cross section reflects the full contribution of the orbital as well as of the spin contri- 


bution to the total moment of the ion. 





INTRODUCTION 


EUTRON diffraction experiments on holmium 

oxide (Ho2O;) have been performed to investigate 
the magnetic properties of trivalent holmium ion in the 
oxide and to measure the heretofore unknown coherent 
scattering cross section of Ho. In this note a report is 
given of the nuclear and paramagnetic scattering 
measurements. Since the methods of experimental pro- 
cedure and analysis have already been described in an 
earlier study of the corresponding properties of Er! 
and Er**? this report is a brief one. The detection of 
long-range magnetic ordering of the Ho** ions at very 
low temperatures is the subject of a separate publi- 
cation. 


COHERENT NUCLEAR SCATTERING 


The sesquioxides of the heavy rare earths, including 
Ho.O;, have the cubic Tl,O; structure which contains 
sixteen oxide molecules. The thirty-two metal atoms 
occupy two sets of nonequivalent special positions and 
the forty-eight oxygen atoms are in the general positions 
of the space group 77/h=/a3. In addition to the three 
oxygen parameters (x,y,z) there is a single metal 
parameter, u. These four parameters have not been 
directly determined for the rare earth sesquioxides but 
parameters have been measured for the isomorphous 
mineral bixbyite, (Fe,Mn).O;, by Pauling and Shappell* 
and more recently by Dachs.‘ That these parameters are 
approximately valid for other Tl,03-type structures also 
is evidenced by the x-ray diffraction data of Zachariasen® 
for rare earth sesquioxides and by the neutron diffrac- 
tion data obtained for ScyO; ® and Er,Q;.! 

In the present study the bixbyite parameters of 
Pauling and Shappell were assumed to be valid for 
Ho,0;, and the interpretation of the coherent nuclear 
scattering data was carried out in the usual way. 
A typical neutron diffraction pattern of H6,0; ob- 


1 W. C. Koehler and E. O. Wollan, Phys. Rev. 91, 597 (1953). 

2 W. C. Koehler and E. O. Wollan, Phys. Rev. 92, 1380 (1953). 

3L. Pauling and M. D. Shappell, Z. Krist. 75, 128 (1930). 

4H. Dachs, Z. Krist. 107, 350 (1956). 

6 W. H. Zachariasen, Z. Krist. 67, 455 (1928). 

6 Milligan, Vernon, Levy, and Petersen, J. Phys. Chem. 57, 
535 (1953). 
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tained with moderate resolution at a neutron wave- 
length of 1.218 A is shown in Fig. 1. Of the several 
resolved reflections the (222) has the property that its 
intensity has practically no contribution from oxygen 
nuclei for a rather wide range of oxygen parameters and 
is relatively insensitive to the single metal parameter. 
Thus even though the parameters of Ho,O; may differ 
somewhat from those assumed, a reliable scattering 
amplitude for Ho may be obtained from this reflection 
alone, and the value so obtained, from three experi- 
ments carried out under different experimental condi- 
tions, was by.= (0.8540.02) X10~-" cm corresponding 
to a coherent nuclear scattering cross section of 9.1 
+0.5 barns. 

The phase of scattering was established from the 
relative intensities of the (222), (312), and (400) 
reflections which are shown, as a function of bo, in 
Fig. 2 from which it may be seen that Ho scatters with 
positive phase. 

After the phase and magnitude of the holmium ampli- 
tude had been determined, a comparison of calculated 
intensities with experiment was made, and it was 
apparent that neither set of the parameters previously 
reported for bixbyite was entirely satisfactory. This is 
shown in columns (b) and (c) of Table I where j! F|?/n? 
values based on parameters of Pauling and Sherman, 
and of Dachs, respectively, are tabulated. In this, 7 is 
the multiplicity factor, || the structure amplitude per 
unit cell, and m the number of molecules per unit cell. 
After several trials a set of parameters was found which 
improved the intensity agreement, and the calculations 
for this set of parameters are shown in column (a) of 
the table. These values also include a temperature 
factor (B=0.75 A~?) which was obtained from measure- 
ments of the intensity of the (440) reflection at 77°K 
and from an interpolation of previously reported neu- 
tron data for Er2O3 and Sc203.° 

The parameters obtained (w= —0.030, x=0.395, 
y=0.150, z=0.385) are only slightly different from those 
of Pauling and Shappell and lead to reasonable Ho—O 
distances, e.g., a minimum of 2.17 A, a maximum of 
2.34 A, and an average separation of 2.28 A. 
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Fic. 1. Neutron diffraction pattern of Ho,O;. Room temperature \= 1.218 A. 


PARAMAGNETIC SCATTERING AT 
ROOM TEMPERATURE 


The measured total diffuse scattering of Ho»O; stand- 
ardized against the coherent scattering of nickel is 
shown in the upper curve of Fig. 3. The accuracy of the 
measurements is determined in the first half of the 
diffraction pattern primarily by counting statistics and 
by the accuracy of the calibration. At small scattering 
angles the precision is influenced also by the accuracy 
of the experimentally determined corrections for instru- 
mental background scattering which becomes sizable 
because of the proximity of the direct beam. The total 
diffuse scattering shown consists of contributions from 
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Fic. 2. Variation of Ho2O; structure factors with scattering 
amplitude. The observations indicate a positive phase for the 
Ho amplitude. 


(1) paramagnetic scattering, (2) thermal diffuse scatter- 
ing, (3) incoherent nuclear scattering, and (4) multiple 
scattering. The separation of the paramagnetic scatter- 
ing from the other components has been effected in a 
manner similar to that previously described for Er,O3.’ 

As in that case, the multiple scattering from Ho.Q; is 
expected to be small as a result of the sample geometry 
chosen and because of the relatively high capture cross 
section of Ho. Since this scattering has, if any, only a 
small dependence upon angle, it can be included with 
the isotropic incoherent contribution. 


TABLE I. Comparison of observed and calculated j|F|?/n? 
(10-* cm?) for Ho,O;. Calculated values in (a) are based on bao 
=0.85X10- cm, bp =0.58X10™" cm and u= —0.030, x=0.395, 
y=0.150, and z=0.385. A temperature factor with B=0.75 A~* 
has been applied. Values in (b) and (c) are based on bixbyite 
parameters of Pauling and Shappell (w= —0.030, x=0.385, 
y=0.145, z=0.380) and of Dachs (u= —0.034, x«=0.375, y=0.162, 
z=0.400), respectively. 








Calculated 

Index Observed (a) (b) (c) 
200 tee 0.00 0.026 0.086 
211 2.0+0.2 1.61 2.56 2.52 
220 tee 0.024 0.006 0.078 
222 20.5+0.6 20.4 21.1 21.1 

E 321 2.8+0.4 3.54 2.69 3.40 
400 tee 0.012 0.016 0.24 
411 0.52 0.74 0.49 
420 see 0.61 0.514 0.26 
332 14.6+1.2 14.7 12.8 15.7 
422 tee 0.66 0.50 0.013 
431 5.340.7 5.46 7.10 19.5 
521 3.0+0.7 5.5 4.67 5.16 
440 83.8+2.8 86.4 110.3 77.4 

















CROSS SECTIONS OF 


At large scattering angles where the paramagnetic 
scattering cross section is small, and where there is a 
high density of lines, the total cross section can be 
estimated from the average scattering in this region. 
The background level due to incoherent nuclear and 
multiple scattering effects may then be obtained by 
subtracting from the total average scattering the known 
coherent cross sections of holmium and oxygen. The 
background level so obtained is represented in Fig. 3 as 
an isotropic contribution of (1.3+0.3) b steradian™! 
molecule™!. 

Illustrated in the figure also is the contribution from 
thermal diffuse scattering calculated from the simple 
independent oscillator approximation and based on 
the temperature factor B=0.75 A~? suggested by the 
analysis of the coherent nuclear intensities. 

The paramagnetic scattering can now be obtained by 
subtracting from the total diffuse scattering curve the 
contributions arising from the incoherent nuclear and 
multiple scattering and from the thermal effect. The 
paramagnetic scattering cross section extrapolated to 
zero scattering angle is, from the above analysis, equal 
to 10.6+0.5 b steradian™' molecule~!. Since this is well 
within experimental error of the 10.9 b steradian~ 
molecule~! expected for the free Ho** ion, one may 
alternatively take the free ion value of the paramagnetic 
cross section in the forward direction to establish the 
base line from which to evaluate its angular dependence. 
We have elected the latter procedure, believing it to be 
more precise, and this leads to an isotropic base line 
of 0.95+0.3 b steradian~' molecule. Here the un- 
certainty arises from the extrapolation of the data to 
zero scattering angle. The angular dependence of the 
paramagnetic differential scattering cross section so 
obtained is shown in Fig. 4, and in Table II the smoothed 
experimental differential cross section is tabulated. 

For comparison, an approximate calculation of the 
angular variation of the paramagnetic differential scat- 
tering cross section has been made following the 
general treatment of Trammell.’ To a first approxima- 
tion the cross section is represented by the expression: 


do 2/e&y\? 
= (—) CL »Fo"(k)+2S sFo5(k) F, 


dw 3\2me 


TABLE IT. Smoothed experimental differential scattering 
cross section of Hot. 








da/dw da/dw 
sin6/d (b sterad™ jon) sind/d (b sterad™ ion™) 
0 5.45 0.200 3.93 
0.025 5.42 0.250 3.37 
0.050 5.36 0.300 2.77 
0.075 5.23 0.350 2.22 
0.100 5.04 0.400 1.68 
0.150 4.50 0.425 1.45 





7G. T. Trammell, Phys. Rev. 92, 1387 (1953). 
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Fic. 3. Diffuse scattering by Ho2O;. The magnetic scattering is 
represented by the difference between the measured curve and 
the other indicated contributions. 


where Ly=L-J/(J(J+1)]=6.36, Ss=S-J/(J(J+1)] 
=2.12, and Fo’(k) and Fo*(k) are explicitly evalu- 
ated by Trammell in terms of screened hydrogenic 
radial wave functions. The parameter & is equal to 
(Saray sind) /[A(Z—S)] where @ is half the scattering 
angle, S is a screening constant, and do is the Bohr 
radius. The differential scattering cross sections calcu- 
lated in this approximation for Z—S=20 and 22 are 
shown in Fig. 4 also. As in the case of Er** the angular 
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solid curves are calculated for screened hydrogenic radial wave 
functions with Z—S=20 and Z—S=22. 
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as a function of neutron energy. The curve is calculated for 
Z—S=20. 


dependence of the paramagnetic scattering reflects the 
influence of the orbital moment. 


TOTAL NUCLEAR SCATTERING 


In the course of these experiments we have measured 
the total cross section of Ho,O; at neutron energies of 
0.055 ev and 0.075 ev from which in principle, a measure 
of the total nuclear scattering cross section, after cor- 
rection for magnetic scattering and capture, can be 
obtained. At the above-mentioned energies, however, 
the capture and magnetic scattering contributions are 
sizable and their combined uncertainty is of the same 
order of magnitude as the total nuclear scattering cross 
section to be evaluated. 

We may better make use of the transmission data of 
Bernstein ef al.§ who observed, assuming an inverse 


§ Bernstein, Borst, Stanford, Stephenson, and Dial, Phys. Rev. 


87, 487 (1952). 
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velocity capture law, that the total scattering cross 
section of Ho decreased from 31 b at 0.025 ev to 14 b at 
0.5 ev. This variation they attributed to paramagnetic 
scattering from the Hot* ion, and they assumed the 
magnetic scattering to be small at 0.5 ev. This inter- 
pretation is supported by the present work. 

With the approximate theoretical cross section for 
paramagnetic scattering of the section above and with 
the screening constant, Z—S=20, suggested by the 
experimental differential scattering cross section, we 
have calculated the energy dependence of the total 
magnetic scattering cross section of Ho** ion and this 
is shown in Fig. 5. The variation with energy is qualita- 
tively in agreement with the results of Bernstein ef al. 
The magnetic cross section at 0.5 ev is about one barn 
which, combined with the 14 b value of Bernstein ef al. 
leads to a total nuclear scattering cross section of about 
13 b. Since Ho has but a single isotope (¢;Ho'®) the 
difference between 13 b and the coherent scattering 
cross section of 9.1 b must be attributed to spin in- 
coherent scattering. 

We may point out also that a spin incoherent cross 
section of 4 b is not inconsistent with the diffuse 
scattering analysis of the diffraction pattern for if 
multiple scattering were completely absent the isotropic 
level of 0.95 b steradian~! molecule! of Fig. 3 would 
correspond to a spin incoherent cross section of just 
6 b/atom. 
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One-Dimensional Impurity Bands 
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The density of states of one-dimensional crystals consisting of 5 functions randomly distributed has 
been calculated on the IBM 650 computer. The chains contained 500-1000 impurity atoms, and the most 
probable error in the integrated density of states at various energies was estimated to be at most 4%. 
Calculations were performed for various values of the parameter e=n/xo, where nm is the density of atoms 
and xo the attenuation constant appropriate to the isolated bound state. The results at different densities 
are compared with those obtained from various physical models. At low densities the machine results 
display a singularity in the density of states at the isolated atom energy. For «1, a simple pair theory fits the 
machine results quantitatively in the wings and displays a similar singularity. At high density (e>1) the 
machine results are smooth and fitted well by a crude optical model, except for a tail below the band edge 
omitted by the latter. An optical model containing local density fluctuations provides a qualitative under- 


standing of the tail and a fair over-all fit for «21. 





1, INTRODUCTION 


W* are concerned here with the distribution of one- 
electron energy levels of an impurity band. The 
impurities are taken to be of a single kind, but randomly 
distributed, so that the translational periodicity charac- 
teristic of most energy bands is absent. The energy 
bands of disordered crystals have been treated by 
several authors.' Nearly all these treatments have been 
based on Nordheim’s! virtual-crystal approximation; 
random deviations from the “average” potential are 
then treated by perturbation theory. As several of 
these authors recognized, this perturbational approach 
will not yield the localized negative energy states 
associated with the impurity band. 

One evidently needs, in this problem, a method that 
is not perturbational in character and yet is readily 
applied in three dimensions. The multiple scattering 
treatment provides a means of attack that satisfies 
these requirements. In general the multiple scattering 
equations must then be solved by approximate pro- 
cedures. The nature of our approximations, however, 
is independent of the dimensionality of the crystal. 
This suggests checking our ideas by specializing our 
treatment to the one-dimensional case. Numerical 
solutions are easily obtained for one-dimensional 
crystals, and in a way that is suitable for machine 
computation. 

We were thus led to consider here the impurity bands 
of suitable one-dimensional crystals. We were primarily 
interested in the effect of the random distribution on 
the density of states. This effect was expected to be 
large in the low density or tight-binding limit, and to 
decrease as the density increased. 

Several workers’ have previously carried out machine 
calculations. We found that their results were insuffi- 


1L. Nordheim, Ann. Physik 9, 607 and 641 (1931); T. Muto, 
Sci. Papers Inst. Phys. Chem. Research (Tokyo) 34, 377 (1938); 
R. H. Parmenter, Phys. Rev. 97, 587 (1955). 

2H. M. James and A. S. Ginzbarg, J. Phys. Chem. 57, 840 
(1953); R. Landauer and J. C. Helland, J. Chem. Phys. 22, 
1655 (1954). 
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cient for our purposes. This came about either because 
the calculations were done only at one density (James 
and Ginzbarg) or because the constituent concentra- 
tions considered were more appropriate for the study 
of alloys (Landauer and Helland). 

The crystals studied by these authors consisted of 
two different kinds of square wells randomly distributed. 
The width and depth of each well constitutes two 
parameters each, the lattice constant is a fifth param- 
eter, the density of impurities is a sixth and the 
energy is a seventh parameter. Clearly, it is impossible 
to make an adequate numerical exploration of these 
parameters to obtain qualitative understanding of the 
role of each parameter. Moreover, the chains used by 
Landauer and Helland were 150 atoms long, so that 
the number of nodes, N max, associated with a minority 
constituent (at the “top” of the band) was of order 
100, and the random error’ in this number is of order 
(100)*. To get accuracies of order 1% it is clear that 
chains containing 500 to 1000 impurity atoms are 
necessary. 

In view of these considerations several simplifications 
were introduced. 

1. We make the effective-mass approximation. This is 
valid for wavelengths large compared to the lattice 
spacing. Since the relevant wavelengths in an impurity 
band are comparable to or larger than the mean separa- 
tion 1/n between impurities and the latter separation is 
large compared to the lattice constant for an impurity 
band (as contrasted with an alloy), the effective-mass 
approximation is automatically valid for our problem. 
This implies that we may neglect the periodic structure 
of the host lattice altogether. Thus we may set the host 


3 For negative energies no more than one zero can occur between 
impurities. If there were Vmax impurities and if the zeros occurred 
at random with probability », for a given energy, the expected 
number of zeros would be NV = Naxf, and the standard deviation 
would be [Nmaxp(1—p)]#=[V(1—p)]!. We find in practice 
(see Table II) that the errors are of this order (actually smaller 
by a factor of 2). Errors in estimating the differential density of 
states by taking differences between numbers of zeros at different 
energies can be (and were in our case) reduced by using the same 
random sequence of atoms at all energies. 
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potential equal to zero and allow the impurity atoms to 
assume random positions on a continuous domain. 

2. The square wells of the impurities are replaced by 
delta functions.** This is a good approximation if the 
width of the potential is small compared to the mean 
separation between impurities, and to the range 1/ko of 
the bound state wave function. It also has the advantage 
of leaving us with only the parameter of most interest, 
the density n, so that the effect of randomness can be 
studied as a function of the dimensionless parameter 
e=n/xo. The parameter ¢ gives approximately the 
mean number of impurities within range of a given 
impurity. 

In Sec. 2 we describe the procedure used by the 
machine to calculate the density of states. Later 
sections present the results of the calculations and com- 
pare them with various physical models. Each of the 
models can be used for three-dimensional problems as 
well as one-dimensional ones, so that the results also 
suggest the range of validity of the models for three- 
dimensional problems. 


2. SOLUTION OF THE DIFFERENTIAL EQUATION 


The discussion in the previous section has indicated 
that the impurity bands associated with localized 
potentials in one dimension can be adequately in- 
vestigated by considering the following Schrédinger 
equation : 


9 . 


¥ @& 
[-——-1". 2s (2-2) Wa) = EV(2), (2.1) 


2m dx 


where the x,’s are uniformly distributed with density . 
By introducing the definitions 


xo= (m|Vol|)/t2; E=— (x)?/(2m)= (hk)?/(2m), (2.2) 


we find Eq. (2.1) reduces to the simpler form, 


2 


[+2 E,6(2—1) via) =a) (2.3) 
dx? 


The wave function associated with an isolated 6 func- 
tion is given by ye~ exp(—ko|*—%o|) and its energy is 
given by Ey= — (h?/2m)xc®. Thus xo may be interpreted 
as the range of the bound state. Equation (2.3) holds 
for negative energies ; according to (2.2) a corresponding 
equation holds for positive energies, with x replaced 
by —1k. 

If a transformation were made to a new independent 
variable u=nx, one would find from Eq. (2.3) that 
the only relevant parameters are «/xo, a dimensionless 


4The use of 6 functions for studying disordered crystals has 
been criticized by Allen® on the ground that contacts between 
two bands will not occur in this case, though they do occur in 
general. However, we are not concerned here with such interband 


effects. 
5G. Allen, Phys. Rev. 91, 531 (1953). 
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square-root energy, and 
(2.4) 


€= Nn Ko, 


a dimensionless density. The study of a particular 
crystal involves a given density « and a variety of 
energies x/ko. 

The simplicity of the calculation of the density of 
states in one dimension derives from the fact, first 
emphasized in connection with this problem by James 
and Ginzbarg,’ that the number of nodes in a solution 
of the wave equation with energy E determines how 
many states of the system have energies lower than F. 
In previous calculations? the wave equation was solved 
in each cell, with y and y’ being made continuous at 
the boundaries of each square well. Our choice of zero 
potential for the host cells requires us to calculate y 
and y’ only at the 6 function themselves, which for low 
concentrations greatly shortens the calculations. An 
equally significant gain results from the fact that, as we 
shall show below, it is not necessary to consider y and 
y’ separately, which requires a matrix solution, but 
only their ratio y’/y. As a consequence of this saving 
we are able to study chains of 1000 impurity atoms 
(or the equivalent of 100000 cells, at 1% impurity 
concentration) in a comparatively small amount of 
IBM 650 machine time. 

Consider the configuration of 6 functions shown in 
Fig. 1. The 6 functions are represented schematically 
by deep, narrow wells and the coordinate just to the 
right or left of point x is denoted by x*, respectively. 
Since V = 0 between wells, we have for negative energies 


v(x) = (ar) cosh[x(ax2— 24) ] 


+x’ (x;*) sinh[k(a,—2x;)], (2.5) 
VW (x27) =W/(a1*) cosh[x(x2— x1) ] 
+np(x1*) sinh[k(xe,—21) ]. (2.6) 


The 6-function potential! produces a jump in y’/y 
given by 
W' (xet) /b(xet) =p (x2 ) (x2 )—2ko. 
These results can be simplified by introducing 
On=W' (an) /m(xn~) and bp=y’ (x,*)/nb(x,*). The con- 
nection formulas (2.5)— (2.7) now assume the form 


(2.7) 





bn=Gn— 2ko/k, (2.8) 
Gnyi= (b,+tanhxx)/(1+6, tanhxx). (2.9) 
r 
V(x) 
0 x, Xe —e x 
—ll+ —|/+ 
‘ 2 





-Fic. 1, The locations of x;* and x,* which appear 
in Eqs. (2.5) and (2.6). 
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At low densities xx>>1 and tanhxa™1. In addition, the 
density of states may be very large for x~xo. Thus, a 
considerable gain in the number of significant figures 
results when (2.8) and (2.9) are rearranged in the 
following way: 


b,'=a,'— 2(x/Ko— 1), 


Anyi’ = —[2(2—by’ ea" ]/ 
[Bn! + (2—Bp!)e-2aun], 


Here a,/=d,—1, bn’=b,+1, and a=x(koe). The di- 
mensionless parameter u,=x,/(x)=nx, is a random 
variable, independent of density, so that the same set 
of u’s can be used for different densities. 

We now count the nodes, i.e., the sign changes of 
y occurring between 6 functions. If the sign (dn415,) <9, 
y’/W has changed sign. Inspection of Eq. (2.9) shows 
that y can change sign only if 6,<—1, and that at 
most one node can occur. Furthermore, when 6, <—1 
no sign change in y’ is possible. The conditions b, <—1, 
sign (@n415,) <0 are then both necessary and sufficient 
for one zero of y to have occurred in the interval. 

A similar procedure can be developed for positive 
energies. In this case E=h*k?/2m, and defining a, and 
b, as before, except with «x replaced by &, we find the 
connection formulas assume the form 


(2.10) 


(2.11) 


bn=An— 2ko/k, (2.12) 

Onyi= (b,—tanks,) /(1+6, tankx,). (2.13) 

Now let b,= — tan ¢n, Gngi= — tanXy41. Then Eq. (2.13) 
becomes 

Xap= Onthxn, (2.14) 


and the number of nodes y is given by [(Xa41/7) +4] 
—[(¢n/r)+4], when [ ] denotes “greatest integer 
contained in.” 

We present the results of the machine calculations 
for negative and positive energies separately. Most of 
the calculations have been concerned with the negative 
energy range, and it is these we present first. 


3. NEGATIVE ENERGIES: LOW DENSITIES 


It is reasonable to expect that at low densities the 
broadening of the isolated bound level will be produced 
mainly by pair interactions. We shall calculate this 
effect using the multiple scattering formalism, which for 
6 functions is easy to use, and which we shall need 
later in any case. It is shown in Appendix A that for our 
problem the multiple scattering equations reduce to 
N linear homogeneous equations 


N 


a=). Aize; 


j=l 


(i=1, ---, N), (3.1) 


where A;;=0 and Ajj= (k/ko—1) exp(—x|a;—4;!). 
If atoms m and n form a pair, we may expect that 
solutions localized about them have ¢m, ¢n,>>c;, 7m, n. 
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Thus Cn=A male and Cn=AamCm, SO that 


(3.2) 


k/Ko— 1= ew #22! | 


The probability that the nearest neighbor of an atom 
located at the origin lies between x and «+ dx is 2ne~*"!*', 
and the probability that the nearest neighbor distance 
is less than x is e~*"*, Thus, according to the pair 
theory, the fraction of states for which x/xo is larger 
than the indicated value is given by 


1<K/Ko<2: N(«/Ko)=4—4$ | «/Ko—1|7"/5, 


O<K/KoS1: N(K/Ko)= 343 |K/Ko— 1/?"/*, 


(3.3) 
(3.4) 


In the neighborhood of «x/xo=1, Eqs. (3.3) and 
(3.4) imply that the differential density of states is 
approximately 


n(x/Ko) = dN (x/xo)/d(x/Ko)~2e€|x/Ko—1/*-**. (3.5) 


This distribution exhibits a long tail, leading to a first 
moment proportional to ¢, although any fixed fraction 
of the states are confined to a neighborhood of x/xko= 1 of 
order exp(—1/e). For a regular lattice, the band width 
is proportional to the overlap and also varies as 
exp(—1/e). At low densities the introduction of ran- 
demness modifies the shape of the central region, in- 
troducing a singularity at «/xo=1, and adds a long tail 
as compared with the regular arrangement. 

The pair theory is correct to order ¢ in the sense that 
it yields all the moments® of dN /dx correct to order e. 
The moments, however, are insensitive to the behavior 
of NV in the region |x/xo—1| Sexp(—1/e), which is the 
region’ containing much of the band at low densities. 
Schmidt’ has recently obtained a solution for the one- 
dimensional problem which is accurate to order € in 
this region as well. His result, which follows from solving 
an integral equation analogous to the procedure we 
have used in the machine calculation, is, in our nota- 
tion® (here c=x/xo—1): 


1—|c\* 
1<k koS2: N(k ko) = rR Res: ’ (3.6) 
(3-3 c ‘? 
1 
O<k/Ko<1: N(x/«o) =—— =, (3.7) 
(2—11|-,/¢\2 
(2 2/6 ) 


Better results are obtained if oné replaces ¢ in (3.6) 
and (3.7) by n/x. In our comparisons with Schmidt we 
have always evaluated his formula with this improve- 
ment. Machine results for e=0.01 and 0.1 are compared 
in Tables I and II with the pair theory and Schmidt’s 
formula; the results for e=0.1 are also shown in Fig. 2. 
Table II presents results obtained when 500 atoms were 


6 Details of this and other calculations will be included in a 
later paper concerned with the multiple scattering formalism as 
applied to the impurity band problem. 

7H. Schmidt, Phys. Rev. 105, 425 (1957). 
8 Schmidt’s final equation contains an unfortunate misprint. It 
should read e=q/(2kl). Thus his € is equal to our €/2, i.e., m/(2ko). 























44 M. 


TABLE I. Integrated density of states at negative energies, «= 0.01. 











Machine Pair Schmidt's 
x/xo—1 results (%) theory (%) formula (%) 
—0.999 98.6 99.0 99.0 
—10- 91.4 91.6 91.8 
—10-5 89.3 89.7 89.9 
—10-* 87.5 87.9 88.0 
—10™ 79.7 80.0 81.4 
—10- 70.5 70.0 71.9 
—10-* 64.1 60.0 61.3 
—10-* 63.3 58.2 59.5 

2x10-* 30.6 44.6 36.6 
10-* 30.3 40.0 33.7 
10-” 26.6 30.0 25.9 
10-4" 19.1 20.0 17.7 
10-¢ 12.2 12.1 11.4 
10-* 10.4 10.3 9.9 
10-* 8.3 8.4 8.1 

1 0.0 0.0 0.0 





| 
} 
| 
| 


added to the chain to make a total of 1000 atoms. The 
error due to the Monte Carlo nature of the calculation 
is seen to be of order 3%. 

From these results it can be seen that the pair 
solution is adequate for the wings of the distribution, 
but that it does not predict the asymmetric shoulder 
for xSxo. Schmidt’s solution gives a good fit to the 
entire distribution, but his method is entirely one- 
dimensional and his results valid only for «<1. 

The following argument suggests the existence of 
the shoulder. In calculating the density of states on 
a pair model, we assumed all atoms to be members of 
pairs. From Fig. 3, we can see that this may easily not 
be the case. Here 1 and 2 and 4 and 5 form pairs, while 
3 remains “‘isolated”’. It is a simple calculation however, 
to show that the energy level of an “isolated” atom 
with a pair at a distance «x is given by 


(3.8) 


/ sii 
K/Ko= 1—e ay” 





09 €=0.! 
Om MACHINE 


wondyo== PAIR 
0.8 


owe One SCHMIDT 


0.7 


N(x) 0.5 


0.3F- 
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lahg1| '™ 


Fic. 2. Integrated density of states versus the dimensionless 
square root energy «x/xo for e=0.1. 
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Fic. 3. An example of an 
“isolated” 6 function, as dis- 
cussed in the text at the end 
of Sec. 3. 


where x~1/n, and «xo, so that the resulting states 
lie in a neighborhood of exp(—1/e) of the bound level, 
and always slightly higher in energy. This conclusion 
is in qualitative agreement with the results of the 
machine calculations. 


4. NEGATIVE ENERGIES: HIGH DENSITIES 


At high densities the number of atoms within range 
of a given one is large, and the fractional fluctuation 
of this number is small. Thus in the limit e>* we 
expect that |c;|=c, so that we may take c;=e*’*ic, One 
then obtains® 


x/Ko— 1= >» e7 #1 272i +ik! (25-75) 
5 bal | 


=—1+ ) X el ti il +ik’ (2j—24) | 


allj 


(4.1) 
(4.2) 


At high density (¢€>1) the sum on the right, by the 
“law of large numbers,” exhibits relatively small 
fluctuations, and we may approximate the sum by its 
ensemble average : 


r/ny~1=—1+ f ndxe~*izit+ik' x 


= —1+(2nx)/ (+k). (4.3) 


Thus 


+k’? = Ino. (4.4) 


TABLE II. Integrated density of states at negative energies, «= 0.1. 





Machine Machine 


results (%) results (%) Pair Schmidt's 
«/«o (500 atoms) (1000 atoms) theory (%) formula (%) 
0.001 89.6 89.2 91.0 90.8 
0.67 84.6 84.6 85.7 86.4 
0.92 78.6 77.9 78.8 79.4 
0.99 70.6 69.7 70.0 71.0 
0.997 65.6 65.6 66.9 
0.999 62.6 62.6 64.1 
0.9995 61.4 61.1 60.9 62.3 
0.99968 60.2 59.9 60.0 61.3 
0.99985 58.6 58.6 58.5 59.9 
0.999995 53.8 53.2 54.4 54.7 
0.999999 51.4 51.4 53.0 52.9 
1.000000 42.8 50.0 44.4 
1.000005 36.6 37.0 45.6 38.5 
1.00032 32.8 33.4 40.0 33.8 
1.0010 31.2 31.8 37.4 32.0 
1.0030 29.0 34.6 28.6 
1.01 25.4 25.9 30.0 26.0 
1.078 18.6 18.2 18.9 17.2 
1.33 6.4 7.7 7.9 7.3 
2.00 0.4 0.5 0.0 0.0 








® Equation (4.3) can also be obtained directly from (4.1) by re- 
placing the sum by an integral involving the pair distribution func- 
tion n(x|x;). Since m(x|x;)=(2ij6(xi—x)) = (28 (41 —x)) —8(x, 
—x)=n—6(x—x;), the result follows. 
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The numbers of zeros in cosk’x in a length L is 
(k’L)/x, so that the number of zeros per impurity 
atom is 


N (x/xo) =k'/ (xn), 
N (/ko) = (2nxo—*)*/ (an). 


(4.5) 
(4.6) 


We often refer to this result as the “optical model,” 
since Eq. (4.3) is a continuum approximation. 

Results for e=5 and e=10 are presented in Tables 
III and IV. Figure 4 is a graph of the results for «= 10. 
The results are compared with the optical model 
approximation of Eq. (4.6), and it can be seen that the 
model approximates the results reasonably well, except 
at the band edge where fluctuations are significant. 

Fluctuations may be taken into account by avoiding 
our previous approximation of taking an ensemble 
average. For calculational purposes it is simpler to use 
the following model, which is suggested by the form 
of the multiple scattering calculation. Since fluctuations 
are significant primarily near the band edge where 
Kk&~k;, we consider fluctuations in 


F=>. eo lzimzil, 


ix; 


(4.7) 


TABLE III. Integrated density of states at negative energies, «= 5. 











Machine Optical 
«/o results (%) model (%) 
0.001 20.0 20.1 
1.00 19.0 18.1 
2.32 13.6 13.6 
3.16 9.2 0.0 
4.00 2.6 0.0 


F is similar to the sum entering the multiple scattering 
calculation for k’=0, and its distribution P(F) is more 
easily calculated than that for k’#0. In fact, P(F), 
for any value of ¢, is calculated in Appendix B. The 
result is that F has a Poisson-like distribution, which 
becomes Gaussian at high densities. 

Now a particular value of F would also be obtained 
from a regular lattice with a certain lattice constant a’. 
In fact, for a regular lattice, 





* 2e-a10" 
G= YS eae'lt=——_., (4.8) 
n=—o np 1—e7 "1" 


We now represent our density of states as that resulting 
from an ensemble of lattices having different lattice 
constants a’, where the distribution of a’ is such as to 
make the distribution of G equal that of F. We call 
this the “local density” model (L. D. in the figures). 
The computational advantage of this model is, of 
course, that the density of states corresponding to a 
regular lattice of lattice constant a’ is easily obtained. 
For negative energies (an analogous result holds for 
positive energies), this is the Kronig-Penney dispersion 


TABLE IV. Integrated density of states at negative energies, e= 10. 




















Local 
Machine Optical density 
«/Ko results (%) model (%) model (%) 
0.00001 14.1 14.1 14.1 
1.00 13.8 13.8 13.8 
2.00 12.4 12.6 12.4 
2.83 10.9 10.9 10.5 
3.50 9.6 8.8 8.1 
4.16 6.7 5.2 4.9 
4.47 4.85 0.0 3.4 
4.97 3.2 0.0 1.3 
5.50 1.5 0.0 0.3 
6.00 0.7 0.0 0.0 
relation: 
cosk’a’ = coshxa’ — (xo/x) sinhxa’. (4.9) 


Thus the local density model yields the following 
formula for the integrated density of states: 


a k'(x,G) 


N(x)= dG P(G)——.. (4.10) 
‘(G) 


Gmin mm 


Here P(G) is given by Eq. B1 for P(F) with F replaced 
by G and G is related to a’ by (4.8). Using (4.9), we 
can evaluate k’ in terms of a’ and x=x/xo. Finally Gmin 
is determined from (4.8) and (4.9) with k’=0 or z, for 
x>1 or x<1, respectively. A short calculation gives 
tanh (}«@" max) = B= min(x,x") and 


2a y1—By “1! 
Guin=—, --(—) . 
—a 1+B 


(4.11) 


Our primary interest in the local density model is as 
a means for calculating corrections to N(x) as given 
by the optical model at high densities. However, it may 
be observed that the model also yields good results at 
low densities, since for P(F) one then recovers the 
nearest neighbor distribution, and subsequently obtains 
the density of states given by the pair theory. Thus one 
may expect the model to yield qualitatively satisfactory 
results at all densities, including intermediate ones. This 
actually turns out to be the case, as we shall see later. 
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Fic. 4. Integrated density of states versus the dimensionless 
square root energy x/xo for e=10. 
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Fic. 5. Density variation of No, the fraction of 
states below the optical model band edge. 


At high densities a considerable simplification of 
the equations results. Thus (4.8) becomes (a’)“'{2-«,G 
and (4.9) reduces to the optical model result (4.4), as it 
must. In addition P assumes the Gaussian form given 
by Eq. (B9). If we insert these results in Eq. (4.10) and 
make the substitution y= (2¢)~'G, we find the simple 


TABLE V. Integrated density of states at negative energies, e=0.25. 

















Machine Pair Schmidt's 
«/Ko results (%) theory (%) formula (%) 
0.0 76.8 80.3 82.0 
0.50 74.6 75.0 75.9 
0.90 62.8 68.0 65.4 
1.00 40.1 50.0 44.4 
1.10 26.4 36.0 23.9 
1.50 11.2 10.0 9.8 
2.00 0.8 0.0 0.0 





TABLE VI. Integrated density of states at negative energies, «=0.5. 











Local 
Machine Pair Schmidt's density 
x/Ko results (%) theory (%) formula (%) model (%) 

0.001 60.7 68.9 71.3 61.6 
0.50 58.0 62.5 64.0 58.4 
0.80 52.6 56.7 57.6 51.5 
0.90 49.8 53.9 53.8 
1.00 38.8 50.0 44.4 39.7 
1.10 32.4 43.9 36.8 
1.20 28.0 36.2 32.0 23.5 
1.35 22.2 27.1 23.8 
1.50 17.8 18.5 16.9 7.7 
1.75 10.4 7.6 Pe: y Be) 
2.00 4.6 0.0 0.0 0.5 
2.50 0.6 0.0 0.0 0 
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result, 


22 
N(x ~— f dy y—x*/(26) }} 
x2] (2¢) 


mig? 
Xexp[— (2€)4(y—1)*]. 


If we put «°= 2e, we obtain the fraction No of the density 
which fluctuations have pushed below the band edge 
of the crystal of uniform density. From (4.12) one 
finds that No is proportional to e~*/*. Since the fraction 
below E=0 is proportional to «/?, this suggests that 
the effect of fluctuations on the density of states near the 
band edge will be significant even for rather large 
values of «. The ¢ dependence of No, as obtained from 
the machine calculations, is shown in Fig. 5. From the 


(4.12) 


TABLE VII. Integrated density of states at 
negative energies, «= 1.0. 





Local Local 
Machine Optical density density 
«/xo results (%) model (%) model (1) (%) model (2) (%) 

0.001 45.6 45.0 45.0 45.0 
0.800 39.8 37.0 37.0 37.0 
1.00 34.3 31.8 31.7 33.5 
1.18 30.2 24.8 27.4 28.0 
1.37 26.8 11.0 21.9 22.3 
1.53 22.3 0.0 17.1 16.6 
1.69 18.3 0.0 12.7 11.1 
1.84 14.0 0.0 9.1 7.0 
2.00 10.3 0.0 5.8 44 
2.20 6.4 0.0 3.1 1.8 
2.50 a 0.0 1.1 0.6 


TABLE VIII. Integrated density of states at negative energies, «= 2. 











Machine Optical 
«/«o results (%) model (%) 
0.001 32.0 31.8 
0.50 30.6 30.9 
1.00 28.6 27.6 
1.50 22.8 21.0 
2.00 15.0 0.0 
2.50 8.4 0.0 





figure one obtains No~Ce~*’*, so that the local density 
model apparently predicts qualitative features of the 
fluctuations. 

Equation (4.12) has also been used to calculate N (x) 
for «=10. The results are shown in Fig. 4. The curve 
for N(x) given by the local density model has the same 
shape as the curve obtained from the machine results, 
but the tail is only about half as large. 


5. NEGATIVE ENERGIES: INTERMEDIATE DENSITIES 


At low densities the density of states is peaked 
near x/xo=x=1, while at high densities the k’=0 peak 
occurs near «= (2e)'?, We expect that the transition 
between the two cases will occur near e=1. In Tables 
V-VIII and Figs. 6 and 7 we present the machine 
results for e=}, 3, 1, and 2. 
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From Tables V and VI and Fig. 6 one sees that e=} 
and e=4 are in the low-density range. The density 
of states is similar to that predicted by both the pair 
and Schmidt theories, but the band is broadened by 
triplet and larger cluster interactions not included in 
these theories. 

On the other hand, e=2 is still a relatively “high” 
density, as can be seen from Table VIII. The optical 
model correctly predicts the density of states, except 
near the band edge. 

Both the high- and low-density peaks are barely 
discernible at «e=1-—see Fig. 6, which also shows the 
results obtained from the local density model with 
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Fic. 6. Integrated density of states versus the dimensionless 
square root energy «/xo for «= 4. 
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x, = 2xo. [This choice was made because of the large 
tail present at e=1. It is tabulated in Table VII in the 
column headed Local Density Model (1). Results with 
ki=«o are presented under the heading Local Density 
Model (2), and it can be seen that this choice of x; 
yields better results near xo, but poorer results for the 
tail, as one would have expected.| Again the local 
density model predicts the shape of the tail correctly, 
but it yields results only about half as large as those 
obtained from the machine calculation in this region. 


6. POSITIVE ENERGIES 


Results obtained for positive energies have been 


compared with the optical model. For high densities 
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TABLE IX. Integrated density of states at positive energies, «= 10. 








Machine Optical 

«/«o results (%) model (%) 
© 17.4 17.4 
2r 24.9 24.6 
4 43.1 42.4 
Or 62.8 61.7 
8x 82.6 81.3 
107 101.8 101.0 
207 203.9 200.6 





TABLE X. Integrated density of states at positive energies, e=0.5. 





Machine Optical 
«/Ko results (%) model (%) 
0 60.7 63.7 
0.71 75.2 78.0 
1.06 88.4 





90.0 


the optical model is even more satisfactory at positive 
energies than it is at negative (see Table IX, which 
presents results for e=10). 

Indeed, satisfactory agreement is obtained even for 
« as low as 4 (Table X). However, since the fraction 
having energies less than zero is w~!(2/e)! on the 
optical model, it is clear that this model must fail as 
«0, since the fraction actually can never exceed 
unity. On the other hand, for sufficiently high energies 
perturbation theory shows that the optical model must 
be correct. Both these effects can be discerned in the 
results for «= } and e= 75, which are presented in Tables 
XI and XII. It might be remarked that even for 
positive energies a correct treatment near zero energy 
for low densities is not easily obtained from ordinary 
perturbation theory. 


7. SUMMARY 


The primary conclusion to be drawn from this work 
is that the pair theory at low densities and the optical 


TABLE XI. Integrated density of states at 
positive energies, e=0.25. 





Machine Optical 
«/«0o results (%) model (%) 
0 76.8 90.0 
0.20 79.0 93.6 
0.35 89.4 100.0 
0.50 100.6 110.0 
0.71 120.0 117.6 


1.00 152.8 


TABLE XII. Integrated density of states at 
positive energies, «=0.1. 


Machine 


Optical 
K/KO results (%) model (%) 
0 89.2 142 
0.054 104.4 150 
0.100 144.2 174 
0.152 188.8 206.8 
244.1 


0.200 234.2 
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model at high densities give a surprisingly good picture 
of the density of states in spite of the considerable over- 
simplification that each involves. The pair model is 
quantitatively correct in the wings and has the correct 
type of singularity at the center. The errors in the pair 
theory occur near the center, where contributions from 
distant atoms can be expected to be important. For 
energies greater than that of the band edge of the optical 
model, the latter theory is in good agreement with the 
high density machine results. The presence of a tail 
below the band edge can be ascribed to fluctuations 
neglected in the optical model. The local density 
model represents a crude attempt at taking these 
fluctuations into account and it succeeds in giving a 
qualitatively correct picture of the tail. 

The only presently published general theory of 
impurity bands that may be compared with our 
results is that due to Aigrain.” Since Aigrain calculates 
his density of states from a dispersion relation E= E(k’) 
his theory is optical in nature with the usual disad- 
vantages: (1) it is valid only at high density; (2) it 
omits fluctuation effects and produces no tail. Our 
dispersion relation is, in a sense, exact® and yields 
good agreement with the machine results above the 
band edge. The correctness of Aigrain’s theory may 
then be assessed by comparing his dispersion relation 
with ours, Eq. (4.4). To obtain comparable results, we 
must apply Aigrain’s procedure to our one-dimensional 
problem. For his atomic orbital we use exp(—«|«x!) 
rather than the isolated orbital exp(—xo|x|). With 
this significant improvement (since « differs appreciably 
from xo near the band edge) we obtain the dispersion 
relation 

(x/xo)?= — 2x*e[y+1n(1—y) ]+2¢, (7.1) 


where y=k’/an. For large ¢ and negative energies Eq. 
(7.1) can be expanded in powers of y and the dominant 
term agrees with our dispersion relation, Eq. (4.4). For 
positive energies erroneous results are obtained. 

Improving agreement with machine results at high 
densities requires a more adequate description of the 
tail. A more systematic treatment of the tail than that 
given by the local density model can be based on a 
multiple-scattering approach including fluctuations. 
This multiple-scattering treatment will be presented in 
a future publication.*® 
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APPENDIX A 


The multiple-scattering equations can be obtained 
by specializing the general multiple-scattering equations 
(3.7) and (3.8) of the review article by Lax" to the 

10 P, Aigrain, Physica 20, 978 (1954). 


4M. Lax, Revs. Modern Phys. 23, 287 (1951), and Phys. Rev. 
85, 621 (1952). 


LAX AND J. 


Cc. PHILLIPS 


case of one dimension and delta function potentials. 
Since these general equations were presented without 
proof we shall present a simple proof for the special 
case at hand. 

By making use of the fact that the operator 
[d*/dx*—x*} can be represented by the Green’s 
function” (2x) exp(—«|x—«’|), Eq. (2.3) can be re- 
written in the form 


v(x) = o(x)+ (Ko/x) 


 fexp(—rlz-2') Dd 5(x’—2x,)p(x")dx’, (Al) 
or 
¥(x)= o(x) +205 (ko/x) exp(—x|x—«x,| W(x), 
= o(x) +2; L(x), 
where ¢(x) is the external incident wave (if any), and 
L ;(x) = (xo/x) exp(—x|x—x;| (x5), (A4) 
=exp(—«|x—x,;|)L;(x;), (AS) 


(A2) 
(A3) 


is the field emitted from scatterer /. 
The effective field y‘ on scatterer i differs from the 
total field by the field emitted by i, 


v(x) =y(x)—L,(x), 
¥i(x)=9(x)+>D L;(x). 
ixi 


(A6) 
or 


(A7) 


Equation (A3), evaluated at x=, with L,(x,) trans- 
posed, is 


V{xi) — (Ko/K)p (xi) = H'(x4), (A8) 
¥ Y (x5) =Y' (xs) + (x/Ko— 1)'Y(x,). (A9) 
Comparing with (A6), we find that 

L(x) = (k/Ko— 1)“ (x), (A10) 
or in view of (A5), changing i to : 

L ;(x) = («/xo— 1) exp(—«|x—2;| )y*(x,),  (A11) 


=A (|x—2;| )yi(x;). 


Relation (A11) between the field incident on 7 and the 
field emitted by j could also have been obtained by 
solving a problem involving only one scatterer. 

If we set x=<; in (A7) and use (A11), we obtain an 
equation for the effective fields: 


¥'(xi)= ela) e Aigh*(x;), (A12) 
where A,;=A(|x;—2;|), and from (A3) 
W(x) = (x) +20; A(|x—2;|)pi(x;), — (A13) 


~ See P. M. Morse and H. Feshbach, Methods of Theoretical 
Physics (McGraw-Hill Book Company, Inc., New York, 1953), 
p- 1071, with «= —ik. 
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where 


A(|a]) = (k/Ko—1)~ exp(—x|x|). (A14) 


Equation (A12), with ¥*(x,) written for brevity as c;, 
reduces to Eq. (3.1) of the text if we set ¢(x)=0. This 
choice corresponds to a “‘self-sustained” solution. 


APPENDIX B 
The distribution of the variable 
F= Dias exp ( —K1|%j— 4; |) 


can be computed by using techniques developed for 
problems in random noise. Rice” gives the following 
formula: 


1 D a 
pry=— f exp| _ iFutn f (eis (2) — 1dr du 
2x 


a x 
(B1) 
where f(x)=exp(—«;|«/!). 
This equation can be transformed to an integral 
equation by the following procedure, which was suggested 
to us by Pollak and Gilbert."* From Eq. (B1), we have 


ni f(y) P(F— f(y) 


1 ¢* . 
-— f gee exon f (e%)—1)ds] 
Qn J» be 


Xe! inf(y)du, (B2) 
so that 
nif s0)P@-S0)My 
i~ d ” 
= -f due~i“F — exp|n f (et —1)d| . (B3) 
2a ¥_» du - | 








Integrated by parts; the result on the right-hand side 
is then recognized as if P(F). Thus 


nf f(y) P(F— f(y))dy=FP(F). (B4) 
For f(y)=e~"!¥! we obtain the simple result 
[here «= F— f(y) ], 
2n pf’ 
FP(F)=— f P(x)dx, (BS) 
KI F—-1 


%S. O. Rice, Bell System Tech. J. 23, 282 (1944) and 24, 46 
(1945). Reprinted in Noise and Stochastic Processes, edited by 
N. Wax (Dover Publications, New York, 1954), p. 133 

4 FE, Gilbert and H. Pollak (private communication), 
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distributed randomly on a line with density m, plotted for the 
case n/x,=1. 


if F>1and 


2n Ff 
FP(F)= f P(x)dx, (B6) 


Ki “O 


if 0<F<1. Equations (B5) and (B6) can be rewritten 
as differential equations: 


1—2n/k; 
P’(F)+—— P(F) 
I 


=—(x,F)"2nP(F—1), F>1  (B7) 


=0, 0<F<1. 


’ 


It is easily verified that P(F)=CF*/* is a solution 
for 0<F <1. For larger F, one can use the relation 


P((F)) 2n f P(x- “| 
[F) x 


[F]@n/a —l Ky 
(B8) 
where [F ] means the greatest integer contained in F. 
Finally, C is determined by the normalization condition 


f P(F)dF=1., 
0 


The solution obtained in this way for n/x;=1 is shown 
in Fig. 8. 

For €>1 a simpler approach is sufficient. In this case 
Rice shows that P(F) is Gaussian. From his formulas 
one readily finds P=2n/ky, 0? =((F—F)*)y=n/x;. Thus 


P(F)&(«;/2en)! exp[ —«1(F—2n/x,)?/(2n) ].  (B9) 
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The formalism of irreversible thermodynamics is applied to 
the kinetics of carrier transitions in semiconductors. The thermo- 
dynamic forces, the generalized resistances and admittance 
functions are introduced. It is shown that the thermodynamic 
forces which establish the regression of a perturbed state to 
equilibrium are the differences of the quasi-Fermi levels that have 
to be assigned to each group of carriers; the generalized resistances 
are simply related to the transition rates. It is then possible to 
write the kinetic equations for the rate of change of the various 
carrier concentrations in a unified form so that the dissipation- 
fluctuation theorem of Callen and Greene can be applied. The 


INTRODUCTION 


ARRIER concentration disturbances in semi- 

conductors have been studied in great detai! in 
recent years. Several contributions appeared on the 
decay of injected carriers to the equilibrium state. Often, 
a main object is to find the relaxation times of the 
regression process, which informs us about the nature 
of the energy levels involved. The theories which deal 
with these processes usually are based on a simple 
kinetic approach. Although the equilibrium behavior 
of the carrier densities can be deduced from thermo- 
dynamic arguments (e.g., from the minimum of the 
electronic free energy) no attempt has been made to 
describe generation-recombination processes in a non- 
equilibrium state with irreversible thermodynamics, 
as far as the author knows. This formalism will be 
developed here and it will be shown that it gives a 
thorough basis for concepts as quasi-Fermi levels, 
recombination resistances, etc., which were used before 
in a heuristic way. Also, the proper lifetimes for 
injected carrier densities can be found in a general 
fashion. The merit of the method, however, is not the 
computation of carrier relaxation times which can be 
obtained by direct statistical considerations in a much 
simpler way. On the contrary, the method is extremely 
useful for the calculation of the spontaneous fluctuations 
in the carrier densities, which occur under thermal 
equilibrium. It is in view of these fluctuations that we 
develop the theory here. 

The connection between irreversible thermodynamics 
and fluctuation theory dates from the foundation of 
this branch of physics by Onsager! who proved the 
so-called reciprocity relations for macroscopic transport 
phenomena with the aid of the principle of microscopic 
reversibility of the fluctuation processes. These Onsager 
relations are still basic for many irreversible processes.” 





1L. S. Onsager, Phys. Rev. 37, 405 (1937); also Phys. Rev. 38, 
2265 (1937). 

2A comprehensive account by S. R. de Groot is found in 
Thermodynamics of Irreversible Processes (North-Holland Publish- 
ing Company, Amsterdam, 1951). 


spectral density matrix of the spontaneous carrier fluctuations is 
immediately found frorn the admittance matrix. The results 
can be expressed in a closed form which is valid for nondegenerate 
as well as for degenerate semiconductors. An electrical network 
analog is also outlined. The theory is applied explicitly to electronic 
noise in extrinsic and near-intrinsic crystals with and without 
recombination centers. Finally, the close connection with statis- 
tical results obtained before is discussed and the complete agree- 
ment between the Einstein relation and the extended “g-r 
theorem” for the variances is established. 


The theory of fluctuations, in turn, has greatly bene- 
fitted from the development of irreversible thermo- 
dynamics. Fundamental results were obtained by 
Onsager and Machlup* and by Tisza and Manning.‘ 
The latter authors showed that the Boltzmann- 
Einstein theorem, which relates the entropy and the 
steady-state distribution functions for the extensive 
parameters, has an analog for the nonsteady state in 
which a general relationship exists between the dissipa- 
tion function and the conditional Markoff probability 
dealing with the change of the fluctuations in the 
course of the time. This theorem permits a calculation 
of the fluctuations in the time domain (correlation 
functions) from irreversible-thermodynamical concepts. 
We shall not employ this method here since, from an 
experimental point of view, the spectrum of the fluctua- 
tions is of more importance. Preferring therefore the 
frequency domain, we shall avail ourselves of a very 
important theorem, established by Callen and Greene 
and others,®*’ known as the fluctuation-dissipation 
theorem or generalized Nyquist formula. This theorem 
states that the spectral densities of the fluctuating 
extensive thermodynamic parameters are simply 4k7/w* 
times the real part of admittance functions which relate 
forces and fluxes in a perturbed system. A well-known 
example is thermal noise in electrical networks where 
a mere calculation of the total admittance suffices 
to find the noise. To stress the importance of this 
theorem we will briefly review the customary methods 
employed in the analysis of stochastic processes. 


1. General Remarks about the Method 
to Be Followed 


Let x; be the fluctuating quantities in which we are 
interested. In many cases these quantities satisfy 


3L. S. Onsager and S. Machlup, Phys. Rev. 91, 1505 and 1512 
(1953). 

4L. Tisza and I. Manning, Phys. Rev. 105, 1695 (1957). 

5H. B. Callen and R. F. Greene, Phys. Rev. 86, 702 (1952); 
R. F. Greene and H. B. Callen, Phys. Rev. 88, 1387 (1952). 

®H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951). 

7 J. Weber, Phys. Rev. 101, 1620 (1956). 


50 


ae 


AeA am neo mm 








IRREVERSIBLE 


Langevin equations 
dx;/dt=> ;Aijajt+e(l). (1.1) 


These equations are obtained by adding noise source 
terms ¢,(¢) to the appropriate macroscopic kinetic 
equations, e.g., network equations when dealing with 
thermal electrical noise, or linearized carrier “reaction 
equations” containing all recombination and generation 
terms in the case under discussion here (compare van 
Vliet and Blok*). Equations (1.1) can be solved for 
the spectrum of (x,;) either by Fourier analysis 
(Schottky’s method) or by computing the correlations 
(x;(t)x,;(t')) from (1.1) with Ornstein’s method.’ In 
both cases one has to know a priori either the total 
variances (x,x;) or the spectrum of the quantities (€,¢;). 
An example of the latter possibility was given by Petritz”” 
and by van Vliet and Blok," in the case of carrier fluctu- 
ations in photoconductors, where ¢,() represents the 
fluctuations in the incident photon stream, the spectrum 
of which is known from Bose-Einstein statistics. Our 
main conclusion here is that additional information is 
necessary in order to solve for the spectrum of the 
fluctuations from (1.1). Such information can in general 
be obtained from thermodynamical arguments or—in a 
purely statistical approach—from difference equations 
for the probability functions (Kolmogoroff”), integral 
equations (van Smoluchowski"*) or partial differential 
equations (Fokker-Planck™"). 

In the present method, where we restrict ourselves 
to thermal equilibrium, the spectrum will be found 
directly, and the values of the variances (x,;) have 
not to be known in advance but are obtained as a 
result by integration of the spectra. Again, we start 
from the kinetic equations; the main object now is to 
choose the extensive parameters x; and the intensive 
parameters in such a way that they are conjugate in a 
thermodynamical sense. We then get the kinetic equa- 
tions in a unified form. The introduction of noise source 
terms ¢; is not necessary. On the contrary, we impose a 
macroscopic perturbation V,(/) on the system where V; 
has the dimension of the intensive variables. The 
response of x;(/) to this perturbation defines the 
admittances of the system, from which the spectral 
intensities of (x,«;) are found directly. This macroscopic 
approach validates the fact that noise spectra always 
only contain macroscopically observable quantities'® 


8K. M. van Vliet and J. Blok, Physica 22, 231 (1956). 

*L. S. Ornstein, Verslag. Gewone Vergader. Afdel. Natuurk. 
Koninkl. Ned. Akad. Wetenschap. 26, 1005 (1917); Phys. Rev. 
36, 823 (1930). 

1 R. L. Petritz, Phys. Rev. 104, 1508 (1956). 

1K. M. van Vliet and J. Blok, Physica 22, 525 (1956). 

12 A. N. Kolmogoroff, Math. Ann. 104, 415 (1931). 

18 See M. C. Wang and G. E. Uhlenbeck, Revs. Modern Phys. 
17, 323 (1945). 

4 A. TD. Fokker, Ann. Physik 43, 810 (1914); Arch. néerl. sci. 
4, 379 (1918). 

15 “Observable” means here that the quantities can be measured 
in principle. There may be practical limitations, however; e.g., 
carrier relaxation times smaller than 1 ysec cannot easily be 
measured with the normal techniques, whereas times of the 
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(besides constants like e, k, etc.) which is not always 
recognized. 

In accordance with the above remarks it is the 
author’s feeling that many more applications of the 
fluctuation-dissipation theorem can be given than are 
known today. In the case of thermal noise in a resistor 
the application was straightforward, because the 
kinetic equation RQ=V is immediately of suitable 
form, since Q and V are conjugate quantities. In 
other cases, a transformation may be necessary. Finally 
we remark that the theorem also applies to cases which 
cannot be described with equations like (1.1), as long 
as the conjugate quantities can be defined. 


2. Kinetic Equations and the 
Admittance Matrix 


In what follows, an energy “state” will be defined 
either as a localized level in the forbidden gap or as a 
continuous band. The reasoning behind this is that the 
time for exchange of carriers in different energy levels 
within the conduction band or valence band is extremely 
short compared to the inverse of the frequencies in 
which we are interested. We shall consider the general 
case that s energy states 6,---&, contribute to the 
carrier transitions, the number of electrons in the 
various states being m,---n,. For consistency we shall 
deal with the electron occupancy in these states 
rather than the hole occupancy since that would lead 
to the introduction of + signs in the results. It will be 
convenient to define the extensive variables as devia- 
tions from the equilibriurn values (to which we assign 
the suffix 0) 

(2.1) 


ay=nNi— N40. 


Since the total number of electrons is constant, we 
have the constraint 


¥ a;=0. (2.2) 
1 


Hence, the independent variables can be numbered 
as a;:*-a,1. To find the “thermodynamic forces” or 
conjugate variables to the a; we can choose between 
the ‘free-energy language” or the “entropy language.” 
Though both methods give the same results (see 
Appendix A) we prefer the first possibility which 
corresponds to the experimental condition that the 
crystal temperature is left constant. It is customary 
then to define the conjugate variables as the derivatives 
of the free energy with respect to —a. In our case, 
however, a slight complication arises because of the 
constraint (2.2). To examine the situation we consider 
the free-energy total differential 


& 
dF =—TdS— PdV+ ¥ pda;=0, 


ol 


(2.3) 


order of 10~* sec were found at this laboratory from noise spectra 
measurements. 








52 fe oO 


with 
b da;=0. 


i=l 


(2.4) 


Here yu;=0F“/da; is the chemical potential which in 
equilibrium (a;=0) equals the Fermi level. [The 
superscript (s) means that F is considered as a function 
of all the variables a: - -a,. ] For a nonequilibrium state 
u; corresponds to the quasi-Fermi level for the charge 
carriers of group i (see Appendix A). The above 
equations can be rewritten as 


s—1l 
dF = —TdS—PdV+ > (ui-—ps)day. (2.5) 
i=1 


In accordance with this expression the thermodynamic 
forces are defined here as 


X;=—-OF ° /da;=ps—ws (i=1,2-+-s—1), (2.6) 


where F“*-» denotes F as a function of the independent 
variables only. The above definition states that the 
thermodynamic reaction forces in a nonequilibrium 
state which are responsible for the regression to 
equilibrium are the differences of the quasi-Fermi 
levels with respect to a reference state &,. One might 
wonder why these forces depend on the particular 
choice of s. The answer is that another set of forces 
X,;'=up—u; would give a completely equivalent 
description. Just as for chemical reactions’® there are 
several other ways of choosing the X;, e.g., Xi; =yi-—p,; 
and cyclic, which introduces extraneous variables. 
We come back to this in the next section. 

The generalized resistances are introduced as the 
proportionality constants which relate the forces and 
the fluxes or, in our case, relate the quasi-Fermi levels 
and the transition rates!’ 


s—1 s—1 

Xi= DL Risdj, or ay= LD (R")jeXe. (2.7) 
j=1 k=1 

If we are close enough to equilibrium, the free energy 


may be expanded as 


s—-1 @2F(s-D s—1 
F (ay: + -@-1) =} ze —a,a;=} 2 fijsae;, (2.8) 
ii=1 0a0a; i, j=l 
where 
Sig= {PFO 00,013} «; = 050: 


Also, the X; can be written as [compare (2.6)] X; 
=—) j;fijaj;, so that (2.7) results in the kinetic 
equations 

s—1 

DL (Risaj+ fisas) =0. 


j=l 


(2.9) 


16S. R. de Groot, reference 2, Chap. 9. 

17 The (R™);; quantities are sometimes called conductances. 
This will not be done here since below we will introduce frequency- 
dependent conductances o;;(w). 
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The admittances are easily introduced in a statistical 
treatment® but its definition in a thermodynamic 
approach requires more care. Callen and Greene® hereto 
introduce an external driving system with which the 
system is in equilibrium if the two systems have equal 
values of their thermodynamic forces. To describe the 
nonequilibrium behavior, it is assumed that the 
driving system has an instantaneous response when its 
parameters are sinusoidally varied with an arbitrary 
frequency w; i.e., that the system is at any time in 
quasi-static equilibrium and its forces are well defined. 
The forces of this driving system are called the driving 
forces. For low frequencies these driving forces which 
act on the original system balance the thermodynamic 
forces in the system. On a small time scale there will 
be a time lag of the reaction. This behavior can be 
described in terms of an admittance matrix Y,,, 
introduced as follows. Let the driving forces be V,(t) 
and let 


V.()= f ” Rilwettdes, (2.10a) 

also a 
a;(t)= f Bi(w)e**!dw; (2.10b) 

then re 
joB(w) = 2 V :;(w)Ej(w). (2.11) 


j=l 


The procedure sketched above can easily be visualized 
in the case of fluctuations of the external parameters 
of a gas, enclosed by a diathermal piston and which is 
in equilibrium with a reservoir; then the pressure on 
the piston is the driving force. In our case it is not 
easy to assign a physical picture to the driving system. 
Nevertheless, the above idea leads to the conclusion 
that the generalized driving forces on which the 
definition of Y,; is based are external force terms V,, 
having the dimensions of quasi-Fermi levels, and which 
have to be added in the right-hand side of Eq. (2.9); 
ie., the relation between, a;(¢) and V,(t) is 


s—1 


Le (Risa fisas)=Vi(d, (2.12) 
j=l 
or with (2.10) we get the “response equations” 
s—1 
LX (RijjwBj(w)+ fi8j(w)=Es(w). (2.13) 


j=l 


The theorem of Callen and Greene now gives a 
general relation between the conductance o,;;= Re(Y;;) 
and the mean square fluctuations in the following form: 


(aa)m f Gu(faf=ae7 fF evtwrasiet, (2.19 
0 0 
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Fic. 1. Energy level diagram of arbitrary semiconductor. 


where G is the spectral density matrix (df=dw/2r). 
The problem of finding G,; is thus reduced to finding 
the admittance Y,;. For this in turn we need the 
knowledge of R,; and fj;. The latter quantities are 
found in a straightforward way (see Appendix A). 
The R;; will be derived in the next section. 


3. The Generalized Resistances 
and the Lifetimes 


In what follows, we shall assume that the semicon- 
ductor is nondegenerate. The extension to degenerate 
cases is treated in Appendix B. 

The R;; follow easily from their definition (2.7) and 
the expression for the forces (2.6). Suppose we change 
the Fermi levels by some means from yo to yy. Let us 
furthermore denote the transitions per second of 
electrons from &; to &; by ;; (see Fig. 1), such that 


Pis=Vini(Nj—Nnj), (3.1) 


where ¥;; is a proportionality constant,'* depending on 
the cross section for this particular transition and 
where n,; is the number of electrons available in the 
state &; and V;—n, is the number of holes present in 
&;. Since the generation of carriers to &; equals 7’ j.1°p js 
and the recombination equals }°’;.:°p;; (where the 
prime denotes that i= j has to be excluded), the net 
rate of change of n; is 


a= >’ (Pis— Pi). (3.2) 


j=l 
Using (3.1) and the expression (A.8) of Appendix A, 


18 Tf & and &; are both localized impurity levels which do not 
occur in great abundance, y;; and y,;; are approximately zero. 
Since this does not simplify the general expressions we shall 
take all p;; along. 
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we obtain 
s N; 
a= : Vii 
rh 1+exp[(6;—p,)/kT | 
N; 
xXx— " 
1 +exp[( —_ Eis+u,)/kT ) 
a N; 
_ : Vii 
j=l 1+exp[(&;—p,)/kT] 


N; 
Xx ; 
1+exp[(— 8;+y,)/kT] 





(3.3) 


We then expand the right-hand side for small ps—jo 
in a Taylor series. The lengthy expression, so obtained 
can be considerably simplified by noting that the 
principle of detailed balance tells us that the equilibrium 
rates p,;° and p;,° are equal, i.e., 


N; 
"1 +exp[(8;—p0)/kT] 
N, 
ee ——E —— 
1+exp[(— &j+y0)/kT] 
N, 
eat): Se sage 
1+exp[(6;—po)/kT] 
N, 
xXx— : = 
1+exp[(— 6;+u0)/kT] 
We then find that 


a;= a Pi} (uj—p) /kT. 


fol 





pi? = 











pi®. (3.4) 


(3.5) 


If one or both of the states 6; and &; would represent 
a band instead of a localized level, then (3.3) has to 
be changed since we must use the expressions (A.11) 
and (A.12) of Appendix A instead of (A.8). One easily 
shows, however, that this also results in (3.5) which 
therefore holds generally. From (2.6) and (2.7) we 
also have 


s—1 


a;= p Oe (R 1) 5 j(Ms— By). 


j=l 


(3.6) 


To compare the coefficients we write (3.5) and (3.6) as 
follows: 


s—l 8 
kTas= Dy Pius ( pay Dis Mit Pies, (3.5a) 
j=1 I=1 
s—l 
a;= = y ay (R™) jaj— (R T) simi 
j=1 
s—1 
+L Zz (R™) ij Jus. (3.6a) 
j=1 
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Comparison of the first two terms on the right-hand 
side gives 


(R°)5= — pi?/kT (iF 7; 4, j=1, -++s—1), 


s (3.7) 
(R4):= } pis/kT (i= 1, 2-+s3— 1), 


foul 


whereas comparison of the coefficients of u, leads to 


s—1 
> (R) 5= pi®/kT, 


j=l 


which is consistent with (3.7). In this way the reciprocal 
generalized resistances have been expressed in the 
transition probabilities. 

In Eqs. (3.7) the effect of the asymmetry with 
respect to the level &, manifests itself only in the 
diagonal elements, which would have been zero in a 
symmetrical treatment. A completely similar situation 
exists in electrical n-terminal networks where one of the 
junctions is used as a reference junction such that the 
independent potentials are the voltage differences with 
respect to the potential of this junction. Actually, 
Shockley and Read'*® already pointed out for the 
particular recombination process considered by them 
that the u’s can be looked upon as voltages and the 
a@’s as currents. In Sec. 6 we extend this idea and 
present an equivalent electrical network. 

From (3.7) we see that Rij=Rji, since p;;°=p;°. 
This means that the Onsager relations in our case are 
a direct consequence of the principle of detailed 
balance. In photoconductors the latter principle does 
not hold and cyclic transitions can occur under illumina- 
tion. This is the reason that the results in photo- 


conductors, where the above theory does not apply, 


are so much more complicated. 
Next we shall find the relaxation times characteristic 
for the return to equilibrium. We write (2.9) in the form 


el 
aj=— > (R) jx fir. 


1,k=1 


(3.8) 


A particular solution of (3.8) is A exp(—t/r,). Sub- 
stituting this we find that there are s—1 relaxation 
times which are the inverse eigenvalues of R~'f, i.e., 


|R“f— (1/7,)1| =0, (3.9) 
where I is the unit matrix. In this way the 7’s are 
expressed in the R;; and f;;. We note, however, that 
the matrix a=— R™'f can also be found directly from 
the transition rates p;;. To show this we develop pi; 
according to 


s—1 
pii= i (Op; ;/Oa1) cart pi;°. 
l=1 


19 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 
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Equations (3.2) then give 


sl 8 


a= DL’ (0p ji/dai— 9p, ;/dar) om, 


l=1 j=l 


(3.10) 
and comparison with (3.8) yields 
a= (R“f) a= . ay (Op j;/Oai— OP; ;/Aar)o. (3.11) 
j=l 


Equations (3.10) and (3.11) were the basis of the 
statistical procedure followed before® (see also Sec. 8). 


4. Application to Simple Intrinsic and 
Extrinsic Semiconductors 


Before proceeding to complicated systems, we shall 
first illustrate the theory in the simple case in which 
there is only one independent variable, i.e., the transi- 
tions of interest will occur between two energy states 
only. These two states may be the conduction band and 
the valence band (intrinsic or nearly intrinsic semi- 
conductors), the conduction band and donor levels 
(n-type semiconductors), minority-carrier traps and 
valence band, etc. The one variable equations for the 
response (2.13), for the admittance (2.11), for R (3.7) 
and for r (3.9) are, respectively: 


B(w) (Rjwt f) = E(w) (4.1) 
joB(w) = ¥ (w) E(w), (4.2) 
R=kT/go=kT/r0, (4.3) 

r=R/f. (4.4) 


Here go=f° is the equilibrium generation rate and 
ro=pi2 is the equilibrium recombination rate. Equa- 
tions (4.1) and (4.2) yield 


jw wR 
=——<$——; g=———_., (4.5) 
f+jwR f?+o°R* 
Hence the spectrum is 
Gal f)=4kTR/(f?+o*R?). (4.6) 


Using (4.3) and (4.4), we can bring this from the 
“Nyquist form” (4.6) into the more familiar form 


Gal f) =4go0r?/(1+w?r*). (4.7) 


This formula is identical with a result found before 
[reference 8, Eq. (17c) ]. Apparently the result (4.7) 
is more general than other expressions obtained before.* 
We will see in Appendix B that it is even valid for 
degenerate semiconductors. Equation (4.7) does not refer 
anymore to the thermodynamical basis on which it 
was derived. Results for particular applications can be 
found by calculating 7 from the thermodynamical 
expression (4.4) or from the derivatives of the various 
transition rates [compare end of the preceding section ; 
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for one variable, see reference 8, Eq. (15) ]. Although 
the latter procedure is much faster, we shall apply the 
thermodynamical expression (4.4) in the two examples 
given below in order to corroborate the method. 

As a first example consider a nearly intrinsic n-type 
semiconductor (all donors are assumed to be ionized). 
For the free-energy second derivative, we have in 
this case [see Appendix (A.13)] f=k7(1/not+1/po). 
Hence, from (4.4) and (4.3): 


1/7r=go(1/no+1/po), 


which is van Roosbroeck’s result for direct recombina- 
tion of electrons with holes in the valence band.” 
Consequently, (4.7) can also be written as 


Nopo T ' 
nae 
no+ po 1+4°7? 


To find the current noise we note that i(t)=eu,n(QE/L 
+eupp(QE/L, or (Ai(t)*)=ep,?(1+5)?(e*)E*/L*? where 
L is the length of the crystal and b=y,/u,. Using 
(4.9), we obtain for the spectral intensity G;(f) of (A”) 


(4.8) 





G,(nearly intr.) =4 


G,(nearly intr.) 
(b+ 1)*nopo 7 
= 4(i") —~- ( ) (4.10) 
(bno+ po)? (no+ po) 1+? 
For an intrinsic semiconductor this results in 
G;,(intrinsic) = 277/no(1+w*r*). (4.11) 


Secondly, consider an extrinsic seraiconductor (e.g., 
n-type) in which the donors Np are only partially 
ionized. For r we find from (4.4), applying (A.14) of 


Appendix A, 
1 2 1 
P 1( + ‘K —), 
T no Np—Mo 


similar to (4.8). Accordingly, (4.7) can be written 


(4.12) 


4n o(Np = Ny) y 





G.(f)= ——— =, (4.13) 
(2Np— no) (1 +w’*r*) 
Since i=eu,nE/L, we find 
4? (Np—no)r 
G,(extrinsic) = — (4.14) 


no(2N p—no) (1-Fw??) 


Another case, encountered experimentally,” is one in 
which trapping occurs. If the trapping center interacts 
only with either the conduction band or the valence 
band, then (4.7) can be applied. If the trap, however, 
acts as a recombination center, there are two variables 
and we get much more complicated results. This case 
is treated in Sec. 7. The same is true for semiconductors 





2” W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 1558 
(1954). 
21H. A. Gebbie, Phys. Rev. 98, 1567 (1955). 


with both intrinsic and extrinsic transitions. We then 
need the general results of the next section. 
5. General Solution 


The reciprocal admittance matrix is easily found. 
Equation (2.11) gives 


s—1 
Ex(w)= Y jo(¥)::8;(e). (5.1) 
j=l 
Comparison with (2.13) yields 
Y= R+ f/jo, (5.2) 


and consequently the spectral densities can be expressed 
by the matrix equation 


G=4kT Re{ (R+f/jo)Jor. 


Unfortunately this solution does not give us any 
insight into the nature of the solution. We therefore 
shall obtain some other expressions. By inverting 
(2.13), we have 


GoB j= D0 eB t (R) Er, 


where, as before, a= — R-'f. We now make the trans- 
formation 8,;/=)>ocjhi, where ¢ makes a’=cac! a 
diagonal matrix. Equation (5.3) then transforms, if 
we also write E,j/= > jc, and (R™)’=e(R™)e“, into 


(5.3) 


1 
joBs’ = ——Bi' +L A(R) aE’, (5.4) 


Tk 
where the lifetimes were introduced from (3.9). Since 
also jw8,.’=>0.:Vx;'E,', where Y’ is the transformed 
admittance matrix, we have 
Y,=(R gr! jwte/ (14+ jwrx), 


or (3. 
ox = (R™) gw? 72 ‘( 1 +w?*r,”). 


un 
mn 
— 


Writing now (R™)’=e(R™“)e" and e=c~'e’c, we obtain 


s—l 
Ginn=4kT 6 mn/o?=4RT > (6) meCes(R™) int? 
i, k=l 
X (1+). (5.6) 
This is the Nyquist form. Using (3.7) we can express 
Gmn in terms of the transition rates directly: 


® 


s—l 
Gan =4), 2 (c) m&Pin? (Cin — Cri) TK? / (1+-w? 747), (5.7) 


k=l ixén 


where we define c,,=0 for all k. 

We finally will derive the result for (a,a,,) from the 
spectra. We thereto note that, according to the defini- 
tion of ¢, 

DL iceidir= — (1/7) cx, (5.8) 
or 
Doi, ei(R aif a= (1/Te)ce, 
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or 


Dicei(R™) in=Doi(1/Te cxf) in. (5.9) 


Substitution of this in (5.6) yields the result 


= 72 sl 
(eaten) = f (-)er x (C7) maCur( faint 
: : X (1-+w?r2) Md 


s—l 
=kT SY (c)mecer(f)in=RT(f) mn. (5.10) 


k l= 


This is in complete agreement with the results of 
statistical thermodynamics (see Appendix A). 

Moreover, the expressions (5.6) and (5.7) show 
clearly that the spectra will be always rather smooth 
and never exhibit “resonances” (maxima or minima). 
The general aspect of the solution is pictured in Fig. 2. 
The cross-correlation spectra (m#n) may show sharp 
cutoffs (compare Sec. 7). 


6. Electrical Analogs 


Consider an s terminal network, connected by 
conductances g;;=:;°/kT (Fig. 3). Suppose that at a 
certain instant voltages V,---V, are applied to the 
terminals; the junction s will be taken as the datum 
junction. The total current through all the resistance 
branches that have junction j in common, and directed 
towari1 this junction will be i;. The nodal network 
equations are then 

s—l 
—ij= DF (R) ja (Vi-—V,), (6.1) 
k=l 
where the “‘comitances” (R™) ;, satisfy (3.7) according 
to a well-known circuitry result.” Equation (6.1) is 
identical with (3.6) if the V; correspond to the quasi- 





is 





( 
Sa 


Imo 
Su 





"Ee ae Be 


. NN 


el 





SPECTRAL DENSITY 


























ie Se, ee 
(f) 


Fic. 2. General] aspect of the many-level problem. 


2 See, e.g., H. W. Bode, Network Analysis and Feedback Ampli- 
<4 Design (D. Van Nostrand Company, Inc., Princeton, 1945), 
Chap. 1. 
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Fermi levels uw; and the currents i; to @;. Each junction 
in Fig. 2 corresponds to a particular energy state. 

When we next consider the regression of the current 
to zero when the system is left to itself (the voltages 
are taken away at /=0), then we have to introduce 
capacitors which account for the slow way the charges 
(concentrations a;) leak away. Since the carrier rate 
a; is effected by a change in the Fermi level 4;, we;must 
introduce both self capacitances C,; and mutual 
capacitances C;;; we will find it convenient to also 
introduce the reciprocal capacitances or elastances 
d;;=(C™),;. Taking d;;=f,; the transient behavior 
of the semiconductor is equal to that of the network 
of Fig. 4. To prove this we note that Vie=Doifer fide 
where i; as before is the sum of the currents through 
the conductances at junction /, Hence, from (6.1), 





Ea(Ruivt fu fiat) =0 (6.2) 
in"accordance with (2.9). 
ae a i. 
I lo iS \. 3 
i a iio, 
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Fic. 3. De equivalent electrical network. 


Finally the response to the driving forces FE; can 
also be found from the network, if we include voltage 
generators E;—E; between each pair of junctions 
i and 7. 

A similar network analog has been proposed by 
North. This is simpler than the one given here since 
it contains no mutual capacitances whereas there is 
complete symmetry between all the levels &,:---6&,. 
It is expected that such a network can be obtained from 
the above one by a proper network transformation. 
Although North’s network is more suitable for practical 
calculation, the above network is a direct picture of 
the theory presented before. The resolution into the 
natural modes is also analogous to the general solution 
of the previous section. 


7. Application to the Shockley-Read Model 


We consider a semiconductor in which all donors are 
ionized (or all acceptors filled) and which contains one 


%D. O. North (private communication); see also Bull. Am. 
Phys. Soc. Ser. II, 2, 319 (1957). 
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kind of recombination center. This is the picture that 
Shockley and Read'* proposed for Ge and Si at suffi- 
ciently high temperatures. We consider the fluctuations 
in the rates pis, Pai, P2s, Ps2 between the conduction 
band, valence band, and the centers, whose energy 
states, respectively, will be labelled 6), &2, &3. The 
direct transitions pi, and po are very rare in these 
materials and will consequently be neglected. As 
independent variables we consider n and — p. Denoting 
the number of recombination centers by V, the number 
of electrons in these states by i, and the number of 
ionized donors by Np, the consraint is (assuming all 
centers N to be filled at 7=0) n+i—p=N-+Np. The 
transition probabilities are 


pu=yi= y(N+Npt+ pn), 
pis=6n(N—i)=5n(—Np+n—p), 
pos=e(N—i)=e(—Npt+n—p), 
pso=Kip=xp(N+Np+p—n), 


(7.1) 


where y, 6, € and « are transition constants. The 
generalized resistances are 


(R) 11= (tao) no(N — to) /RT, 
(R") = (rN) poto/kT, 
(R™) = (R“)o,=0, 


(7.2) 


where we introduced the Shockley-Read symbols 
tno= (6NV)™ and ryo=(xN)~. The transition rates are 
then given by two simultaneous differential equations 
of the form (3.10).% The matrix a is found to be, from 
(3.11) and (7.1), 


(Ntn0)™ (Nao) “l(no+m) | 
x (m1+ 20+ N — io) 
a=— . (7.3) 
(Nr p0)~'(pot pr) (N90)! 
X (pot pitio) 


Here we introduced 
ny =no(N—io)/io=C exp(S3— 8,)/kT, 


74 
pi=iopo/(N—is) =C’ exp(S2— &3)/kT, (7.4) 


where C and C’ are constants. The two relaxation times 
7, and 7; are the reciprocal eigenvalues of (7.3). For the 
case in which the number of recombination centers is 
much less than the number of majority carriers, one 
can easily show that 71:~7sr, T2x<71, where rsp is the 
Shockley-Read lifetime. From (3.9), we have 


1/71,2= —4} (ay: + a22){1+[1—44/ (ay14+ 22)? }}}, 


where A= 4:422— 412021. 
For Nn, and iS p, the square root can be expanded 


(7.5) 


*T), J. Sandiford, Phys. Rev. 105, 524 (1957). In this paper 
it is also pointed out that the Shockley-Read theory does not 
give the transient lifetimes for added current carriers with which 
we are concerned here, but instead deals with the steady state 
lifetimes for added current carriers. 
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and we have 


71% — (dy: +422)/A. (7.6) 


If one writes®® ip=N(1+,/mo)", N—-—io=N(1+10/ 
n,)~', it is easily found that A~(rpotpoV)~!(not po). 
Then (7.6) results in 


T={Tno(potpi)+ Tpo(not+m)}/(mot po), (7.7) 


which is the Shockley-Read expression. Since now 
Ai~0 and Ap~An, this case has been reduced to a 
one-variable problem. Carrying through the approxima- 
tions [using Eq. (7.9) given below ], one arrives at the 
simple result (4.10) with the only difference that now 
r is given by (7.7) instead of (4.8). 

In the more general case large deviations can occur. 
We calculate the noise from (5.7), the ¢ matrix being 


@3 G11 1/ry 
c= 


Bot oe 











43, —@u—1/T2 


Substituting this into (5.7), we obtain (denoting by 
Gan, Gpp, and G,, the spectral densities of (An’), 
(Ap’) and (AnAp), respectively), 








4r? (dur 7t2+1)n0(N — to) 
Gan= p a ? (7.9) 
12 1+0*r? (t1— T2) Tro 
: 4ry — r2(a1171+1) poto 
Gop™ ys —~, (7.10) 
12 1+a*r? (t2—71)T pV 
Ary? rT 2d21%0(N — io) 
Gie=X , (7.11) 





12 1+w*r  (t2—171) Tro V 

where >-;2 means that a similar term, in which 7; 
and rz are interchanged, has to be added. These 
expressions, together with (7.3) and (7.5) give the 
complete solution. From Eqs. (7.11) we see that the 
two terms of the right-hand side for wr2>>1 (supposing 
tT: to be the smallest relaxation time) are equal in 
magnitude but opposite in sign. This means that 
Gnp=0 for wr2>1. Hence, for sufficiently high fre- 
quencies the interaction of the holes and of the electrons 


25 F. W. G. Rose and D. J. Sandiford, Proc. Phys. Soc. (London) 
B68, 894 (1955). 
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with the recombination centers can be considered to be 
independent. 

To demonstrate the effect of the number of re- 
combination centers upon the noise, we calculated the 
noise for the following two cases: 


(a) m=10X10"% cm, po=0.8X10" cm-, 
Np=9X10" cm, N=0.3X10" cm™, 
Tn0= Tpo= 10-° SCC, Un=Up. 

(b) no, po, Vv, Tao, Tp as above, 


N=30X 10", 


From (7.4), 2; and p; follow, and from (7.3) the a’s. 
For case (a) the current noise was calculated from 
(4.10). In case (b) we must use the more general 
relation between the spectral density G; of (Ai) 
and the spectral densities of the carrier variances 


rh 
{B°Gant2bGaptGpp}. (7.12) 


G,;=———-—- 
(bno+ po)? 


The results are shown in Fig. 5; curve I represents 
case (a), curve II case (b). It is seen that in case (b) 
the time constants are quite different from (7.7). 
At high frequencies a second bump appears. It might 
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Fic. 5. Effect of the density of recombination centers on the 
noise of near-intrinsic material (calculated according to Sec. 7). 
1. Contribution of G,, to II. 2. Contribution of G,, to II. 3. 
Contribution of G,» to II. Note the steep cutoff. 
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be possible that in other cases this bump will be more 
pronounced than in our numerical example. Experi- 
mentally two-bump spectra are only seldom encountered 
in germanium although an indication was found by 
Hyde.** Obviously, one reason is that in most cases 
thermal noise predominates at high frequencies. Often, 
a slope less than two for wr>>1 is observed. It is not 
likely that this is caused by an overlap of the two 
bumps involved here, since our 7; and 72 will always 
be rather far apart. It is believed, however, that such a 
spectrum is caused by a slight spreading in energy 
depth of the recombination levels. 


8. Comparison with Statistical Results 


(a) The variances.—In Sec. 5 and in Appendix A we 
derived a thermodynamic expression for the variances: 


(aw) = kT fF", (8.1) 


where (ew) means the matrix with elements (aia;). 
In a statistical procedure these variances are not so 
easily found. For one variable Burgess found a general 
expression for (a*) expressed in terms of the generation 
and recombination rates (so-called g-r theorem?’). 
Van Vliet and Blok*® obtained an extension of this 
theorem for more variables in a matrix form by solving 
the Fokker-Planck equation. The generalized g-r 
theorem reads: 


a(aa)+ (aw)a’ = — B. (8.2) 


Here a is the “g-r matrix” given by (3.11), a” is the 
transposed matrix, whereas B is composed of the 
second-order moments of the Fokker-Planck equation, 
given in reference 8, Eq. (27): 


By=2>D) pa’, Bi=—piP—pie (ij). (8.3) 


ken} 


The solution (8.1) is so completely different in form 
from (8.2) that at first it could hardly be believed that 
the results should be identical. Later on, for the 
particular case of a one impurity level semiconductor 
the equivalence was proven by means of lengthy 
algebraic manipulations.» Now, however, we are in 
a position to prove the equivalence directly. The link 
between the two procedures is expressed by the 


relations 
a=—RK“f, (8.4a) 


B=2kTR™, (8.4b) 


where the first relation was stated in Sec. 3 whereas 
the latter one follows from a comparison of (3.7) 
and (8.3). Multipling (8.1) with R-'f from the left, 


we find, using (8.4a), that a(ew)=—kTR™, or with 


26F. J. Hyde, Report of the Conference of the Physical Society 
on Semiconductors, Rugby, England, 1956, pages 57-64. 

27R. E. Burgess, Physica 20, 1007 (1954); Proc. Phys. Soc. 
(London) B69, 1020 (1956). 

28K. M. van Vliet, Physica 23, 248 (1957). 
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(8.4b) a(aw)=—B/2. Likewise, multiplying (8.1) 
through with f{R~, we find (noting that a? = — f?(R7)~ 
= —fR-') the result (ew)a’ = — B/2. Hence, Eq. (8.2) 
is vindicated. We also see that—because of detailed 
balance—the two terms on the left-hand side of 
Eq. (8.2) are equal. In photoconductors we do not 
expect such a simplification. 

(b) The spectra.—Using the Langevin equations [see 
(1.1) ] and the variances from (8.2), we have also 
computed the spectra with Ornstein’s method. The 
expressions so obtained contain the elements B,;. 
The equivalence with (5.6) can again easily be estab- 
lished, by employing (8.4a) and (8.4b). 


CONCLUSIONS 


The formalism of irreversible thermodynamics applied 
to semiconductor carrier transitions constitutes a 
very general way to compute carrier density fluctua- 
tions. It puts the kinetic equations, relating the forces 
and the fluxes in a unified form, so that the generalized 
Nyquist theorem becomes applicable. This is illustrated 
for single and more variable cases. An attractive 
feature is that the variances have not to be known 
in advance but are obtained as a consequence of the 
spectral intensities. The method is essentially a macro- 
scopic one since no noise sources enter into the calcula- 
tions: on the contrary the main object is to find the 
admittances for the perturbed state. Moreover, the 
procedure gives a complete link between thermo- 
dynamical and statistical theories, published before. 
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APPENDIX A. SOME RESULTS OF STATISTICAL 
THERMODYNAMICS 

In this Appendix we shall include some results,”~* 
well-known in statistical thermodynamics, for the sake 
of completeness of the text. 

Let the entropy function be S(a;---a,—;) and let 
the distribution function for the a; be W(a,:+-a,—1); 
then, according to the Boltzmann-Einstein theorem, 


S(ay:* +a, 1) =k InW (ay: + -ay—1) +C, (A.1) 


where C is a normalization constant. Expanding the 


*H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 

* R. E. Burgess, Proc. Phys. Soc. (London) B68, 661 (1955). 

31.N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1948), Chap. 5. 

# A, Einstein, Ann. Physik 33, 1275 (1910). 


entropy, we have, if s;;= — (0°S/dada;)o, 


1 
W (axy* + +51) =C’ exp -—¥ sma), (A.2) 


i,j 


This is a multivariate normal distribution for which 
the general result holds”: 


(aaj) = k(s~'),;, (A.3) 


where s~' is the reciprocal matrix of s. Since the free 
energy F=> 6,n;—TS, we find that f;;= (@F /da0a;)o 
=Ts,;; hence we can write alternatively : 


(aya) =kT(f~) 3, 


in accordance with Sec. 5. 

To actually calculate F and its derivatives, we start. 
with the thermodynamic probability for a macrostate 
(2; in which n; electrons are distributed over N; levels 
of energy &;: 


(A.4) 


Q3= Nj !/ny\(Ni—n,) |. 


(A.5) 


For the free energy F; associated with the carriers n;, 
we find F,;=n,;6;—kT1nQ,, or, using  Stirling’s 
approximation, 


F,=n,8;—kT{N,; InN —n; Inn; 


—(N,;—n,) In(Ni-—n)}. (A.6) 


For a nonequilibrium state dF;/dn;=yi%y;, etc. 
Equation (A.6) yields 


wi= 6;+kT Inn;—kT In(N;—n,), (A.7) 


from which 


n= N;/{1+exp(6;—ui)/RT}, (A.8) 


which implies the normal definition of the quasi-Fermi 
level u;. In the above treatment the contribution of the 
spins has been neglected. 

If nm, represents the number of electrons in a con- 
tinuous parabolic band, it is well known that integration 
over all energy levels leads, if Nc=2(2rm,kT/h’)! 
and V is the crystal volume, to 


F,=n,.&c—n.kT \n(VNec/n.), (A.9) 
and similarly for holes 
F,=— pr&v—prkT \n(VNv/ pr). (A.10) 


Differentiating once, we find, ifu.=dF /dn.,u,= —OF/Opy, 
ne=V Ne exp[ (ue— $c)/kT ], (A.11) 
n= VNy expl (6y—pn)/kT ], (A.12) 


corresponding to Shockley’s definition of quasi-Fermi 
levels for holes and electrons.* 

The total free energy in a nearly intrinsic semi- 
conductor is found by adding (A.9) and (A.10). 
Putting n.=no+a, pr= pota, and differentiating twice 


33 W. Shockley, Electrons and Holes in Semiconductors (D. van 
Nostrand Company, Inc., Princeton, 1950), p. 308. 
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with respect to @ yields 


f (nearly intr.) = kT (no + po). (A.13) 


In the same way for an extrinsic semiconductor, 
we must add (A.6) and (A.9); putting nj;=mno+a, 
n;= N,;—no—a, and differentiating twice, we find 





2 1 
flextrinsic) =A (—+ ), (A.14) 
No N ;— 


The results (A.13) and (A.14) were used in Sec. 4 to 
demonstrate that the thermodynamic relaxation time 
t=R/f is in complete agreement with the ordinary 
statistical expressions. 


APPENDIX B. EXTENSION TO DEGENERATE 
SEMICONDUCTORS 


The purpose of this Appendix is to show that the 
relations which express the spectra in terms of the 
transition rates [compare (4.7) and (5.7) ] retain their 
validity. The 7’s, however, are different and con- 
sequently the expressions for the noise in the applied 
cases like (4.9), (4.13), and (7.9)-(7.11) are different 
too, if the electron gas in one or both of the bands is 
degenerate. 

To prove the first statement we must rederive 
Eq. (3.7). Let us first consider the transitions between 
a degenerate electron gas in the conduction band and 
localized levels &;. In a nonequilibrium state the Fermi 
levels are denoted again by u, and w;. The method to 
find the change in the transition rates is the same as 
that used in Sec. 3; however, we must use a more 
careful averaging process for the electron gas in the 
degenerate band, since the transition probabilities for 
generation and recombination depend on the energy 
state which the electron occupies in the conduction 
band. In general, mainly electrons within a distance 
2kT from the Fermi level will participate in transitions. 
Under such conditions the net transition rate a,; of 
electrons to the states &; has been given by Landsberg 
and Moss*: 


—Gej;=FejN j(1—P;)n{1—exp(uj—ne)/RT};  (B.1) 


here 7.; is the transition coefficient, averaged over the 
states in the conduction band, JN; is as before the 
number of impurity centers with energy &;, P; is the 
Fermi-Dirac function 


P;(&;)={exp(6;—mj)/kRT+1}7*. (B.2) 
The number of electrons in the conduction band is 
given by the well-known Fermi integral 


n=4nV (2m.kT/i?)'F{(ue—Ec)/kRT}, (B.3) 


* P. T. Landsberg and T. S. Moss, Proc. Phys. Soc. (London) 
B69, 661 (1956). Eq. (5). The following changes in notations 
have been made: —a¢j— ej, uj Fj, ue Fi, Nj Gj, Ver Aai. 
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where &¢ is the bottom of the conduction band and 
sin)= f x*dx/[1+exp(x—n) ]. (B.4) 
0 


Let us now assume that yu; and yu, only slightly depart 
from the equilibrium value yo. Carrying out the 
variation in (B.1), we see that only the variation of 
the { } factor gives a contribution: 


—Gej=FejN j(1—Pjo)no(ue—mj)/RT 
= Pej (Me—mj)/RT. 


For the total rate of change a; of the carriers in 6&;, 
we have to add the transition rates with other levels. 
Equation (B.5) is completely similar to (3.5), and 
hence the generalized resistances are again given by 
(3.7). 

Secondly we consider the transitions between a 
degenerate electron distribution in the conduction 
band and a degenerate hole distribution in the valence 
band. Since this case is believed to be applicable to 
indium antimonide, we shall go into slightly more 
detail. The net generation rate of carriers between the 
two bands can be expressed as 


cain f r M(B )Na(8) 


—x 


XLP.(6.)(1— Pal n)ven( Se, Ex) 
— Pi(8,)(1—P.(8,)yne( 8,8) db dx. 


(B.5) 


(B.6) 


Here the integrand refers to the transitions between 
the levels NV,(&,) in the conduction band and the 
levels V,(&,) in the valence band; P,(&,) and P,(&,) 
are the Fermi-Dirac function for the nonsteady state, 
ven(S-,En) and yne(8,,8),) are the probabilities per unit 
time for generation and recombination of hole-electron 
pairs in & and &). Because of the detailed balance 
between each pair of levels &, and &, in the equilibrium 
state [compare (3.4) |, the integrand can be transformed 
to obtain 


@ &év 
‘ine f f n(&)p(81)ven( Be, 8x) 


Mh~ Be 
x E -exp(“—*) sé (B.7) 
kT 


where m(&)=N.(6)P.(8.) and p(&)=N,(6,) 
X(1—P,(6,)). For small u,—o and u.—po, (B.7) gives 


—a=FenMopo(Me—bMn)/RT= go(ue—un)/RT, (B.8) 
where go is the equilibrium generation rate, 


1 oe év 
in=— | f n(&.)p( En)Ven( Se, En) 
sc * 


Nopo _" 
xXdE dE. (B.9) 











= eae arta 
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The quantity mp is given by (B.3) (replacing yu. by uo) ; 
obviously a similar expression can be stated for po. 
Equation (B.8) confirms that the expression (4.3) is 
still valid for transitions between a degenerate electron 
and hole gas; consequently expression (4.7) applies 
to the noise. Furthermore, from (B.3) we find that 


F_4((uo— Sc) /kT) 


in = Eno(ue—po)/RTE0= , 
25 4((wo— &c)/kT) 





Similarly, for holes 
F_4((Sy—po)/kT) 
254((Sv—bo)/kT) 





bp =bn= Enpo(uo—un)/RT n= 
Thus (B.8) yields 


—a= —bn=6n(1/Emot1/Enpo) go. (B.10) 


Hence, 


1/r=go(1/Emot+1/Enpo). (B.11) 


For complete degeneracy of an n-type sample, &,~1 
and ¢,~3kT/[2(uo— &c) ]. Then (B.11) is equivalent 
to a result of MacIntosh and Allen.*® 

Equations (B.11) and (4.7) yield 


4 .E,mopo T 
ey 
Enottnpo \1+o*r* 


Integrating the spectrum, the expression for (An*) is 
found to be in complete agreement with a recent result 
of Oliver.** For InSb the correction of the é’s is 
estimated to be very small (<5%) by these authors. 

367. M. MacIntosh and J. W. Allen, Proc. Phys. Soc. (London) 


B68, 985 (1955). 
#1). J. Oliver, Proc. Phys. Soc. (London) B70, 244 (1957). 


(B.12) 
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By the study of the Zeeman resonance of a nucleus having 
a large quadrupole moment, like iodine, Watkins and Pound have 
shown that a cubic crystal like KI is never perfect, and that 
random electrical gradients always exist at the locations of the 
nuclei. However, by the cw method only a lower and upper limit 
can be set to the interaction of the quadrupole moment of the 
nuclei with these gradients. In order to get more information 
about their distribution, the spin-echo technique, with large 
rf field, was used. The calculations, performed in the limit of a 
field much larger that the random quadrupole interaction, show 
that, if at time ‘=0 we apply a 90° pulse, and at time ‘=r we 


N an ideal cubic crystal of the NaCl type, there 
should be no electrical gradients at the positions 
of the nuclei, and therefore the width of the nuclear 
resonance line should be determined by the magnetic 
dipole-dipole interaction only. However, Watkins and 
Pound! have shown that in a real cubic crystal, there 
are always small electrical gradients which, through 
their interaction with the quadrupole moments of the 
nuclei, will greatly influence the Zeeman resonance 
of spins greater than 4. A cw experimental method is 
not very well suited to study the magnitude of these 
interactions and, as shall be seen later, only lower and 
upper limits can be set to them by the study of line 
shapes. However, since these interactions are static, 
it is natural to study them by means of spin-echo 
techniques?* which give more detailed information on 
their distribution. 
1G. D. Watkins and R. V. Pound, Phys. Rev. 89, 658 (1953). 


2 E. L. Hahn, Phys. Rev. 80, 580 (1950). 
3H. Y. Carr and E. M. Purcell, Phys. Rev. 94, 630 (1954). 





apply a ¢ pulse (with an optimum for ¢ around 2/5), we get: 
three “‘allowed” echoes, at times ¢ such that (t—7r)/r=4, 1 and 2, 
which are bell-shaped curves; two “forbidden” echoes for 
(t~—r)/r=4 and 3, which are derivatives of bell-shaped curves. 
These predictions are in agreement with the experiment, and from 
the width of the allowed echoes, an average of the random quadru- 
pole interaction can be determined: this average, expressed in 
gauss, was found to vary from 18 gauss to 36 gauss in different 
samples. We could verify, by using this method, that the crushing, 
as well as the quenching of the crystals increase the magnitude of 
the random gradients. 


I. FORM OF THE INTERACTION 


We assume, for simplicity, that the imperfections of 
the crystal produce electric fields of axial symmetry. 
The angle @ between the axis of symmetry and magnetic 
field H, as well as the magnitude of the electrical 
gradient, vary randomly from one nucleus to the other. 

We observe signals of iodine in potassium iodide 
(or in some cases in sodium iodide), in a magnetic field 
H of 5000 to 10 000 gauss. 

We shall make the calculations in a frame rotating 
at the Larmor frequency w= 7H with the z axis along 
the magnetic field H. The quadrupole interaction for a 
given nucleus is, in first order,* 


Ke= —ahI ?+constant, (1) 
with 
a= 4yG(3 cos*@—1). (2) 
G is a measure of the strength of the quadrupole 
i? ‘R. V. Pound, Phys. Rev. 79, 685 (1950). 
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interaction for a given nucleus and is expressed in 
gauss. We first make use of the ordinary cw method, 
with a nonsaturating rf field, to study the Zeeman 
resonance of the iodine nuclei, the quadrupole inter- 
action 3Cg acting as a perturbation. The absorption line, 
for a given value of a, is split into three lines. The 
central line, corresponding to the J,=—} to J,=+}3 
transition, is not displaced in the first order, as can be 
seen from Eq. (1). The satellite lines (transitions 
3 — $ and $— $) are displaced, in the first order, by 
2a/y and 4a/y. As demonstrated in reference 1, in any 
real cubic crystal the quadrupole interaction of nuclei 
having large quadrupole moment (like bromine or 
iodine) with the electric gradients always present in 
the crystal, is so large that the satellite lines are 
completely smeared out and only the —}— +} 
transition line is observable. The computation of the 
second moment of this line by Van Vleck’s® formula, 
adapted to this special case by Bloembergen,® yields a 
half-width of 0.4 gauss, which is what is observed 
experimentally. In the second order, the central line is 
displaced by (2 sin?26—sin‘#)G?/H. This second order 
effect, which would give rise to an asymmetry of the 
line, is not observed in our samples. From the two facts, 
(a) that the satellite lines are too broad to contribute 
to the width of the line which is 0.4 gauss, and (b) that 
the second order effect on the central line is too small to 
make it unsymmetrical, we get the two limits for the 
magnitude of the quadrupole interaction G valid for 
most of the nuclei of the crystal : 


4 gauss <G<65 gauss. 


It is possible to get more detailed information about 
the distribution of G than these two rather broad limits 
by the use of a pulse method with large rf power, like 
the spin-echo technique. This kind of spin-echoes is 
fundamentally different from the pure quadrupole 
echoes’ obtained in solids. In the present work, we 
study the Zeeman resonance where the quadrupole 
effects are only a perturbation responsible for the 
broadening of the line. The theory is simple only in the 
case where the dipole-dipole interaction can be left out. 
This interaction alone would make the free precession 
signal decay in a time Tpp of about 1 millisecond 
corresponding to the 0.4-gauss line width. In order to 
be able to neglect this dipole-dipole term, we observe 
the iodine signal, free precession and echoes, during 
times short compared to Tpp. 


II. FREE PRECESSION SIGNALS 


The application of a rotating magnetic field H, along 
the y axis of the rotating frame, for a short time Af such 
that 

yH,Ai=¢, (“¢” pulse) (3) 
5 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
6 Quoted by F. Reif, Phys. Rev. 100, 1602 (1955). 
7M. Bloom and R. E. Norberg, Phys. Rev. 93, 638 (1954). 


® E. L. Hahn and B. Herzog, Phys. Rev. 93, 639 (1954). 
® Bloom, Hahn, and Herzog, Phys. Rev. 97, 1699 (1955). 
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can be described as the application of an operator R 
acting on the spin wave function and transforming any 
spin operator A into RAR“. If H; is large enough: 


yH\>a«a, (4) 


then R is simply a rotation and has the explicit form 
R=exp(—i¢gl,) as in the purely magnetic case. But if 
yH, and a are of the same order, it is not possible to 
give an explicit form to R and its matrix elements have 
to be computed numerically. 

The density matrix’ language proved extremely 
useful to get results in a condensed and simple form. 
The spin system being described at a time / by a 
density matrix p(¢), the amplitude of the signal induced 
in the sample coil is proportional to 


S(t)=Tr[p(t)1,], (5) 


with J,=/,+il,. Before we apply any rf pulse, the 
spin system is in thermal equilibrium and gives no 
signal. We then apply an rf pulse which puts the system 
off equilibrium and we call p(0) the density matrix 
describing the system immediately after the pulse at 
‘=0. The motion of the density matrix, for a given 
value of the quadrupole perturbation a, will then be 


p(t)=exp(—ial,*t)p(0) exp(ial,*t), (6) 
and the corresponding signal amplitude (free precession 
signal) is 

S(t) = TrLexp(—ial,*t)p(0) exp(ial,*t)/, ]. (7) 
Expanding (7), we easily get 
S(t)=¥ (m| p(0) | m+1) 
: X[I(I+1)—m(m+1) Jeiaemtne, (8) 


In contrast with the case of pure magnetic broadening, 
we see from expression (8) that the “tail” does not 
decay to zero, but to a finite value obtained for 
2m+1=0: 


S(~)=(—$|p(0) |S) U+1)-444+1)}. (9) 
This time-independent signal is the Fourier transform 
of the central line of the absorption curve, which is, 
in our approximation, infinitely narrow. 

III. ALLOWED AND FORBIDDEN ECHOES 


At the time /=7, we have seen that the density 


matrix becomes 
p(t) =exp(—ial,’r)p(0) exp(ial,*r). (6a) 


We then apply a second rf pulse, of negligible duration 
described by the unitary operator R. Right after the 


pulse the density matrix is 
p’(r)=Rp(7)R4, (10 
p' (r)=R exp(—ial,?r)p(0) exp(ial,?r)R™. 


10 R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953). 

















if 
4) 
4 
a 
+ 
5 
it 
1 










For (> 7, the signal will then be 


S(t) = Tr{exp[—ial,?(t— 7) JR exp(—ial,*r)p(0) 
Xexp(ial,’r)R™ exp[ial 2(t— 7) 4}. (11) 


Expansion of (11) gives 


S()= Le (m|R|m’)(m'" | p(0)| m’)(m'| R™| m+1) 
X (7 (1+1)—m(m+1)]}! exp{ial(2m+1) (t—7) 
—(m'—m!)r}y. (12) 


The values 2m+1=0 and m’?=m” give a time- 
independent signal Ep as in Sec. 2. 

Now, if for particular values of t, S(t) is independent 
of a, signals of all the nuclei are ‘‘in phase” and we get 
an echo. From (12) we see that this happens for (> 7) 


t—r m’”?—m” 


seaiiialee oman (13) 


= (anes: 


Before we discuss these echoes, it is to be remarked that, 
because of the special form of ig responsible for the 
broadening (/,’ rather than /, as in the case of magnetic 
broadening), we expect a different type of echoes. For 
example, the effect of a 180° pulse, that is the simple 
change of |m) (eigenstate of /,) into | —m) (except for 
an unimportant phase factor) will leave 3g unchanged. 
Accordingly, the Carr-Purcell’ sequence (90° pulse 
followed by a 180° pulse) will give no echo in the 
present case. For /'*’, = 4 and there are five possible 
values for the ratio (13): k=4, 1, 3, 2, and 3 [the case 
m=% has been excluded because then /(/+1) 
—m(m+1)=0 in Eq. (12) ]}. 


(A) Allowed Echoes 


Let us first consider the case where p(0) has been 
obtained by application of a 90° puise with large rf 
field (yH,>>a). The density matrix of the spin system 
in thermal equilibrium is 


Pog= exp(— yhHI,/kT), (14) 
peg1— (yhHI,/kT). (14a) 


Equation (14a) is perfectly justified for nuclear spins, 
and besides the first term of (14a) can be dropped since 
it gives a signal Tr(/,)=0. The useful part of the 
density matrix p; before we apply any rf field is then 
proportional to /,: 

pixl,. (15) 


A 90° pulse, in the approximation yH,>a, is just, in 
zeroth order, a rotation of 90° around the y axis and 
the initial density matrix so prepared is simply propor- 
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Fic. 1. Calculated values of allowed echoes and time- 
independent tail after a sequence of a 90° pulse followed by a 
¢ pulse, as a function of g=yH,At. The value of the time- 
independent tail before the second pulse is the signal unit. 


tional to 


p(0)=/;. (16) 


Then the only nonvanishing matrix elements of p(0) 
in Eq. (12) are obtained for 


m” —m' = +1. (17) 


With the selection rule (17), we get echoes (‘‘allowed 
echoes”) only for k=4, 1 and 2. 

Figure 1 shows the calculated relative amplitudes of 
the allowed echoes £, and £;= £2, and of the time- 
independent signal Z» as a function of the length Af 
of the second pulse, the first pulse being a 90° pulse. 
These curves have been calculated from Eq. (12) with 
the assumption yH,>>a, so that p(0)=J, and R is a 
simple rotation around the y axis, its matrix elements 
being Wigner" coefficients 

(m| R|m’)=(m| D'(0,¢,0) | m’). (18) 
To get the shape of the echoes, we have to introduce 
f(a), the distribution function of the quadrupole 


interaction in the crystal. The equation of an echo 
E; is, from Eq. (12), 


E.(j)= >’  (m|R\m'’)(m’’| (0)| m’)(m’| R-| m+1) 


m,m’,m’! 


+20 
xLr+1)—mim+1)} f f(a) 
Xexp{i(2m+1)alt—(k+1)7]}}da, (19) 


the summation >-’ being restricted to values such that 
(m'’?—m’*)/(2m+1)=k. Equation (12), for the echoes 





11 FE. Wigner, Grup pentheorie Chap. XV (Friedrich Vieweg und 
Sohn, Braunschweig, 1931). 
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Fic. 2. The five echoes of I'*’ in a single crystal of potassium 
iodide. P:: 90° pulse; P2: 35° pulse; ac, b, c: allowed echoes; 
a, 8: forbidden echoes. The total trace is 500 usec long. 


k= and k=2, becomes in the case of large H,(yH,>>a) 


Ey=2(10)4(§) Rl )(31 RI) 


xf s(0) cost4a(—1-)}da, 


=e 


E,=2(10)'§| R} 3)(3| R| 3) 


(20) 


mm f f(a) cos{2a(t—3r)}da. 


—z 


These two echoes are equal in magnitude, but £2 is 
twice as wide as Fj. 


(B) Forbidden Echoes 


Actually, a/yH; is not completely negligible and 
p(0) is not strictly equal to /,. In the first order, 


a 


——s 
vA, 


2 (21) 


p(0)=1,+ 


p2 having nonvanishing matrix elements for Am=-+2. 
These matrix elements give two “forbidden echoes” at 
the times (¢—7r)/r=$ and 3. Their expressions, as a 
function of time, are 


+o g 

E(t) =f ——/(a) sin{4a(t—$r)}da, 
—2 vH, 

(22) 


+2 
Ex(t« | 


These equations show that the forbidden echoes are 
not bell-shaped curves, as the allowed echoes, but 
rather the derivatives of bell-shaped curves. And here 
also, from Eqs. (14), we expect the echo £; to be twice 
as wide as £}. 


a 
——/(a) sin{ 2a(t—4r)}da. 
@ yA, 
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IV. EXPERIMENTAL RESULTS 

Figure 2 is a typical trace showing the allowed 
echoes and the two (hardly visible) forbidden echoes 
with their characteristic shapes. The signal is obtained 
from a single crystal of KI of a volurne of 7 cm* ob- 
served at the temperature of liquid nitrogen in order 
to improve the signal-to-noise ratio. H;, the rotating 
component, is 78 gauss. P; is a 90° pulse and P» is 
adjusted to get maximum echoes (around 7/5, in 
agreement with the theoretical curve of Fig. 1). 

The spin-echo apparatus has a power of 1 kw, and 
the maximum rotating component, H;, obtained is 210 
gauss in a 1-cm’ sample with a rise time of the pulses 
of 0.5 microsecond. It is of the “coherent” type, the 
rf pulses being obtained by gating a cw oscillator, so that 
H, is applied on a well-defined axis of the xy plane. 
This was not only very useful in its possibility of linear 
detection of the weak signals, giving a better signal-to- 
noise ratio and indicating the sign as well as the ampli- 
tude of the echoes; but was found necessary : in contrast 
with other types of echoes, the echoes in our case have 
to be obtained before the tail has decayed and in a 
spin-echo set of the incoherent type we would get 
random beats between the echoes and the tail. 

The study of the magnitude of the forbidden echoes, 
which depends sensitively upon the ratio a/yH,, would 
appear to be a good method to estimate the imperfec- 
tions of the crystal. Unfortunately the calculation 
shows, and the fact is confirmed by experience, that 
these echoes are very sensitive to the exact setting of 
the first pulse. An illustration of this sensitivity is given 
by Fig. 3: with an increase of 20% in the length of the 
first pulse, the magnitudes of the forbidden echoes are 
more than doubled, whereas the allowed echoes remain 
practically unchanged. This sensitivity made it difficult 
to obtain reproducible results. Therefore, we preferred 
to use the allowed echoes. 

We have shown in Sec. 3 [ Eq. (12) ] that the allowed 
echoes are the Fourier transform of the distribution 


f(a) of the quadrupole interaction in the crystal, so the 





Fic. 3. Effect of the length of the first pulse on the forbidden 
echoes. We keep the same P» as in Fig. 1, and we made P; 20% 
longer: the forbidden echoes become several times larger. 
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inverse width of the echoes is a direct measure of the 
magnitude of the defects. However, the theory is valid 
only if the condition (4), yH,>>a, is fulfilled; and in an 
early stage of this work we found the width of the 
echoes to be strongly dependent upon the magnitude 
of H,. This fact can be understood in a somewhat 
elementary manner by saying that H, turns only the 
iodine spins for which a<yH,, so that the distribution 
of the spins contributing to the signal has a width 
yH,. Therefore, one should expect for small H; an 
inverse echo width proportional to H;. Figure 4 shows 
that this is indeed the case. The fact that the inverse 
echo width becomes, independent of H; for the larger 
values (H,>50 gauss) makes us believe that we have 
reached the real distribution. Since the signal is too 
small to study in detail the distribution of the gradients 
f(a), we define an average value AH expressed in gauss 
(or Av expressed in frequency units) by 


AH=1/yT, 
Ar=1/2sT, 


T being the half-width of the echo EZ, at half maximum. 
AH is the quantity plotted on Fig. 4. Sample A is a 
tube filled with small crystals (~1 mm’) of KI of 
commercial grade and shows a AH of 18 gauss (Ay 
= 15.3 kc/sec). Sample B is a single crystal of KI and 
shows a AH of 35 gauss (Av=29.8 kc/sec). After 
crushing crystals of sample A, we get a AH of 25 gauss. 
By melting and quenching of the same crystals, we get 


(23) 
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Fic. 4. Inverse echo width AH as a function of the rf field H:. 
In the limit of large H:, AH is a measure of the average inter- 


action between the quadrupole moment of iodine and the random 
gradients due to the defects in the KI crystals. 


AH=36 gauss. Melting and quenching of sample B 
did not change, within experimental error, the distri- 
bution of the gradients. This method seems to be a 
powerful tool for the study of strains and defects of 
cubic crystals. 
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Spin-Lattice Relaxation* 
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The measurement of electron spin-lattice relaxation times for paramagnetic crystals at low temperatures 
is complicated by the fact that the spin specific heat can be much larger than the lattice specific heat. 
At low temperatures direct processes dominate in the spin-lattice relaxation mechanism and evidence 
exists that indicates that only a narrow portion of the phonon spectrum takes part in the relaxation processes. 
This situation is not encompassed by usual treatments of the spin-lattice problem and a microscopic treat- 
ment is presented which allows for this selective excitation of the phonon spectrum. It is pointed out that 
phonon relaxation times can be the dominant quantity measured in the usual saturation spin-lattice relax- 
ation measurements. The analysis indicates how pulse measurements may be used to evaluate the actual 
spin-lattice relaxation time independent of the phonon relaxation time. A discussion of some conditions 
under which the concept of temperature may be applied to quantum-mechanical systems interacting with 
electromagnetic fields, such as in solid-state amplifiers or absorbers, is given. 


INTRODUCTION 


ONVENTIONALLY, in tracing the transfer of 
energy between interconnecting systems thermo- 
dynamic considerations are used for deriving the 


* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research). 


necessary conditions that must hold between the sys- 
tem parameters. In applying thermodynamic principles 
to a system such as an electron spin that transfers 
energy to its surrounding lattice, we imply that the 
source of energy, the spins, has low heat capacity and 
that the thermodynamic bath, the lattice, has very 
large or infinite heat capacity. A more general approach 
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considers the transfer of energy from the source to a 
system that plays the part of a thermal conductor 
connected to a bath of infinite heat capacity, with 
properties that can be expressed in terms of temperature 
gradients and thermal conductivities.! Even this system 
is unnecessarily restrictive because the simple notion 
of thermal conductivity assumes that there is an 
interaction that brings about an equilibrium among all 
of the energy levels contributing to the conductivity of 
the conductor so that a simple temperature has some 
meaning or can even be defined. 

The attempt to define a temperature for any of the 
elements of a system, source, conductor, or bath, 
requires the further assumption that the system can be 
described in terms of phaseless constants which describe 
the average behavior of the system. To state it differ- 
ently, the density matrix described by the eigenrepre- 
sentation for the system must have off-diagonal ele- 
ments whose time average is zero. [Added in proof.— 
That this is a general requirement is supported by W. 
Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957). ] 
For example, the description of a phase-coherent sys- 
tem, such as a sample of water in a state that gives rise 
to a free nuclear induction signal, in terms of tempera- 
ture is unnatural. The radiation rate is far too high 
and the radiation signal is coherent, a condition not 
envisioned by the averaging concept of temperature. 

A particular system which illustrates this difficulty 
is an electron spin relaxing through lattice phonon 
states, especially at low temperatures.’ It is well 
known that the spin specific heat at sufficiently low 
temperatures is many times the lattice specific heat; 
hence the lattice cannot be considered as an infinite 
bath. This is not the case when the relaxation of nuclear 
paramagnetic energy states to the lattice is considered. 
Unfortunately, the elegance and simplicity with which 
the nuclear spin-lattice relaxation problem has been 
handled have created an aura of understanding in the 
field of electron spin-lattice relaxation so that the 
inherent difficulties in the electron spin-lattice relax- 
ation problem have been overlooked. Since the lattice 
specific heat is so small at sufficiently low temperature, 
a conduction problem must be visualized; that is, the 
electron spins relax with their energy going selectively 
to lattice modes that are resonant with, or, to use 
Van Vleck’s apt phrase, on “speaking terms” with the 
spin.* The lattice phonons that are in direct contact 
with the spin then relax to thermal equilibrium by 
transferring their energy to other phonon states and to 
the actual bath. The concept of temperature is irrele- 
vant here, since it is not a useful parameter with which 


1 J. Eisenstein, Phys. Rev. 84, 548 (1951). 

2 Strandberg, Davis, and Kyhl, Proceedings of the Fifth Inter- 
national Conference on Low Temperature Physics and Chemistry, 
Madison, Wisconsin, August 30, 1957 (to be published). 

8 Gorter, van der Marel, and Boljer, Physica 21, 103 (1955); 
van der Marel, van den Broek, and Gorter, Physica 23, 361 (1957). 

4J. H. Van Vleck, Phys. Rev. 57, 426 (1940). 
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to discuss the problem. We propose to discuss this 
problem without persistent reference to temperature. 

In a previous paper, which was a discussion of the 
inherent noise cf quantum-mechanical amplifiers, we 
chose to abandon the use of temperature as a primary 
parameter in the discussion of the problem.® It turns 
out, however, that a temperature can be introduced to 
characterize the thermal emission from the quantum- 
mechanical amplifier, since the problem is simple enough 
to be reduced to a suitable description in terms of a 
temperature parameter. In a very exact sense this 
problem of thermal emission of quantum-mechanical 
amplifiers was stated initially in a form which allows 
the introduction of a temperature parameter. The 
quantum-state populations were described in terms of 
phaseless population numbers. This implies that the 
quantum states are simply describable in terms of the 
average over all possible phases of the eigenrepresen- 
tation for the unperturbed system. It should be noted 
that this is a powerful, albeit popular, assumption. 
Many reasons can be presented to justify it. For 
example, in paramagnetic systems spin-spin dipole 
coupling provides a convenient mechanism to produce 
this necessary averaging within the eigenstates of the 
system. Several writers use the presence of this coupling 
as an argument for the meaningful application of a 
temperature to such a system.* We would prefer to 
keep the assumption about the system in sight and to 
introduce the temperature, if it is indeed useful, at a 
later point. 

The use of the smeared eigenpresentation for the 
dipole-broadened system, which was introduced by 
Kronig and Bouwkamp,’ is of long standing. Its use 
assumes that the observations on the state will measure 
the average of the coupled system that the dipole 
coupling creates, and thus the phaseless, single-spin 
representation is adequate. This averaging effect of the 
dipole field is important and, in fact, such a system is 
describable as an average (which will eventually allow 
the introduction of a temperature parameter if it is 
important) only as long as the dipole term in the 
Hamiltonian is the dominant perturbation. It would 
be inappropriate to use such an average over all possible 
state phases in a case in which an electromagnetic field 
perturbs the system so that the transition probability 
is greater than the inverse of the transverse relaxation 
time, 72 which is the spin-averaging time. Thus, for, 
example, for our calculations of the inherent noise in 
quantum-mechanical amplifiers to be applicable to a 
system of three or more levels that interact with a 
strong electromagnetic field, the following inequality 
must hold: 

(w7r2)*>| wij Hes |?/h?, 
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where the latter expression may be greater or less than 
(wr,)~*, with 7, the spin-lattice relaxation time. This 
restriction is also necessary for the discussion of other 
properties of the system, e.g., its polarization, if the 
discussion in terms of simple state populations is to be 
accepted without more extensive proof. 

We intend to discuss a system with dipole averaging 
which is describable in terms of phaseless constants; 
hence one or several temperatures can be introduced 
eventually to describe the relevant state populations. 
We still avoid the apparent attractiveness of such a 
procedure for the reasons already given; the lattice is 
far from being an infinite bath and possibly it is not 
even in thermal equilibrium within itself. Under these 
conditions, the use of a temperature parameter is not 
only artificial, but misleading, and tends to cause 
uneasiness because it allows the ready comparison of a 
nonequilibrium system with better understood, but 
essentially different, equilibrium systems. 


STATEMENT OF THE PROBLEM 


Consider the system of a spin with its characteristic 
energy states broadened so that it exhibits an equiva- 
lence with a system of coupled’ eae We follow Van 
Vieck* exactly [starting from his Eq. (18)]. As he 
delineates clearly, the spin is coupled to the lattice 
through the mixing in second- and higher-order per- 
turbations of the spin-orbit and orbit-lattice coupling. 
Such mixing gives rise to spin-lattice matrix elements 
that depend on the parameters of the spin and electronic 
state of the ion, and on the phonon excitation expressed 
in terms of the phonon quantum number, n. The 
orbit-lattice terms that are linear in the lattice-mode 
displacement have the familiar (m n+1) off-diagonal 
matrix elements for their dependence on phonon exci- 
tation. The harmonic oscillator representation that is 
used makes these elements proportional to +/(n+-1) 
and 4/n for the + and —, respectively. The absolute 
squares of these elements appear in the perturbed 
Hamiltonian. If we keep sight of these elements ex- 
plicitly, we can indicate the necessary change in the 
equilibrium values of the phonon quantum number 
which is necessary to accommodate the spin energy 
that is being transferred to the lattice. The power 
transfer for a pair of levels i and j, with spin populations 
N, and Nj, an energy difference E;— E;=hy,;, and a 
spin transition probability per unit of phonon excita- 
tion, A;;, can be given as 


Pyj= hyp(vi;)[NiA i Mist 1)— NjA ini), (1) 


where (n,) is the mean phonon quantum number for 
phonons having a characteristic frequency »;;, and 
p(v,;) is the density of phonon states, 


2 
p(%y;)= v( += Jann 
vf ov? 


where V is the crystal volume, and x, and x, are the 
longitudinal and transverse sound velocities at 1,;. 


Note that by maintaining the explicit phonon popula- 
tion the spin transition probability has the familiar 
property A ,;= A ;;. The more obscure form of transition 
probability, which suppresses the dependence on n, 
has the property that w;;=exp(hv/kT)w;; only because 
of the restrictive assumption that thermal equilibrium 
in the phonon states exists; that is, (n)=[exp(hv/kT 1) 
—1}", and thus (n+1)/(n)=[exp(hv/kT 1) J. 
Equation (1) now simplifies to 


N; 
Py hnyAuNa(os)| 1=(ns)(—-1) | (2) 


fs 
474 


Now, the first important observation to be made is 
that when NV <~N,, that is, with the spin system truly 
saturated, the relaxation is independent of the lattice 
“temperature”’ or is independent of the degree of phonon 
excitation. This is drastically different from previous 
pictures that postulated a conduction process from spin 
to lattice. This process assumed that the spin tempera- 
ture is nearly equal to the lattice temperature, and 
hence has no applicability to the cases of spin saturation 
usually encountered. In any case, only as long as the 
phonon excitation is small compared with V,/(N;—N,), 
will the lattice phonon temperature have a negligible 
effect on the rate of spin-lattice energy transfer. 
Finally, we note that the conventional heat-flow equa- 
tion can be obtained from Eq. (2) for the case of 
hv<<kT, so that the following approximation holds: 


T, N; hv; 
(14;)— — meee 
Vij \ ' kT, 


(3) 
T.—-Tt 
Pahl ol0ad| —— ——*|. 


The rate of change of phonon quantum number can 
be written in terms of the power transferred from the 
spin to the resonant lattice modes, and of the transfer 
rates of this phonon energy to other lattice modes and 
to the actual bath. From a physical point of view, it 
seems best to express phonon-phonon relaxation in 
terms of the actual phonon quantum numbers if an 
umklapp process is used.* Such a process arises from 
vibrational anharmonicity, and thus it will increase 
with the phonon quantum numbers, since they measure 
the vibrational energy, and hence the anharmonic 
contribution. If the phonon-phonon process is so 
improbable that processes induced by wall effects 
predominate, then it would seem that this relaxation 
effect can be lumped with the direct transfer of phonon 
excitation to the true bath. 

It might appear dangerous to even consider the 
volume umklapp process, since this implies a general 
increase in lattice phonon excitation, and a possible 
increase in the higher-order Raman scattering process 


*R. Berman, in Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1953), Vol. 2, p. 103. 
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in the spin-lattice coupling. This is probably not the 
the case here, however, for the phonon modes that are 
on “speaking terms” with the spins form such a small 
fraction of the total number of modes, i.e., 3v?Av/vmax’ 
™10~", and, even at microwave frequencies, they are 
at the low-energy end of the distribution. The Raman 
process is dependent upon having high excitation at 
more than one frequency region in the phonon distri- 
bution, which is apparently not the case here. The 
other modes could hardly build up sufficient excitation 
to enter strongly into a Raman process, and thus they 
act more as an energy sink. 

That the high phonon excitation is restricted to one 
frequency interval is known to be true from the fact 
that saturation quantum-mechanical amplifiers have 
been operated with large active-state populations. 
These amplifiers have spin populations far from thermal 
equilibrium which are in contact with phonons in states 
that are not resonant with the saturation field. The 
states of inverted spin population provide a potent 
source, and the remaining transition, a potent sink, for 
phonon excitation. Thus operation of a quantum- 
mechanical amplifier would be difficult in the presence 
of high phonon excitation away from the saturating 
frequency. But, as has been shown, a solid-state quan- 
tum-mechanical amplifier has been made to operate 
with the microwave input power saturating a pair of 
levels whose frequency difference is nearly degenerate 
with the frequency difference of the appropriate pump- 
ing levels. This physical situation is as indicated on Fig. 
1. The device can be made to operate by predominantly 
saturating levels 3-4 and amplifying between levels 1-2. 
Or alternatively, the device may be operated more con- 
ventionally by saturating directly levels 1-3 with the 
electromagnetic radiation. In the first mode of operation 
the electromagnetic radiation saturates the levels 3-4, 
which, in turn, create an anomalous phonon excitation 
in the region of the phonon spectrum of frequency v,. 
Levels 1-3 are in contact with these anomalously ex- 
cited phonons, since the frequency of 1-3 is nearly equal 
to the frequency of 3-4. Levels 1-3 serve as a sink for 
this anomalous phonon excitation and are saturated 
by it. This anomalous phonon excitation substantiates 
our model of a saturated spin system in contact with, 
and giving rise to, a selectively-excited lattice phonon 
spectrum.’ It is apparent that the anomalous phonon 


~ ® Strandberg, Davis, Faughnan, Kyhl, and Wolga, Phys. Rev. 
109, 1988 (1958). 
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spectral width cannot be great, for if this were so levels 
2-3 would also be saturated and the device would have 
marginal operation. Only by means of a narrow anoma-: 
lous phonon excitation could the necessary states be 
saturated and the device be made to operate in the 
fashion described. This phonon distribution is shown 
in Fig. 2. 

The anharmonic umklapp process is dependent like- 
wise upon the excitation of the interacting modes with 
the anomalous phonon distribution that we visualize 
here. The modes outside the spin-relaxation frequencies 
would interact much less with each other and, within 
the limitations imposed on the mean free path by 
lattice imperfection, would provide a high conductivity 
path to the bath. The possibility of umklapp at micro- 
wave frequencies is probably comparatively low in 
reasonably good crystals.!° The most probable points 
for scattering phonons of long wavelengths (several 
thousand angstroms) which correspond to phonons at 
microwave frequencies, are lattice imperfections suffi- 
ciently large to be “‘seen’”’ by these long wavelengths. 

We may also note that although the phonon modes 
away from spin-resonance frequency are fairly well 
uncoupled from each other, those in the region of the 
spin resonance are strongly coupled to each other 
because of their interaction with the paramagnetic spin. 
For this reason, we can justifiably treat these phonons 
by a simple mean-value parameter. 

With these things in mind, we can write the time 
dependence of the mean phonon quantum number with 
a lumped umklapp and scattering relaxation time 
(which will depend upon the phonon excitation) and a 
direct bath relaxation time as 


ij 


(ni yee en 
} hy ;p(vij)Av 


Ein) (mu —+—] (4) 


Equation (4) introduces an excitation width, Ay, 
which characterizes the effective width of the phonons 
that are on speaking terms with the spins. From the 
uncertainty relationship, it is apparent that this width 
will depend not only upon the spin-spin relaxation time 
72, or the effective width of the spin levels, but also 
upon the effective phonon relaxation time. Presumably, 
then, Av could be written as 


ee Sa 
sve |—+—4— ‘ (5) 
WUT: TL Tf 

Because of the shortness of the usual spin-spin 
relaxation times, this phonon width will correspond in 
many cases quite closely to the width of the spin levels 


themselves. We may write the steady-state form of 
Eq. (4) as 


hyijp(vij)Av 
 C. Kittel, Phys. Rev. 75, 972 (1949). 
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Equation (6) may be used to demonstrate forcefully 
the need to investigate the phonon-excitation spectrum 
under the saturation conditions that are possible with 
microwave excitation. We note that P,;/hy;; would 
normally be given as (V;—Njo)/r1. Typical values for 
(N,— Nio) would depend upon the degree of saturation, 
the actual crystal used, and the paramagnetic dilution. 
This factor is approximately 10'* to 10” spins/cm’*. 
The term p(v;j) at v;;= 10" cycles/sec is approximately 
10°V sec. We estimate Av to be approximately 10°, and 
7, to be from 107! to 10~ sec. The factor for the phonon 
relaxation time [7,~'+797! }"=71’ must be less than 
10-* to 10-* sec, a number dictated by the usual 
crystal dimensions. These numbers yield a possible 
range in the deviation of the phonon excitation from 
equilibrium, [(n,;;)—(ni;)o], of between 10°r,’ and 
10'*7,’. This means that the deviation of the phonon 
excitation from equilibrium with the bath would be 
given as from 10°r,’/2T,° to 10"r,'/2T 2°, where T;° 
is the bath temperature. In order for this phonon devia- 
tion to be negligible at low bath temperatures, in one 
extreme 7,’ would have to be less than 2X 10~*T,° sec 
or the phonon mean free path would be of the order of 
millimeters, and at the other extreme 7,’ must be less 
than 2X10~"7',° sec and the required phonon mean 
free path would be the rather ridiculous amount of 
approximately 1/100 of a wavelength. 

If the value of (n,;) given by Eq. (6) is used in Eq. 
(2) and a saturation parameter « is introduced by 
defining it as 

k= (N;—N,)/(Njo—Nwo), and N=N,;+N;, (7) 
we find that the saturation power is given as 
hy;A ijp(vi3)N Ax) 

201 +A ij(N jo— N io) (vi5) 7 1'«/p( vss) Av] 


With equilibrium phonons, i.e., Ay-+, the spin-lattice 
relaxation time 71;;°, for the parameter (1—«) would 
be given from Eq. (8) as 744;°=2/A;;p(¥4;). Thus, 
saturation alters the spin-lattice relaxation time for a 
similarly defined parameter. Hence 


2(N jo- Nwo)r1'k 
p(v4;)Av 


P; j 





(8) 





Crisp J= 7109+ (9) 


A spin-lattice relaxation time inferred from a saturating 
c-w magnetic field may actually measure the lattice- 
phonon relaxation rate (which is independent of the 
properties and quantum state of the paramagnetic ion) 
along with the spin-lattice rate, except for systems with 
very large saturation ratios. 

Several things should still be mentioned. First, in 
the case of near degeneracy of energy-level differences, 
either within one ion or between different impurity 
ions in a crystal, anomalous relaxation rates can be 
observed that arise from energy transfer to states that 
have nearly degenerate frequency differences because 
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Fic. 2. Anomalous phonon distribution. 


they serve as a thermal sink. This effect is really 
important only because 727,’ so that off-resonant spin 
exchange is still reasonably probable compared to 
spin-lattice effects. 

The treatment of spin-phonon interactions presented 
here has been limited to the special case of two-spin 
levels, mainly for the purpose of expositional clarity. 
The extension of the model presented here to models 
of more levels is accomplished by summing over 77 in 
Eq. (1). Extension of these ideas to particular cases 
with many levels will, no doubt, disclose many inter- 
esting situations. The purpose here was mainly that of 
sketching in a general way the reason for possible 
discrepancies in the evaluation of spin-lattice relaxation 
times, as determined from cw and from pulse measure- 
ments. 

Second, we reiterate that direct radiative relaxation 
is unimportant in the case we treat, f.e., incoherent 
operation with 

1/(972)?>>| wij: Hee | 2h. 


Obvious examples in which this is not so are the 
proton-free induction situation and the ferrite para- 
metric device. 

Third, it is apparent that a spin-lattice relaxation 
time cannot be defined for the model that is discussed 
above. The general equations, Eqs. (2) and (7), describe 
the spin system with a nonlinear differential equation, 
so that a spin-lattice relaxation time can be defined 
only in equilibrium fashion, or at best in step-wise 
fashion. Measurement of spin relaxation over a wide 
range of saturation conditions should allow the sepa- 
ration of the effect of phonon excitation from the effect 
of direct spin-phonon coupling. This means that the 
relaxation of a spin system to thermal equilibrium 
should be observed, if it is observed in the time domain, 
throughout its observable history. But if the spin- 
lattice relaxation time is inferred from frequency- 
domain measurements, e.g., by observation of the cw 
saturation effect," the saturation parameter must be 
observed and analyzed for a wide range of saturation 
conditions in order to separate phonon relaxation effects 
from these direct spin-lattice relaxation effects. 


1G. Feher and H. E. D. Scovil, Phys. Rev. 105, 760 (1957). 
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Thermal Inelastic Scattering of Cold Neutrons in Polycrystalline Graphite. II 


P. G. KHuBCHANDANI, L. S. Koruari, AND K. S. Srncwr 
Atomic Energy Establishment, Trombay, Bombay, India 
(Received October 23, 1957) 


Inelastic scattering cross section of cold neutrons in polycrystalline graphite is calculated without using 
the incoherent approximation. The present calculations, though they are an improvement upon those 
reported in an earlier paper, are still unable to explain satisfactorily the observed variation of cross section 
with neutron wavelength. Calculations of some typical scattering surfaces in graphite are also given, 


revealing some interesting features. 


I. INTRODUCTION 


N an earlier paper’ we reported the calculations, 

using the incoherent approximation, of the inelastic 
scattering cross section of cold neutrons in graphite. 
Though the variation of the cross section with tem- 
perature for 10 A neutrons was in fairly good agreement 
with the experimental results, the wavelength depend- 
ence of the cross section was in disagreement with the 
observed values. This prompted us to recalculate the 
scattering cross section without making use of the 
incoherent approximation. The results of these calcu- 
lations are briefly presented and discussed in the next 
two sections. The last section deals with some typical 
scattering surfaces in graphite. 


II. COHERENT ONE-PHONON CROSS SECTION 


The coherent one-phonon absorption cross section is 
obtained by multiplying the term proportional to S in 
Eq. (24) of Kothari and Singwi*? by k2/162°Nk, and 
putting /=1. Carrying out the summation over the 
lattice points ¢, we obtain after some modification 


2r’SkoF,? 
NBMk,’* 


do,= 








| >> (ki—ky-e,)?| E"'(e/ 7-1) 


1 g 
Xexp{ ———(ki—kz-e,)? © & coth— 
MN 2T 


X6(ki—k.+f-—29r-), (1) 


where F, is the form factor corresponding to the 
reciprocal lattice vector t, m is the number of carbon 
atoms per cell, B is the volume per carbon atom, and 
f is the wave vector of a phonon of energy £. As in I, 
all quantities are expressed in dimensionless units and 
have the same significance. 

Let us consider the contribution to the scattering 
cross section arising from vibrations of the atoms in 
the basal plane. Integrating over the various directions 
of k, and averaging over the directions of k,, we obtain® 


1L. S. Kothari and K. S. Singwi, Phys. Rev. 106, 230 (1957), 
hereafter referred to as I. 

2L. S. Kothari and K. S. Singwi, Proc. Roy. Soc. (London) 
A231, 293 (1955). The notation used in the present paper is the 
same as that used in I. 

3 R. Weinstock, Phys. Rev. 65, 1 (1944). 
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This has now to be summed over all allowed values of 
f. This summation may be replaced by an integration 
without introducing much error, 
fie 


2N(¢4—¢-) 
calc eae 
since f lies only in the basal plane, and ¢,, ¢— are deter- 
mined from the momentum conservation condition 


f are? 
| ki—ke| < | 2re—f] Lkitks, 


(3) 


(4) 
where 


(2e2e—f)?= (2xr)’+ f°—4 72, cosy, (5) 


¢ being the angle between f and ¢,,. From (4) and (5) 
it follows that the upper and lower limits g, and g_ of 
¢ are, respectively, given by 

(2rr)?+ f?— (kik)? 


COS ¢4 = a 


An frey 
if —1<right-hand side<1, 

if 

if 


(6) 
right-hand side> 1, 
right-hand side < —1. 

If 7,,=0 for some ¢, then 

if |ki-ke| <{ (247) 2+ f}'<kiths, 


and is zero otherwise. 
Making use of (3) and summing over the reciprocal 
lattice vectors, we have for the cross section 


2rS (Qer) sy” 
go, =— f 


ens ey 
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where M, is the multiplicity of r. We have here neg- 
lected f in comparison to 2rr. 
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Similarly the contribution to the cross section arising 
from vibrations perpendicular to the basal plane, is 


(2xr),? 
=f 3 EME Mo ¢)—— 


2arr 





oi =— 


MBk}nt 
exp[— (2F2/M)(2er)2](e/7—1)1dé. (8) 
III. DISCUSSION 


Graphite is a hexagonal lattice with a= 2.461 A and 
c=6.709 A and contains four atoms (n=4) per unit 
cell placed at the positions 


(000), (04), (449), (% 4 4). 


The volume of the cell per carbon atom is B=8.979 
x 10-™* cm*, The square of the form factor, defined as 


F,=|¥ exp[2mi(hx+ky+iz) ]|?, 
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NEUTRON WAVELENGTH (A) 
Fic. 1. Total cross section plotted against neutron wavelength 
for graphite temperature of 300°K. Curve A, present calculations. 


Curve B, calculations on the incoherent approximation. #, ex- 
perimental points. ¢,=0.0025 barn/A. 


reduces, in the present case, to 


F2=6+4 cos[ ¥a(h+ 2k) |+4 cos 3x(2h+k) | 
+2 cos[4x(h—k)] forleven (9) 
=4sin*[4r(h—k)] for / odd. 


From (7) and (8) and using these and other constants 
as given in I, we have calculated both o;° and o,. 
The results obtained for the variation of the cross 
section with wavelength are shown in Fig. 1 as curve A. 
Curve B gives the corresponding results when the 
incoherent approximation is used. 

The correction to the incoherent approximation 
varies with wavelength and is as much as 23% for 
\=14 A. The present calculations have improved upon 
the earlier ones, but they are still not in good agreement 
with observations. As discussed in I, at least a part of 
the discrepancy may be due to small-angle scattering. 


INELASTIC SCATTERING 
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TaB.e I. Total one-phonon scattering cross section in barns 
for neutrons of 10 A wavelength, for graphite at various tem- 
peratures. 








@ (in barns) o (in barns) 
T°K earlier value present value 
100 0.03 0.04 
200 0.14 0.16 
300 0.31 0.34 
500 0.75 0.79 
700 1.33 1.27 
900 1.98 1.71 





In a recent paper Egelstaff‘ gives a value of about 
0.6 barn for the inelastic scattering cross section of 8 A 
neutrons. This is almost twice the value obtained by 
Palevsky, quoted in I. Egelstaff points out that the 
cross-section measurements in graphite are always 
vitiated by a large small-angle scattering (about 4 
barns at A=15 A) and by the preferential orientation 
of the graphite grains in the sample. In view of this, 
it may be difficult to make an exact comparison of 
theory and experiment, particularly insofar as the 
variation of cross section with wavelength is concerned. 

The temperature dependence of the cross section is 
not appreciably altered from the earlier calculations, 
as can be seen from Table I. 


IV. SCATTERING SURFACES 


Because of the layer structure of graphite, the wave 
vector of the phonons essentially lies in the basal plane. 
This leads to some peculiarities in the scattering 
surfaces (locus of k, which satisfies both the energy 
and momentum conservation conditions, for given 
values of k; and +), when compared with similar 
surfaces for more or less isotropic lattices. Planes of 
the type Ak9, i.e., those for which the reciprocal lattice 
vector lies in the basal plane, would show no peculi- 
arities and in the xy projection (Fig. 2) one would 
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. 2. Set of axes for graphite. The z axis is parallel to the 
c axis (perpendicular to the plane of the diagram). 














*P. A. Egelstaff, J. Nuclear Energy 5, 203 (1957). 
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Fic. 3. Scattering surfaces for ki=0 and the AkO planes. The 
numbers in parentheses indicate coordinates of the reciprocal 
lattice points marked by a cross. Relative values of the scattering 
cross section at a few points on the scattering surfaces are also 
indicated. The maximum value of ke is 9+. 


obtain a continuous curve for the allowed values of ke 
for any given &,. Since r,=0 for these planes, it follows 
from (8) that, under the approximations made, o;“? 
would be zero and only the xy modes of vibration will 
contribute to the scattering. An example of the scat- 
tering surfaces for k:=0 and for the hk0 planes is 
given in Fig. 3. Since it is the xy modes that scatter, 
ke, max= 9. The relative values of the scattering cross 
section at a few points on the scattering curves are 
also indicated in the same figure. 

















ky in 10° cm" 


Fic. 4. Scattering surfaces (here points) for ki=0O and the 
hhl planes. The crosses indicate reciprocal lattice points in the xz 
plane. The vectors joining the origin to the various solid circles 
are the only allowed directions of scattering. The numbers along- 
side indicate relative scattering cross sections. 
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In Fig. 4 are plotted scattering surfaces for k:=0 
and for the Ahi planes, i.e., planes whose reciprocal 
lattice vector lies in the xz plane. Since the component 
of f along the z axis is zero, these surfaces just reduce 
to a maximum of two points. Contribution to the scat- 
tering comes mainly from the z modes, and the relative 
cross sections along the allowed directions are indicated 
by numbers put alongside the points. Maximum 
scattering comes from the 002 plane. Long-wavelength 
neutrons scattered from hhl planes of a single crystal of 
graphite will be observed in the xz plane only along 
certain given directions and the energy distribution of 
these neutrons would also show a sharp peak. Also very 
cold neutrons scattered from these planes will be ob- 
served mainly along the z axis (c axis of graphite). 
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Fic. 5. Scattering surfaces (here points) for ki:= 10.212 10* 
cm™ and the Ad planes. The crosses indicate reciprocal lattice 
points in the xz plane. The vectors joining the origin to the various 
solid circles are the only allowed directions of scattering. 


Scattering “points” for the same set of planes but 
for a finite ky, k:=10.212X108 cm™, are plotted in 
Fig. 5. Allowed values of k2 lie within segments of radii 
Re, max= 10.06 X 108 cm and ke, min= 7.94X 108 cm, 

It may be noted that whereas the scattering from the 
hkO planes is essentially due to the xy modes, the 
scattering from the AA/l planes is due to the z modes. 
This could thus provide a means of studying the two 
modes independently. For example, because of the much 
smaller value of @, as compared to the value of @,,, 
the temperature dependence of the scattering from the 
hhl planes would be far more pronounced. It would be 
interesting to do experiments with a single crystal of 
graphite and check some of the above results. 
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— and Crystallographic Properties of Substituted Yttrium-Iron Garnet, 
3Y,0;- xM.0,- (5— x)Fe,0;t 


M. 


A. GILLEO AND S. GELLER 


Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 
(Received December 9, 1957) 


A solid solution of yttrium-iron garnet with yttrium-gallium or yttrium-aluminum garnet is formed 
over the entire range of composition; the lattice constant variation is nearly linear. The trivalent ions, 
Sc*+, In**, and Cr**, may be substituted for Fe** to a limited extent. Substitution proceeds on a steric 
basis for nonmagnetic ions: those smaller than Fe*+, namely Al**+ and Ga**, preferentially occupy the 


smaller, tetrahedrally coordinated sites, 24(d); 


larger ions, In** and Sc*+, preferentially occupy larger, 


octahedrally coordinated sites, 16(a). The Cr** ion, though smaller than Fe**, preferentially occupies the 
octahedral site, presumably because of its electronic configuration. The magnetic moment initially rises 
with octahedral substitution of nonmagnetic ions and falls with tetrahedral substitution because the moment 
corresponds to the difference in the moments of the Fe** ions in the two octahedral sites and the three 
tetrahedral sites per formula unit, Y;Fe2(FeO,4);. The Curie temperature is decreased by the substitution 
of nonmagnetic ions for iron on account of the decrease in the number of Fe*+-O?--Fe** interactions. 





INTRODUCTION 


oo IRON garnet is a prototype of new 
ferrimagnetic materials which have provoked 
great interest since their discovery.’ This interest has 
arisen in part from the value of single crystals grown 
by Nielsen* to ferrimagnetic resonance,‘ optical absorp- 
tion and Faraday rotation® (visible domain patterns) 
and crystallographic studies.* Yttrium-iron garnet has 
properties which make it particularly suitable for 
magnetic studies, namely : very nearly cubic symmetry,’ 
definite composition, and the presence of only trivalent 
metal ions. 

There are eight formula units, Y;Fe2(FeO,);, in a 
unit cell of lattice constant a=12.376+0.004 A;** the 
x-ray density is 5.17 g cm™ at room temperature.® Of 
the five iron ions present in a formula unit, three are 
in 24(d) sites tetrahedrally surrounded by oxygen ions 
and two are in 16(a) sites octahedrally surrounded by 
oxygen ions® (Fig. 1). A magnetic moment of 5 us per 
formula unit results from negative superexchange 
(antiferromagnetic) interaction between Fe** ions in 
these two different sites through the intervening O?- 
ions; it corresponds to the moment of the one Fe**+ ion 


tPortions of this paper were presented at the 1957 Washington 
Meeting of the American Physical Society [M. A. Gilleo and 
S. Geller, Bull. Am. Phys. Soc. Ser. IT, 2, 238 (1957) ] and at the 
Conference on Magnetism and Magnetic Materials in Washington, 
D. C., November, 1957, J. Appl. Phys. 29, 380 (1958). 

1F, Bertaut and F. Forrat, Compt. rend. 242, 382 (1956). 

2S. Geller and M. A. Gilleo, Acta Cryst. 10, 239 (1957). 

3 J. W. Nielsen, J. Phys. Chem. Solids (to be published). 

4J. F. Dillon, Fis , Bull. Am. Phys. Soc, Ser. II, 2, 22 (1957); 
Phys. Rev. 105, 759 (1957). 

a Dillon, Ie. Bull Am. Phys. Soc. Ser. IT, 2, 238 (1957). 

*S. Geller and M. A. Gilleo, J. Phys. Chem. Solids 3, 30 (1957) ; 
International Union of Crystallography, Fourth International 
Congress, Montreal, July, 1957, abstract 6-27; Acta Cryst. 10, 
787 (1957) 

7A magnetic material cannot truly be cubic because spon- 
taneous magnetization appears in only one direction in a given 
domain. However, measurements, such as x-ray diffraction, which 
are insensitive to spontaneous magnetization, may not reveal 
deviation from cubic symmetry. 

8 F, Bertaut and F. Forrat, Compt. rend. 244, 96 (1957). 
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present in a tetrahedral site in excess of the number of 
Fe** ions in octahedral sites. 

Substitution of nonmagnetic ions for iron will change 
the moment by altering the difference in the number 
of magnetic ions in tetrahedral and octahedral sites. 
The magnetic moment could be increased by predomi- 
nant substitution in octahedral sites and reduced by 
predominant substitution in tetraliedral sites. In either 
case the Curie temperature, Tc, wiil be reduced below 
that of yttrium-iron garnet because the number of 
interactions per magnetic ion per formula unit will 
have been reduced.® 
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Fic. 1. The oxygen coordination of positive ions 
in yttrium-iron garnet. 


9M. A. Gilleo, Phys. Rev. 109, 777 (1958). 
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The substitution, if possible, of trivalent transition- 
metal ions for Fe*+ would probably have a similar, 
though reduced, effect on the magnetic moment pro- 
vided that they participate in superexchange inter- 
action. A moment of 5 wz, the moment of Fe**, is the 
maximum available from a transition-metal ion when 
its orbital contribution is quenched by the crystalline 
field. 

It might be expected that in the case of isostructural 
oxides a complete range of solid solution would exist. 
Therefore, such cases of substitution for iron in yttrium- 
iron garnet were considered first. Yttrium-aluminum 
garnet was first synthesized by Yoder and Keith.’ 
Synthesis of yttrium-gallium garnet was accomplished 
by Keith and Roy" and single crystals were made in 
these Laboratories by Remeika.” In addition to these 
obvious cases, partial substitution for iron by scandium 
and indium was attempted even though the garnet 
compounds corresponding to total substitution are not 
known and could not be made. Substitution for iron 
by chromium was suggested by its presence in 16(a) in 
uvarovite, CasCro(SiO,)s. 

From crystallographic and magnetic studies of these 
substituted yttrium-iron garnets much can be learned 
about the steric aspects governing substitution, the 
distribution of the substituted ions over the tetrahedral 
and octahedral sites, and the geometry and strength of 
the Fe**-O*--Fe** interactions. 


EXPERIMENTAL 
Synthesis of Materials 


All materials employed in this work, with the excep- 
tion of yttrium-iron garnet, were in ceramic form. A 
single crystal of yttrium-iron garnet was grown from 
PbO flux by Nielsen.* It was selected on the basis of 
high perfection as a consequence of which the proba- 
bility of occluded PbO and epitaxial magneto-plumbite 
would be minimized. 

The substituted yttrium-iron garnet ceramic material 
was prepared by D. W. Mitchell of these Laboratories. 
The constituent metals, In and Ga, were dissolved in 
8N HNO; Fe in 2N HNO;; Al in 8N (SHNO;+HC)) ; 
the oxides, Y2O3, In,O;, and Sc.O,, were dissolved in 
5N HNO;; CrO; was dissolved in 2N HCI and reduced 
with H,C.O,. The hydroxides were coprecipitated with 
NH,OH from a stoichiometric mixture of the metal-ion 
solutions. Impurities in all materials were less than 
0.05 weight percent. 

The coprecipitated hydroxides were dried at 230°C 
for 16 hours and then heated to 800 to 850°C over a 
period of 24 hours. The calcined material was mortared 
and pressed into pills which were fired by E. F. Dear- 
born at 1450°C in O2 for 16 hours when substitution 
was for one Fe or less. For substitutional replacement 


1H. S. Yoder and M. L. Keith, Am. Mineralogist 36, 519 


(1951). 
1M. L. Keith and R. Roy, Am. Mineralogist 39, 1 (1954). 
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of Fe,O; by highly refractory oxides, such as Al.Os, 
firing at temperatures which ranged to 1730°C was 
carried out by W. F. Janssen. 


Diffraction Data 


X-ray powder photographs were taken with a 
Straumanis type Norelco camera of 114.59 mm diam- 
eter; Cr K radiation was used. A V-foil filter was 
arranged along one edge of the film to help in identifi- 
cation of Cr KB reflections. 


Magnetic Measurements 


A Sucksmith-type” apparatus was employed in 
measurements of magnetic moment as a function of 
field and temperature. Fields (H,) up to 13 000 oersteds 
were obtained from a twelve-inch Varian magnet with 
plane pole faces and a 1} inch gap; the gradient was 
produced by current-carrying conductors mounted on 
the pole faces.'"* Calibration was carried out with 
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Fic. 2. ng vs T for aluminum substituted yttrium-iron garnet. 


spectroscopically pure Ni spheres (Johnson-Matthey 
890). The garnet specimens were spheres ranging in 
weight from 35 to 150 mg. The atmosphere surrounding 
the specimens during measurements was He at a 
pressure of about 3 lb/in.? above atmospheric pressure. 


MAGNETIC DATA 


The data for ng, the magnetic moment in Bohr 
magnetons per general formula unit, 


3V ds a «Mf )3 J (5 nan x) Feol )z, 


as a function of temperature for all substituted yttrium- 
iron garnets studied may be most easily interpreted by 
comparison with the ng vs T curve for yttrium-iron 
garnet itself. Of principal interest are the variation of 
the saturation moment, ng(,0), i.e., the moment at 





 W. Sucksmith, Proc. Roy. Soc. (London) A170, 551 (1939). 
 Sucksmith, Clark, Oliver, and Thompson, Revs. Modern 
Phys. 25, 34 (1953). 
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Fic. 3. ng vs T for gallium substituted yttrium-iron garnet. 


infinite field’ and zero temperature, and the change of 
the Curie temperature with substitution. In all cases 
an applied field, 1,, of 13 000 oersteds, was well in ex- 
cess of the field required for saturation at liquid- 
nitrogen temperature. 

In most cases ng(* ,0) may be determined sufficiently 
precisely by the extrapolation to absolute zero of 
measurements carried down to liquid-nitrogen temper- 
ature, 77°K. In cases for which this procedure is 
inadequate the authors have been aided by data which 
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Fic. 4. ng vs T for scandium substituted yttrium-iron garnet. 


“That is, a field adequate to achieve a close approach to 
saturation but not large in comparison with the Weiss molecular 
field. 
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Fic. 5. mg vs T for indium substituted yttrium-iron garnet. 


were provided by Miss D. E. Walsh of these Labora- 
tories for temperatures as low as 1.3°K. 

With regard to magnetic moment the effects of 
substitution of other trivalent metal ions for Fe** 
divide into two categories. The substitution of Al** or 
Ga** for Fe** decreases ng(~ ,0) (Figs. 2, 3) and the 
substitution of Cr**, Sc**, and In** for Fe** increases 
np(® ,O) (Figs. 4-6). In all cases the Curie temperature 
decreases. 

The Curie temperature has, in every case, been 
associated with the point of inflection of the ng vs T 
curve after the method of Curie.'® In order to establish 
the suitability of this method to our purpose the Curie 
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Fic. 6. ng vs T for chromium substituted yttrium-iron garnet. 


16 P. Curie, Ann. phys. 5, 289 (1895). 
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Fic. 7. mg vs H at constant temperature for 
3Y,0; ° 4Ga.0; -43FeOs3. 


temperature for 3Y,03;-}Ga.0;-4?Fe.O; was also de- 
termined by the method of Weiss and Forrer'® so 
that the error associated with the point of inflection 
method could be estimated. In the method of Weiss and 
Forrer the curve of [,(0,7) vs T is extrapolated to 
nz(0,T)=0, at which point T= Tc; ng(0,T) is the mag- 
netic moment at H=0 and temperature 7. For the 
determination of ng(0,7), the magnetic moment was 
measured as a function of the internal field!’ H at con- 
stant T (Fig. 7). From these curves a set of curves of 
np vs T at constant H was constructed. Then curves 
of H vs T at constant mg were obtained from which 
np(0,T) could be found by extrapolation. From the 
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16 P, Weiss and R. Forrer, Compt. rend. 178, 1670 (1924); see 
discussion by R. M. Bozorth, Ferromagnetism (D. Van Nostrand 
Company, Inc., Princeton, 1951), p. 716. 

17 The internal field, H, has been determined by subtracting 
from the applied field, H., the demagnetizing field of the sphere 
based on its moment at temperature 7. 
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plot of [72(0,7) vs T (Fig. 8), it was determined that 
Te=519.0+0.3°K; the point of inflection method 
yielded 520+3°K at H,=13000 oersteds. Conse- 
quently, the values of T¢ obtained by the point of inflec- 
tion method are satisfactory for our present purpose. 


CRYSTALLOGRAPHIC DATA 


The variation of lattice constant, a, of yttrium-iron 
garnet with the amount of substitution was observed 
for the entire range available (Table 1). The variation 
of a with x is nearly linear in all cases (Fig. 9) even 
though only in the case of Ga or Al substitution is the 
system a solid solution of two isostructural oxides of 
different lattice constant. Attempts to form Y—Sc, 
Y—In, and Y—Cr garnets by solid-solid reaction were 
unsuccessful. 


M-ION DISTRIBUTION AND MAGNETIC 
PROPERTIES 


For the purpose of discussion and interpretation of 
the magnetic and crystallographic data obtained for 


TABLE I. Lattice constants for substituted yttrium-iron garnet, 
3Y0; . xM 26 )3° (5—x) FeO. 


xM2O: a (A) *xM:203 a (A) 
0 12.376+0.004 14Ga,0; 12.356+-0.004 

5Ga,0; 12.273 

JA1L,0; 12.353 
§Al,0; 12.331 1Sc.0; 12.392 
1AlL0; 12.306 iSc.0; «12.421 
17A],05 12.265 #Sc.0; 12.438 
24Al,0; 12.215 14Sc,0; 12.498 

3Al,0; 12.159 
5A]203 12.003 1Tn2O; 12.404 
jin0,; —-12.435 

1Ga,0, ‘12.374 
}Ga,0; 12.371 1CrsO, 12.368 

12.366 


2Ga,O0, 


substituted yttrium-iron garnet of the general formula 
unit, 
3Y203 -*%M203- (5—«x) Feel )z, 


it is necessary to use a formula unit in the following 
form: 
Y3[ Fes_,M, ](Fes_.M.)O., 


where x=y+z. The ions in the octahedral, 16(a), 
positions are enclosed by square brackets and those in 
tetrahedral, 24(d), positions by curved brackets. 

For small substitution (x5) for Fe** by a non- 
magnetic ion, M*t, the magnetic moment, mg, per 
general formula unit would, to first approximation, be 


3np(* ,0; y,2z) = (3—2)5—(2—y)5 
=5(1+y—2z) us. 
For larger x the probability that an octahedral or 
tetrahedral Fe*+ ion may be linked only with non- 


magnetic M*t-ions becomes appreciable so that such 
an Fe*+ ion may not contribute to mg. With allowance 
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for this condition 


}np(% 0; ,2) 
= 5[(3—2) — (3-2) (y/2)*— (2—y) + (2—y) (2/3)®] 
=5{(1+y—2)—[(3—2) (y/2)*— (2—y) (2/3)*]} as. 


The effect of M-ion distribution upon T¢ may be 
approximated through its effect upon the average 
number, m, of Fe**-O*--Fe** interactions per magnetic 
ion. In yttrium-iron garnet there are 24/5 interac- 
tions per magnetic ion per formula unit, Y;Fe2(FeO,)s. 
The introduction of a nonmagnetic ion, M, will reduce 
n so that 


ol) 
CC 


= (24—12y—82+4yz)/(S—y—z). 
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Fic. 9. Lattice constant vs x for substituted 
yttrium-iron garnets. 


Therefore, the Curie temperature of a substituted 
yttrium-iron garnet, T¢(y,z), will vary approximately 
as n(y,z) so that it will be related to the Curie temper- 
ature of yttrium-iron garnet, T¢(0,0), by 


n(y,2) (1—y/2)(1—2/3)5 


T (0,0) = 
0) 








Tc (y,2) a Te (0,0). 


n(0, S—y-z 

In this approximation the effects of change in interionic 
distances and angles (lattice constant and parameter 
changes) which result from the substitution of M** for 
Fe*+ have been neglected. Another shortcoming of this 
approximation arises from the random variation of the 
number of interactions per Fe**+ ion as a consequence of 
the random distribution of M** ions in a given type of 
site. 

Although it would appear that either ng(,0; y,z) 
or Tc¢(y,2) would suffice to determine the distribution 
of M ions, it is considered that mg would provide 
greater accuracy because less serious approximations 
have been made. On this basis the mg(* ,0) data have 


TABLE II. The magnetic moment, ng(~ ,0), and Curie temper- 
ature, Tc, observed, and values calculated for T¢ and the fraction, 
fo of M ions in n tetrahedral sites for vt banned (5—x)Fe203. 











na(,0) Te Te 
obs 





obs calc tt 

zMr (us) (°K) (°K) calc 
9.92 545 545 0 

1GeW0, 7.95 519 524 0.91 
4Ga20; 4.35 460 477 0.88 
4A1,0; 7.00 497 518 0.95 
1A],0; 3.25 415 451 0.84 
4Sc,0; 11.97 500 504 0.11 
#Sc20; 14.4 365 427 0.21 
41n20; 13.8 444 462 0.11 
4CrO; 10.95 515 ee 0.0 








been used to determine the fraction, f;, of M ions found 
in tetrahedral sites, 


fi=2/x=1—y/x=1— fo, 


where f, is the fraction of M ions in the octahedral 
sites (Table II). The Curie temperatures have then 
been calculated from y and z thus obtained (Table II). 


DISCUSSION 


The magnetic and crystallographic observations made 
thus far form a consistent picture in terms of the 
crystal structure and Fe*+-O*-Fe** interactions as pre- 
sented elsewhere by the authors.** The magnetic meas- 
urements not only give further understanding of the 
ferrimagnetism in rare-earth iron type garnets but also 
help to confirm, and to establish, important crystallo- 
chemical relationships. 

The M-ion distribution, which has thus far been 
examined only through its effect on magnetic properties, 
is consistent with steric considerations when M is a 
nonmagnetic ion. It appears, at least qualitatively, 
that the set of radii derived from the perovskite-like 
structures by Geller’ apply to the garnets.” 

We have seen (Fig. 9) that the rate of change of the 
lattice constant of substituted yttrium-iron garnets 
with increasing x in all cases corresponds in relative 
magnitude and sign to the size of the M** ion relative 
to that of Fe*+ as found for perovskite-like structures. 
The more detailed steric influence observed is still more 
important, however. It is known® that the tetrahedral 
site provides a smaller volume than does the octahedral 
site (Fe'+-O*- distances of 1.88 and 2.00 A, respec- 
tively, in yttrium-iron garnet). In every case we have 
observed that a nonmagnetic substituent M**t-ion 
occupies predominantly an octahedral or tetrahedral 


18S. Geller, Acta Cryst. 10, 248 (1957). 

19 The sequence of decreasing size for the ions in question for 
coordination number, C.N.(6), is Y**, In**, Sc**, Fe*+, Ga**, Cr°*, 
Al**. It should be noted that the feasibility of substitution of 
In*+ and Sc*+ for Fe*+ is suggested by the C.N.(6) ionic radii 
derived from the perovskites. These radii are 1.12 and 1.09, 
respectively, times that of Fe*+. However, substitution probably 
would not have been considered to be possible on the basis of the 
C.N.(6) radii of Pauling and Goldschmidt which are 1.35, 1.35 
and 1,42, 1.24, respectively, times that of Fe**. 
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site for small x according as it is larger or smaller than 
Fe**. In other words the smaller ion persistently seeks 
the smaller site. 

The degree of preference of Ga** for the tetrahedral 
site with small substitution for Fe** in yttrium-iron 
garnet is remarkable because of the close similarity of 
these two ions and compounds. Both Fe*+ and Ga** 
are spherical (3d° and 3d" electronic configurations, 
respectively) and Ga** is only about 2% smaller in 
radius than Fe*+ for C.N.(6).!* Furthermore the lattice 
constant of yttrium-gallium garnet (12.273 A), which 
corresponds to total substitution, is only about 0.8% 
less than that of yttrium-ion garnet (12.376 A). The 
absence of change of electrostatic energy as an im- 
portant influence in the distribution of the metal ions 
when all have the same valence should be kept in mind 
when comparison is made with the distribution ob- 
served, for example, in iron spinels for the same substi- 
tution. 

The problem of M-ion distribution has been examined 
by neutron diffraction by Prince” of these Laboratories. 
Neutron diffraction can provide valuable data because 
of the difference in the nuclear and electronic scattering 
powers of Fe**+ and Al*+ for neutrons of about 1 A 
wavelength. Prince has been able to confirm the 
distribution of Al*+ in 3¥,0;-Al,0O;-4Fe2O; (Table IT). 
At the same time he was able to substantiate the 
magnetization observed at 24 and —196°C, to verify 
its origin, and to determine the magnetization of the 
Fe** sublattices. 

The electronic configuration of a metal ion appears 
to be a much more important factor than size with 
regard to its presence in the octahedral or tetrahedral 
sites. Furthermore the electronic configuration is much 
more important in the formation of a compound of 
garnet structure than it is for a compound of perovskite 
structure.'*.*!~™ Al] minerals of garnet structure*® with 
the exclusion of uvarovite are found with the octahedral 
and tetrahedral sites occupied entirely by spherical ions 
(ions with closed or d or half-filled d shells) except 
perhaps for small impurities. 

Among the transition metals, Cr°+ is the only ion 
which has been substituted for Fe** in any quantity. 
In yttrium-iron garnet, as in uvarovite, Cr*+ enters the 
octahedral site, probably exclusively, even though Cr** 
is known to be smaller than Fe** in sites of C.N.(6).28 
These observations suggest strongly that the electronic 
configuration of Cr**, which is favorable to the forma- 


2% FE. Prince, International Union of Crystallography, Fourth 
International Congress, Montreal, July, 1957, abstract 6-28; Acta 
Cryst. 10, 787 (1957). 

21S. Geller and E. A. Wood, Acta Cryst. 9, 563 (1956). 

2S. Geller and V. B. Bala, Acta Cryst. 9, 1019 (1956). 

%M. A. Gilleo, Acta Cryst. 10, 161 (1957). 

*S. Geller, Acta Cryst. 10, 243 (1957). 

25Jn addition to silicates there are the minerals berzeliite, 
(Ca2Na)Mnz2(AsO,)s, and cryolithionite, NasAl2(LiF,)s. 
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tion of d*sp* (octahedral) type bonds, must be im- 
portant.”® Therefore it is not surprising that attempts 
by the authors to prepare yttrium-transition metal 
garnets have not met with success except in the case 
of iron. 

In addition to the limitations which evidently are 
imposed on the formation of compounds of garnet 
structure by the electronic configuration of ions for the 
16(a) and 24(d) positions, a size limitation has also 
been observed. Total substitution of In** or Sc** for 
Fe**+ has not been accomplished. The upper limits of 
substitution are not precisely known but probably are, 
x less than about one for In** and less than about two 
for Sc*+, these ions apparently are too large to allow 
formation of yttrium-indium or yttrium-scandium 
garnets. Attempts to compensate for the large size of 
Sc*+ by replacement of Y** by a larger La**+ were 
unsuccessful. In*+ does not appear to replace Y** 
because attempts to synthesize indium-iron and indium- 
aluminum garnet were also unsuccessful. In the case 
of Cr*+ the substitution does not appear to proceed well 
for x much greater than }. This limitation probably is 
a consequence of the strong preference of a smaller ion, 
Cr**, for a larger site which quickly leads to a condition 
not compatible with the requirements of the structure. 

The limit of feasible substitution for iron in yttrium- 
iron garnet by In**, Sc*+, Cr+, and other transition 
metal ions is generally indicated by the appearance of 
a perovskite-like phase; this phase also appeared in an 
attempt to synthesize lanthanum-scandium garnet. 
The perovskite-like phase is known to be more stable 
than the garnet phase in the case of the rare-earth iron’ 
and aluminum sesquioxide systems” ; it does not appear 
in all of the rare-earth gallium sesquioxide systems.?" 
In this connection it should be borne in mind that the 
packing in the garnet structure is much less efficient 
than in the perovskite-like structure.® 
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*6 Actually the 16(a) position in yttrium-iron garnet is sur- 
rounded by an octahedron of oxygen ions which is not regular. 
The regularity of the octahedra and tetrahedra appears to increase 
with the ratio of the radii of the ions in the octahedral and 
tetrahedral sites according to the work of S. C. Abrahams and 
S. Geller [Acta Cryst. (to be published) ] on grossularite. 

*7 The high-temperature yttroalumite phase of Yoder and 
Keith (see reference 10) has been identified as perovskite-like 
YAIO; reported by Geller and Bala (see reference 22). 
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Precision Measurement of the L X-Ray Spectra of Uranium and Plutonium* 


Joun J. Merrittf AND Jesse W. M. DuMonp 
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(Received November 20, 1957) 


Twenty uranium L x-ray transitions have been measured using a commercial, sealed off, uranium target 
x-ray tube. Twelve plutonium L x-ray transitions have been measured in conventional x-ray fluorescence 
from a 5.86-g sample. All lines were measured with high precision using the two-crystal spectrometer, and 
corrected for the effects of temperature on the grating space of calcite, the effects of vertical divergence, and 
the effects of crystal diffraction pattern asymmetry. The wavelengths corresponding to these transitions are 
given in terms of the x-unit (where the latter is so defined that the wavelength of the Mo Ka: line is 707.8490 
x-units) with relative errors of less than 15 ppm (parts per million) in the case of U, and less than 30 ppm 


in the case of Pu. 





I. INTRODUCTION 


HE precision of recent measurements of the L 
spectrum of plutonium has been limited by the 
low available source intensities. Thus, Cauchois, 
Manescu, and Le Berquier' studied this spectrum using 
10 mg of Pu, and Rogosa and Peed? used approximately 
200 mg. The low intensities available from these 
samples using conventional x-ray fluorescence would 
not permit the use of the 2-crystal spectrometer. Both 
of these investigations were performed with curved 
crystal transmission spectrometers of the Cauchois 
type, an instrument with significantly less resolving 
power. The availability in this laboratory of a fairly 
large (5.860 g) sample of Pu permitted the measure- 
ment of this spectrum using the two-crystal spec- 
trometer. Twelve lines have been measured, with 
relative errors of less than 30 ppm (parts per million). 
Similarly, the most recent investigation of the L 
spectrum of U was performed by using a Cauchois type 
photographic spectrometer.’ Again, the availability of a 
commercial, sealed-off x-ray tube with a uranium target 
has permitted us to use the two-crystal spectrometer. 
Twenty lines of this spectrum have been measured, 
with relative errors in most cases less than 15 ppm. 


Il, EXPERIMENTAL 


The two-crystal spectrometer used in these investi- 
gations was designed by one of us and, together with 
the procedure for preparing and calibrating its precision 
worm wheels for the angular measurements, is described 
in some detail elsewhere.‘ The adjustment and cali- 
bration of the instrument for these measurements, as 
well as the scintillation crystal x-ray detector, have also 
been described in a previous article.® The same article 
describes the Pu source and its excitation. 
~ * Work supported by U. S. Atomic Energy Commission. 

t Howard Hughes Fellow. 

'Cauchois, Manescu, and Le Berquier, Compt. rend. 239, 
1780 (1954). 

2G. L. Rogosa and W. F. Peed, Phys. Rev. 101, 591 (1956). 

*H. Claéson, Z. Physik 101, 499 (1936). 

4J. W. M. DuMond and D. Marlow, Rev. Sci. Instr. 8, 112 
(1937). 

5 R. L. Shacklett and J. W. M. DuMond, Phys. Rev. 106, 501 
(1957). 
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The U radiation was obtained from a Machlett 
Type A-2 Uranium Target X-Ray Tube,® while the 
fluorescent Pu lines were excited by radiation from an 
OEG-50T high-intensity tungsten target x-ray tube. 
X-ray tube power was obtained from a Phillips water- 
cooled diffraction unit. The primary voltage of this 
unit was regulated by an electronic Sorenson regulator, 
and the x-ray tube current was stabilized by an elec- 
tronic stabilizer added to the diffraction unit. Neither 
primary voltage nor tube current varied by more than 
0.1% during the course of a measurement. 

In the present investigation, two independent 
determinations of the Bragg angle were made for each 
of the lines. Measurements were made in the usual way 
with crystal number 1 fixed by advancing crystal 
number 2 one second of arc at a time over the parallel 
rocking curve and five or ten seconds at a time over 
the antiparallel curve. At each setting the x-ray 
intensity would be determined by accumulating counts 
over a sufficient time interval to obtain good counting 
statistics. The time interval was the same for all points 
on a given curve, and was controlled by the 60-cycle 
power-line frequency. : 

For all the Pu lines except the Pu La; the intensity 
was too low to get the desired number of counts at the 
peak (about 6000) in just one run over the line. There- 
fore, several runs were necessary in order to make the 
time per run of reasonable length. For example, a 
total of thirty hours were required for the seven runs 
over the Pu Lg; line. The precision claimed for locating 
the center of a weak line in this manner is justified 
by the agreement between the two independent 
measurements, which was always of comparable 


® We are much indebted to the Machlett Laboratories, Inc., 
and especially to their engineer, Mr. T. H. Rogers, for their 
courtesy, patience, and cooperation in producing for us, without 
additional charge for development, two excellently stable uranium 
target x-ray tubes, probably the only such in existence. We are 
also much indebted to Robert A. Noland and D. E. Walker, 
metallurgists of the Argonne National Laboratory, and to the 
administration of that laboratory, for furnishing us with the 
normal uranium target disks appropriately bonded to the Machlett 
Laboratories’ copper backings ee incorporation into the Machlett 
tube structure. 
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SPECTROMETER SETTING 


Fic. 1. A typical parallel rocking curve (the Pu L;), showing 
the two runs over the curve. 


magnitude. The temperature’ was thermostatically 
maintained at a constant value to within one or two- 
tenths of a degree during the course of each series of 
runs. 

The centers of the parallel rocking curves were 
determined by drawing horizontal chords across the 
profile between the observed points at different heights 
and finding the midpoints of these chords. These central 
points at different heights never differed from each 
other on one and the same profile by more than one 
tenth of a second of arc. Each determination was 
repeated by making a second run over the rocking 
curve and finding its center in the same manner. In 
most cases the agreement between the two runs was 
within the desired precision. It was found, however, 
that a short time had to be allowed between changing 
crystal number two from the antiparallel to the parallel 
position and the actual initiation of the parallel run. 
If sufficient time were not allowed, the first run would 
show a center point at too low an angle. On subsequent 
runs the central position would occur at a slightly higher 
angle, in a few cases as much as six-tenths of a second 
above the first. This second value was then reproducible 


7 As in the article of reference 5, this temperature was read on a 
thermometer immersed in an oil-filled well in good thermal 
contact with an aluminum heat shield which completely covered 
both crystals. This shield was provided with thin Mylar windows 
for entry and exit of the x-ray beam and it served the important 
purpose of minimizing air convection near the reflecting surfaces 
of the calcite crystals. The layer of the crystal surface participating 
in selective x-ray reflection is so thin that convective heating and 
cooling of crystal planes near the surface can prove quite trouble- 
some, particularly in the parallel rocking curve case. 
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within one-tenth of a second of arc. It is believed that 
this shift, which was always in the same direction, was 
due to a stabilizing in the contact between the precision 
worm wheel and the worm gear which drives it. In 
such cases, which occurred quite infrequently, only the 
stable value of the central position was used in com- 
puting the Bragg angle. Figure 1 shows a typical 
rocking curve. 

The centers of the antiparallel curves were deter- 
mined by drawing a smooth curve through the experi- 
mental points and again finding points midway between 
the two sides. For most of the lines these points did not 
vary by more than five-tenths of a second of arc from 
their mean. In a few cases the spread was greater, and 
larger probable errors have been assigned to these 
exceptions. The U L,, line is worthy of special note. 
The shape of this line indicates that there may be a 
weaker line of unknown origin on its long wavelength 
side, perhaps 0.5 x-units or less away. This together 
with its weakness and the presence of some slight but 
unexplained background distortion made it impossible 
to determine the center of this line with high precision. 
Figure 2 shows an example of one of the better anti- 
parallel curves (the U La), while Fig. 3 shows one of 
the poorer ones (the Pu La,). 


III. CORRECTIONS 


The angular positions of the centers of the parallel 
and anti-parallel curves were first corrected for the 
errors in the worm wheel as described elsewhere.‘ The 
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Fic. 2. A typical good antiparallel curve (the U La,). 
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TABLE I. Typical Bragg angle calculations for U La; and Pu 4, lines. 
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Worm-wheel 


correction 





20 Bragg angle 
(uncorrected) 





Run Parallel position Antiparallel position — Mw M9: + Me +¢/2 @ (corrected) 
(a) U Lat 
1 294° 17’ 14.15” 97° 1’ 54.9"+0.1” —6.15” a7° 49 13.0" ie 8° 37’ 39.35” 
2 oT 123.7" 294° 16’ 43.0” +0.1” — 6.15” 17° 19 13.15” iS it 8° 37’ 39.23” 
(b) Pu Lp, 
1 292° 20’ 28.8” 98° 58 46.5’ +0.8”" — 6.36" 13° 21’ 35.9” +1.54” 6° 40’ 49.5” 
2 98° 56’ 9.1” 292° 17’ 53.17+0.8” —6.36" 13° 21’ 37.6” +1.50” 6° 40’ 50.3” 











difference between the two corrected positions gives 
then 180°+ 26, where @ is the Bragg angle of the line 
under consideration. The resulting Bragg angle was 
then corrected for vertical divergence, the effect of 
temperature on the grating constant of the crystal, and 
the effect of crystal diffraction pattern asymmetry. 
The vertical divergence correction is given by 


Ad, = — (1/12)¢,,” tand, (1) 


where ¢,, is the maximum angle of vertical divergence. 
This formula was developed in a previous paper.® 
The Bragg angles were all reduced to their values at 
18°C by applying the correction, A@,, given by the 
following working formula in seconds of arc: 
Ab,= +2.1(t—18°) tand. (2) 
The shift of the observed lines due to crystal pattern 
asymmetry was corrected by applying the correction 
$¢=0.2d second (A in A). (3) 
This correction is also justified elsewhere.® 
Typical angle calculations are shown in Table I for 
the U La; and Pu L, lines. 


IV. ERRORS 


(a) The most important random error in determining 
the Bragg angle of a spectral line is the uncertainty of 
the location of the center of the antiparallel curve, 
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SPECTROMETER SETTING 


Fic. 3. A typical antiparallel curve of a 
weaker line (the Pu Lg,). 


60.». This uncertainty varies from about 0.2 to 5 
seconds of arc, usually being less than 0.5 second. 
Other statistical errors are listed below, with their 
assigned uncertainties : 
(b) Uncertainty in the location of the center of the 
parallel curve, 60,<0.1”. 
(c) Uncertainty in 
correction, 60,<<0.1”. 

(d) Uncertainty in the ambient temperature of the 
reflecting crystals, resulting in an uncertainty in the 
temperature correction, 50,0.05”’. 

(e) Uncertainty in the applied correction for vertical 
divergence, 50,<0.05”. 

(f) Uncertainty in the applied correction for crystal 
diffraction pattern asymmetry (Darwin dynamical 
theory), 66.<0.01”. 


the applied worm wheel 


Since the required Bragg angle was computed by 
subtracting the parallel and antiparallel readings after 
the worm wheel correction had been applied, and by 
dividing the result minus 180° by two before applying 
the other corrections, the uncertainty in the Bragg 
angle is 


568; =[ (60 p1?+ 60 ap;’+ 250.7) /4+ 25074+-60,?+650, |}. 


Since two independent measurements of each line are 
averaged to obtain the final Bragg angle, its uncertainty 
is 

50 p= 4[ (60.51)?+ (6082)? } 
sons (3 (60,°+ 664") +60’ + 266?+ 250,?+ 2602}! 
= $[ 466,,°+0.040 }}, 


if one assumes that the same uncertainty is assigned to 
the position of the centers of the line profiles in the 
two cases. 


V. RESULTS 


The corrected Bragg angles are shown in Table IT, 
where the angles for U Lay, Pu Laz, and Pu Lg, are 
included for completeness. These lines were measured 
in a previous study® and were not remeasured. The 
U Lg; line was remeasured, however, since the higher 
intensity made possible by the U target permitted the 
use of extremely small angles of vertical divergence. The 
vertical divergence correction was made quite negligible 
in this way, and the formula and method of correction 
used by R. L. Shacklett and one of us® could thus be 
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TABLE II. Experimental results. 
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X-ray line Transition Bragg angle (calcite) 

Uranium 
Lai Lin—My 8° 37’ 39.3” +0.1” 
Lao” Liui— Myy 8° 44’ 29.0” +0.2” 
pi Ly —Miy 6° 48’ 41.4” +0.1” 
Lp Lin—Ny 7° 8’ 29.3" +0.15” 
LB; Lk —Min 6° 43’ 9.6” +0.3” 
LB, Ly —-My 7 £@.1" 262" 
LBs Lin—Ory, Oy 6° 52’ 18.56” +0.1” 
LBs Lin— M1 7° 27' 43.3” +0.2” 
Lp; liu—Nyi, Nvyu 6° 59’ 18.7” +0.3” 
LB; Lin-O; 6° 57’ 49.8” +2” 
LBs Ll; —My 6° 26’ 28.4” +0.1” 
L, Ly —M, 7° 37’ 16.1" +0.4” 
Ly Lii— My 10° 7’ 28.3” +0.5” 
Ly: Li —Niy 5° 48 44.3” +0.1” 
Lye Ly -—Nu 5° 43’ 19.1” +0.2” 
Lys Ly —Nin 5° 39’ 31.7” +0.1” 
Lys Ly —On 5° 26’ 6.0” +3” 
Ly Lk; —On 2? Se £22" 
Lys Li —N, 6° 0’ 35.6" +0.15” 
Ly Lu —Oty 5° 37’ 24.3” +0.1” 

Plutonium 
Len Liui-Muy 8° 13’ 23.7” +0.2” 
Las” Lin—Myiy 8° 20’ 16.2” +0.1” 
Lp, Li —Myy 6° 24’ 35.4” +0.2” 
Lpe Lin—Ny 6° 47’ 50.8” +0.2” 
LB; Ly —Min 6° 19’ 27.4” +0.7” 
Lp, Ly —-My 6° 40’ 49.9” +0.5” 
LBs Lint—Otv, Ov 6° 31’ 58.9” +0.2” 
LBs Lin = Ny bas 6’ 39,4” +0.5” 
Ly Ly —Niv 5° 28’ 19.3” +0.15” 
Ly Ly -—Nu 5° 23’ 39.3” +0.5” 
Ly3 Ly —Nin 5° 19’ 51.6” +0.2” 
Lys Lu —Ory 5° 17’ 25.5” +0.6” 








* See reference 3. b See reference 5. © See reference 1. 


checked. The difference between the two determinations 
was less than one-tenth of a second of arc (6 ppm). 

The wavelengths given in Table II were calculated 
from the Bragg law by using the effective first order 
grating space 2d,=6058.09+0.03 x-units. This value 
was obtained by defining, for the purposes of this 
article, one x-unit® as such that the Mo Ka; line’s 
central wavelength is \=707.8490 x-units. This line 
was measured in the calibration of our crystals,® and 
its Bragg angle was found to be 

6=6° 42’ 35.9"7+0.1”. 
The uncertainty in the measurement of this line was 
included as an additional independent uncertainty in 
the calculation of the wavelengths of the various lines. 

The results of the most recent previous measurements 
of these spectra are included for comparison in Table IT. 


VI. CONCLUSION 


The L spectrum of Pu has been measured by using 
conventional x-ray fluorescence with relative errors of 


8 It seems to us preferable, when highest precision is involved, 
to base the definition of the x-unit on a well-known, oft-measured, 
and highly reproducible x-ray emission line (such as Mo Kai) 
rather than on the grating constant of calcite. We have no test 
whereby the grating space of a sample of calcite can be proven to 
have the standard value other than by measuring such a line with 
it. The defining wavelength here tentatively selected is discussed 
in the appendix. 


Previous results 


Ciaéson* 


Wavelength (x-units) 


908.782+-0.007 908.69 
920.676+0.008 920.56 
718.509+-0.007 718.54 
753.140+0.008 753.14 
708.832+0.011 708.81 
746.460+0.008 746.39 
724.814+0.007 724.84 
786.759+0.008 786.78 
737.091+0.011 737.07 
734.500+0.060 734.64 
679.620+-0.007 679.6 
803.436+0.013 803.59 
1064.941+0.016 1064.89 
613.503+-0.007 613.50 
604.000+0.008 603.99 
597.354+0.007 597.30 
573.801+0.090 573.90 
575.526+0.008 575.45 
637.283+0.008 634.23 
593.6304-0.007 593.61 


Cauchois et al.* Rogosa and Peed* 


866.492 +0.008 866.8 866.52+0.18 
878.480+0.007 878.4 878.52+0.25 
676.321+0.008 676.5 676.45+0.22 
717.034+0.008 717.0 717.15+0.22 
667.332+0.021 667.50+0.29 
704.757 +0.016 704.93+0.20 
689.265+0.008 689.41+0.19 


749.937 +0.016 
577.698+0.008 
569.511+0.016 
562.847 +0.008 
558.580+0.018 


577.87+0.22 


4 See reference 2. 


less than 30 ppm. The Z spectrum of U has been 
investigated using the direct beam from a U-target 
x-ray tube, with relative errors in most cases of less 
than 15 ppm. The high intensity available from this 
source permitted measurements to be made with small 
angles of vertical divergence, so that the formulas and 
methods of correcting for the errors introduced by 
larger divergences could be verified. The results agree 
with those of previous work in the same laboratory to 
one-tenth of a second of arc. 


APPENDIX I. DEFINITION OF THE x-UNIT 
AS USED IN THIS ARTICLE 


Relative to each other the wavelengths of x-ray spectrum lines, 
as measured by the high precision methods employing crystal 
diffraction, are known in many cases with a precision from a part 
in 10‘ to a part in 10°. Somewhat over 5000 of these lines have been 
observed in the spectral region (from about 0.1 to 400 angstrom 
units) characteristic of different electronic transitions in atoms of 
the atomic table from Li to U. These lines constitute therefore a 
very reliable and reproducible set of fixed points in our scale of 
lengths in this region of length magnitudes. Unfortunately the 
unit in terms of which we express these wavelengths is, even today, 
not known in absolute value (e.g., in angstroms) with as much 
accuracy as the accuracy with which the x-ray line wavelengths 
can be measured relative to each other. The unit, in terms of 
which they are expressed, known as the x-unit, was originally 
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chosen by Siegbahn® with the intention that one x-unit would 
be as closely as possible equal to a milliangstrom. To do this, 
Siegbahn and others endeavored to calculate the grating constants 
in angstroms of the crystals they used, such as rock salt or calcite, 
employing a value of the Avogadro number, N, the bulk density 
of the crystal, p, the molecular weight of the molecule of which 
the crystal was composed, M, and a constant, @, depending upon 
the geometry of its unit cell. They took for the Avogadro number, 
N, a value computed by dividing the electrochemically deter- 
mined Faraday, F, by the electronic charge, e=4.774X 10” 
esu as determined by Millikan using his famous “oil drop” 
method. By such methods the “effective” value in first order 
reflection of the grating constant of the cleavage planes of calcite 
at 18°C came to be accepted as 
ds" = 3029.04 x-units. 


The true grating space (after correction for refractive index) 
corresponding to this was 


dis = 3029.494 x-units. 


When at a later date, however, a method was developed for 
measuring certain soft x-ray lines with artificially ruled gratings, 
calibrated using known optical wavelengths, it was found that a 
discrepancy existed between the ‘grating scale’’ of x-ray wave- 
lengths and the “crystal scale” of Siegbahn. Many hypotheses for 
this discrepancy were carefully examined and rejected one by 
one” until it was shown that the principal source of the dis- 
crepancy came from the fact that Millikan’s oil drop value of e 
was in error chiefly by reason of his having used an erroneous 
value of the viscosity of air in his calculations. In fact, the dis- 
crepancy indicated that the value of ¢ was more nearly 4.802 x 10-” 
esu. 

Thus Siegbahn’s “‘x-unit” (in terms of which the calcite grating 
constant has the value given above), is not exactly a milliangstrom 
as he intended. In Siegbahn’s calculation of d, other numerical 
factors, more accurately known today, also requize small revisions. 
In view of these errors it has come to be regarded as preferable to 
treat Siegbahn’s system of measure for x-ray wavelengths as a 
purely arbitrary system. It is fortunate that Siegbahn very wisely 
chose to call his unit by a distinctive name, the x-unit. We there- 
fore can no longer take one x-unit as equal to a milliangstrom, but 
because of the much greater relative accuracy with which the x-ray 
line wavelengths are known relative to each other we continue to 
express them in terms of x-units. It has become customary, on the 
contrary, to define the x-unit as such a unit that the “effective” 
grating space of calcite for first order reflection at 18°C is 


dys" = 3029.04 x-units. 


The true experimental datum of observation is, of course, the 
angle, @, at which an x-ray line of wavelength, d x-units, is reflected 
from the cleavage planes of a calcite crystal in the first order at 
18°C and this will be related to \ expressed in x-units by the 
Bragg equation: 

= 2dis" sind. 


The ratio of the x-unit to the milliangstrom unit, A=),/A,, is 
probably somewhere between 1.00202 and 1.00204. With the 
improvement in the level of precision with which most of the 
constants and conversion factors of physics are now known, it is 
highly desirable to improve our knowledge of A." As a first step 


* Manne Siegbahn, Spektroskopie der Roentgenstrahlen (Verlag 
Julius Springer, Berlin, 1931). 

1 For a brief account of the history in this connection, see the 
article by E. R. Cohen and J. W. M. DuMond, in Handbuch der 
Physik (Springer-Verlag, Berlin, 1957), Vol. 35, p. 1. 

" Work on A has been of two kinds, (1) measurements of the 
absolute angles of incidence and diffraction of x-ray lines using 

jlane gratings of which the best example is the work of J. A. 
Searden and (2) comparisons of soft x-ray line positions, recorded 
with a grazing incidence concave grating vacuum spectrometer, 
with the positions of calibrating spark line spectra from one- 


in this direction the authors of this paper believe that the definition 
of the x-unit as it is presently accepted, based on the grating 
constant of calcite, should be abandoned in favor of a more 
reliably reproducible definition in terms of a well-known x-ray 
line. Different samples of calcite from different parts of the world 
have been shown by J. A. Bearden” to reflect one and the same 
x-ray line at slightly different Bragg angles in the first order, for 
example, ranging over a variation of some 0.3 second of arc and 
in the fourth order, 0.7 second of arc. If calcite were taken as the 
conventional standard to define the x-unit it would therefore 
strictly be necessary for the International Bureau of Weights and 
Measures at Sévres to keep in a desiccator under extremely 
carefully controlled conditions one standard calcite crystal, or 
perhaps a pair of them for use in a two-crystal spectrometer, 
against which all other crystals for use by x-ray spectroscopists 
could be compared. Such a cumbersome procedure is clearly not 
in the spirit of modern physics where every effort is made to relate 
our standards to the most fundamentally reproducible natural 
units or constants obtainable. Just as the meter is, for the most 
accurate purposes, defined in terms of the wavelength of a spectral 
line in the optical region so the x-unit should be also defined in 
terms of an x-ray line. For this purpose we must select an x-ray 
line whose wavelength can readily and precisely be compared, by 
crystal diffraction or other methods, with the wavelengths of most 
of the other some 5000 x-ray lines (using single or successive 
multiple steps of comparison). 

For this standard reference line we tentatively propose the 
Mo Ka; line because of the great care and attention which has 
already been given to its study. There is every reason to believe 
that a wavelength definition based on this line can be consider- 
ably more reproducible than any definition in terms of a crystal] 
grating constant. What then shall we adopt as the conventional 
numerical value in x-units of the Mo Ka; line wavelength for the 
purpose of more precisely defining the x-unit? It is clearly desirable 
to improve the precision of our definition without shifting the 
magnitude of the unit outside the general range of uncertainty 
or irreproducibility within which it was formerly defined in terms 
of the calcite grating constant and in fact it would perhaps be 
desirable and most convenient to fix it in accord with the most 
representative value among many samples of calcite if such a 
dominant value could be established. All this must be done by a 
general conventional agreement which as yet does not exist. To 
tie down the precision results of the present article in the most 
definite possible way we therefore adopt, for the purpose of defining 
what we mean in this paper by the term one ‘‘x-unit,” the con- 
vention that the central wavelength value of the Mo Ka; line 


electron hydrogen-like atoms whose wavelengths can be theo- 
retically computed from our very precise knowledge of the 
Rydberg constant. The best example of the latter method de- 
veloped in Sweden has undoubtedly been the work of Folke 
Tyrén in his dissertation, 1940. Tyrén’s results are, unfortunately, 
now rendered invalid by the fact that the discovery of the Lamb 
shift in 1950 necessitates that all his calibrating wavelengths be 
recomputed. It seems likely that the discrepancy between Tyrén’s 
A=1.00199 and the higher average value arrived at by J. A. 
Bearden, A= 1.00203, is to be explained in this way. J. W. M. 
DuMond and E. R. Cohen, Phys. Rev. 103, 1583 (1956) ; J. W. M. 
DuMond and E. R. Cohen, in Handbuch der Physik (Springer- 
Verlag, Berlin, 1957), Vol. 35, pp. 10-16. Folke Tyrén, dis- 
sertation, Uppsala, 1940 (unpublished) ; J. A. Bearden, Phys. Rev. 
37, 1210 (1931); 48, 385 (1935). W. E. Lamb, Jr., and R. C. 
Retherford, Phys. Rev. 79, 549 (1950). 

12 J. A. Bearden, Phys. Rev. 38, 2089 (1931). 

18 That the wavelengths of x-ray lines can be very slightly 
shifted by effects of chemical combination has been known for 
many years. In the case of the Mo Ka line from a pure metallic 
molybdenum target in a well-evacuated outgassed and perman- 
ently sealed off tube however there is no evidence to show any 
relative irreproducibility comparable to the small fluctuations 
in crystal grating constants. The line wavelength is almost surely 
reproducible to +10 ppm. 
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profile (determined by means of the median points of chords“ 
across it as explained in this paper) shall be 707.8490 ‘‘x-units.” 
Should a later change in the convention modify this number it 
will be a simple matter for anyone to modify all our observed 
tabular wavelengths herein reported by the same proportional 
amount to suit the change in definition of the unit. We are aware, 
of course, that the conventional number we have here adopted 
for Mo Ka; differs slightly from the value in x-units (707.831) 
frequently quoted and tabulated for this line. The difference is in 
fact 25.4 parts per million. Our primary reason for our particular 
numerical choice is because it is consistent with assigning the 
conventional value of the effective grating space in the first order, 
d, =3029.040 x-units to the pair of calcite crystals we have used 
in this research. Since our particular pair of crystals might well 
be exceptional rather than representative, this alone is insufficient 
justification for such a choice, however. 

The value of the wavelength of the Mo Ka line defined in this 
article, namely 707.8490 x-units, is however also consistent with 
the conventional first order grating space of calcite, d)= 3029.04 
x-units, and the Bragg angle as found by other investigators in 
first order reflections using the two-crystal spectrometer. When 
the vertical divergence correction of Williams'® (whose validity 
Shacklett’s careful work® has completely verified) is applied, the 
resultant Bragg angle as obtained by Compton" from the natural 
cleavage planes of calcite is 


0,=6° 42’ 35.9,”. 


Tu,!" using the same formula for the vertical divergence correction, 
obtained the value 


0:=6° 42’ 35.5’40.1” 
from a natural cleavage face, and a value 
6:=6° 42’ 36.0"+9.1” 
after he had polished and etched the faces of his crystals. 


14 We are well aware that there is no unanimity of convention as 
to what feature of the spectral profile of an x-ray line to take as 
“the” wavelength. The maximum point, the center of gravity 
or “centroid,” the point of intersection of the tangents to the 
two points of inflection of the profile, and the common position 
of the median points of horizontal chords, have all been used or 
proposed. In the case of nearly all the x-ray lines determined with 
photographic spectrometers, a cross hair in the microscope of a 
comparator is simply made, by a subjective judgment, to divide 
the blackened image of the line as nearly in two as can be esti- 
mated. We believe that this latter process comes nearer to deter- 
mining the median point of horizontal chords than to any of the 
other procedures. There is a real difficulty with adopting the 
“centroid” of the profile as a definition. This stems from the fact 
that the line profile both according to theory and observation 
[the work of Archer Hoyt, Phys. Rev. 40, 477 (1932) Jis a “witch,” 
ie., 7(A)=A[1+ (A—Ao)?/W?}", wherein W is the half-width at 
half maximum height. In a strict mathematical sense this profile 
has no centroid since all its moments from the first on up diverge. 
In a practical sense this means that the exact position of the center 
of gravity is extremely sensitive to our choice of the positions 
where we chop off the tails of the curve on either side of the 
maximum for the purpose of determining the center of gravity. 
To symmetrize these positions appropriately we have to “beg the 
question” and use some other criterion than the centroid. 

We believe that the best choice of convention to fix “the” 
wavelength of a line will be the one which yields the most re- 
producible definition. It is our impression that the chord median 
point method does this. Of course, if the line is not symmetric, 
the method fails to give a definite answer without further detailed 
specification of the procedure, but this is true of any of the other 
proposals too. 

18 J. H. Williams, Phys. Rev. 40, 636 (1932). 

16 A. H. Compton, Rev. Sci. Instr. 2, 365 (1931). 

17Y. Tu, Phys. Rev. 40, 662 (1932). 
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Bearden,'* using an incorrect formula for the vertical divergence 
correction, obtained various values ranging from 


0,=6° 42’ 35.3” to 6,:=6° 42’ 35.6” 


from four different samples of calcite, which he obtained from 
different parts of the world. Williams’ formula for the vertical! 
divergence correction would raise this value slightly. The result 
of the present investigators and Shacklett® is 


0, =6° 42’ 35.9" +0.2”. 
The value chosen for the present definition of the x-unit is 
0, =6° 42’ 36.0”. 

The authors recognize that this is an arbitrary definition. It was 
made in this manner because it agrees with work done in this 
laboratory and with the work of other investigators using similar 
methods (i.e., the two-crystal spectrometer in the first order). 

Other investigations'® *'*-® have yielded different values for 
this wavelength. These results are indicated in Table III. It is 


TABLE III. Results of other investigations. 














Method d (x-units) Investigator 

Bragg ionization 

spectrometer 707.862 Allison and Armstrong* 
Photographic tube 

spectrometer 707.833 Larsson 
Double crystal spectrometer 

(fourth order) 707.843 Williams,* Compton 
Double crystal spectrometer 

(fourth order) 707.833 Bearden® 





4 See reference 16, 
© See reference 18, 


® See reference 19. 
» See reference 20. 
¢ See reference 15. 





the discrepancy in these results, as well as the differences in the 
Bragg angle as measured by Bearden” using different samples of 
calcite, which has prompted the present authors to propose a 
definition of the x-unit in terms of a spectral line, rather than one 
based on the grating space of calcite. 

From an examination of such work as that of Larsson and 
others by photographic methods and a comparison with the 
two-crystal spectrometer method in which precise angular 
measurements of crystal rotation are alone involved and the 
spectral profile of the line is quantitatively delineated by statistical 
counting of photons with a very definitely calculable statistical 
precision, we feel that more reliability can certainly be attached 
to the two-crystal spectrometer results than to the photographic 
results. The “tube spectrometer” work of Larsson, in which the 
cross hair of a micrometer comparator is simply centered by 
subjective estimation on the photographically recorded line image 
(see Plate 18 of the Larsson article for comparison with the line 
profile in our Fig. 2, for example), is nevertheless the basis for the 
tabular value, 707.831 x-units, given in the Cauchois-Hulubei 
tables. The estimated standard deviation of the mean value, 
(Ad)av, of Larsson’s seven comparator measurements (the first 
seven in his Table II, our reference 20) computed by accepted 
statistical formulas from the squares of the deviations of his 
individual measurements from their mean is +0.246 second of arc 
corresponding to about +10 ppm uncertainty in the Bragg angle 
and in the wavelength. It is by no means the intention of the 
authors to make a final decision in this definition, and the wave- 
lengths given in Table II may easily be modified when by general 
agreement such a definition is adopted. 

18 J. A. Bearden, Phys. Rev. 38, 1389 (1931). 


1S. K. Allison and A. H. Armstrong, Phys. Rev. 26, 701 (1925). 
* A. Larson, Phil. Mag. 3, 1136 (1927). 
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Measurements of He’ —He‘* and H, —D, Gas Diffusion Coefficients* 
Purr J. BENpvT 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received December 6, 1957) 
The gas diffusion coefficient for He*-He* has been measured between 1.74 and 296°K, and for H2-Dz 
between 13.9 and 296°K. The diffusion bridge used to make the measurements is described. The experi- 
mental results are compared with viscosity measurements, and with classical and quantum-mechanical 
calculations based on the Lennard-Jones 12-6 and on the modified Buckingham exp-6 intermolecular 
potential fields. 
I. INTRODUCTION by the expression 
Xei™==- Ddx;/dz, (1) 


NTEREST in the transport properties of gases 

results from the information they supply regarding 
intermolecular potential fields. A number of authors! 
has used measurements of viscosity and second virial 
coefficients of hydrogen and helium to determine con- 
stants in empirical potential functions. Measurements 
of the diffusion coefficient and thermal conductivity 
provide additional tests of the accuracy of these 
functions. 

There are no previous gas diffusion measurements on 
helium reported in the literature. With the exception of 
a single measurement at 20.4°K on hydrogen,? no gas 
diffusion measurements have been reported at tem- 
peratures lower than 78°K. To make measurements in 
the low-temperature region, an apparatus called a 
“diffusion bridge” has beer. built. 


II. ANALYSIS OF THE DIFFUSION BRIDGE 


The diffusion bridge is shown schematically in Fig. 1. 
A measurement is made while there is steady-state flow 
of gas through the four capillaries, A, B, C, and E, and 
through the ‘‘diffusion tube,” which joins the capillaries 
in the temperature bath. The pressures in the two 
reservoirs are adjusted according to the viscosities of 
the isotope mixtures flowing in the capillaries, so that 
the pressure gradient in the diffusion tube is made as 
small as possible. Capillaries C and £ are alternately 
connected to the mass spectrometer for analysis of the 
effluent gas. The mole fractions, x3, of He* with which 
the capillaries are labeled are illustrative of a typical 
measurement. 

The diffusion coefficient, D, is defined for a gas 
mixture of two isotopes, i and j, at uniform temperature 
and atomic density, m, in a frame of reference in which 
the gas as a whole is at rest, and in which a concentra- 
tion gradient exists in the z direction for each isotope, 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 J. de Boer and A. Michels, Physica 5, 945 (1938); H. S. W. 
Massey and R. A. Buckingham, Proc. Roy. Soc. (London) A168, 
378 (1938) ; 169, 205 (1939); E. A. Mason and W. E. Rice, 
J. Chem. Phys. 22, 522 (1954); Kilpatrick, Keller, and Hammel, 


Phys. Rev. 97, 9 (1955 ). 
?P. Harteck and H. W. Schmidt, Z. physik. Chem. B21, 447 


(1933). 
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where c; is the average diffusion velocity of isotope i. 
There are two equations which express continuity of 
flow through the diffusion tube: 


(2) 
(3) 


where gq; is the flow in atoms/second, a is the cross- 
sectional area, and » is the net flow velocity (due to 
pressure gradient) in the diffusion tube. Eliminating 
xic; between Eqs. (1) and (2), and integrating from the 
junction A, C to the junction B, E gives 


xi(E)—xi(C) 
nf 1+ 


xi(C)—9i/(qi+,) 
where / is the length of the diffusion tube. The quantity 
xi(C) stands for the concentration of isotope i in the 
effluent gas from capillary C, which is also the concen- 
tration at the A, C end of the diffusion tube. If isotope i 
enters the diffusion tube only through capillary B, we 
may write gi=—g(C)xi(C), where g(C) is the total 
flow rate through capillary C. If one writes Ax; for 
[xi(Z)—x:(C)], the second term in the brackets is 
nearly equal to [Ax:/xX;:][/é,], where x; and é@ are 
average values over the length of the diffusion tube. 


gi=naxi(c;+0), 
qitgj= nar, 


lv 





(4) 






Fic. 1. Schematic dia- 
gram of the diffusion 
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This expression was never larger than 0.02 during the 
measurements. Replacing the right-hand side of Eq. (4) 
with the first two terms of the expansion for In(1+) 
introduces an error less than 0.02%. This leads to the 
equation used to determine nD: 


(: 


Xi 


)( = ‘Nt (+ (q+99)] 
“2 AX: 


| (2)( ] 6 


If all of isotope 7 enters through capillary A, and all of 
isotope i through capillary B, then (¢;+4;) is equal to 
Lqg(E)x;(E)—q(C)x:(C) ]. During the helium measure- 
ments, He‘ entered through both A and B, and it was 
necessary to measure (9;+q,) by closing valves at the 
ends of capillaries B and E, and noting the change in 
qg(C). Owing to readjustment of the pressure at the 
diffusion tube, this change is }(q:+q,), provided the 
viscosity of the gas in capillary C does not change. 


a 





nD 


1 qitq; 


(C)+ (ata) 





III. APPARATUS AND ERRORS 


A schematic diagram of the apparatus is shown in 
Fig. 2. The four stainless steel capillaries were 0.006- 
in. i.d. and 20-in. long. The capillaries were vacuum 
jacketed, so that the gas flow rate, which varies with 
temperature through the temperature dependence of the 
viscosity, would not change with refrigerant level. 
Measurements were made with a stainless steel diffusion 
tube 0.0266-in. i.d. and 2.0075-in. long at 20°C. An end 
correction’ of 0.82 times the i.d. was added to the 


3 J. W. Strutt (Lord Rayleigh), Theory of Sound (Dover Publi- 
cations, New York, 1945), Vol. IT, p. 183. 


length to give //a= 1448.3 cm™ at 20°C. The change in 
1/a due to thermal contraction at low temperatures was 
calculated. Two brass cylinders yy-in. i.d. by $-in. long 
were soldered to the ends of the diffusion tube, with 
their axes in line with the tube. Two capillaries entered 
each cylinder, through opposite sides. 

Gas used in the experiment was purified by passing 
it through a liquid hydrogen or liquid helium trap. The 
gas pressure in the one liter reservoirs was varied 
between 15 and 30 mm Hg. Output from the capillaries 
was directed to a Consolidated Engineering Corporation 
model 21-201 mass spectrometer. The flow rates, q, 
from the capillaries were measured by calibrating the 
sensitivity of the mass spectrometer at some time during 
each measurement. This calibration was made by 
comparing the mass spectrometer signal voltage with 
the quantity of gas collected in an evacuated bulb 
during a measured time of 5 to 10 minutes. 

Systematic errors dependent on physical measure- 
ments of the apparatus, calibration of thermometers, 
etc., are believed to be an order of magnitude smaller 
than errors associated with measurements of isotope 
concentration and gas flow. Small fluctuations in sensi- 
tivity of the mass spectrometer, and in steady-state 
flow through the diffusion bridge, especially at low 
temperatures, limited the accuracy of the measure- 
ments. Every measurement was repeated three to six 
times, and the errors quoted in Tables I and III are 
the standard deviation of repeated measurements. 

The value of //a of the diffusion tube was not large 
enough for precise measurements when Dy (y is the 
reduced mass) is larger than about 70X 10~* g/cm-sec. 
The limitation is that Ax; in Eq. (5) becomes a small 
difference between two nearly equal numbers. 

It was necessary that the flow rate through the 
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He*-He*‘ AND H:-Dz GAS 
capillaries be sufficiently fast that a concentration 
gradient was not set up in the capillaries due to the 
thermal gradient between the low temperature bath 
and room temperature. The criteria used to establish 
that measurements were not affected by thermal con- 
centration gradients was that the measurements should 
not be dependent on the lapsed time from the start of 
gas flow. To support an adequate flow required the 
pressure in the diffusion tube to be about 9 mm Hg at 
liquid helium temperatures. Condensation of the helium 
gas at this pressure prevented making diffusion meas- 
urements at lower temperatures than 1.74°K. 


IV. RESULTS FOR He'— He‘ 


The quantity nD has been measured at various tem- 
peratures between 1.74 and 296°K. One reservoir bulb 
contained pure He‘, and the other 15.88% He’ in He‘, 
so the average concentration X; equaled 7.94%. Experi- 
mental values are tabulated in Table I, and nDy is 
plotted in Fig. 3. The quantity uw is the reduced mass 


TABLE I. Measurements of the He®-He‘ gas diffusion coefficient. 





Temp. P nDy D(760 mm) Error 
°K 10~* g/cm-sec cm?/ sec % 
1.74 3.99 6 
2.00 449 4 
2.31 5.21 3 
2.66 5.75 2 
3.08 6.32 3 
3.96 7.66 2 

14.4 18.1 0.0124 3 
19.6 21.2 0.0199 2 
64.8 47.5 0.147 3 
76.1 51.4 0.187 2 
192 91.7 0.843 4 
296 118 1.68 4 


| 
i 
| 
| 
| 
| 
| 
| 
| 
| 
! 
| 
| 
i 


for a collision of a He* atom with a He‘ atom, equal to 
2.8454 107 g, 

It is of interest to compare the agreement between 
theory and experiment for viscosity as well as for the 
diffusion coefficient. This is because the collision in- 
tegrals used to calculate the two phenomena are 
different. The third transport property, thermal con- 
ductivity, is calculated from the same collision integrals 
as the viscosity. 

Measurements‘ of the viscosity (He) are also 
plotted in Fig. 3. Above 14°K, both n(He*) and nDy can 
be represented quite well by straight lines on a log-log 
plot against temperature. The temperature dependence 
of the two quantities is the same within the experi- 
mental error of the measurements, and equals 7°, 
Measurements’ of the thermal conductivity of Het show 





*H. L. Johnston and E. R. Grilly, J. Phys. Chem. 46, 948 
(1942); Van Itterbeek, Schapink, van den Berg, and van Beek, 
Physica 19, 1158 (1953); Becker, Misenta, and Schmeissner, 
Phys. Rev. 93, 244 (1954); Z. Physik 137, 126 (1954); E. W. 
Becker and R. Misenta, Z. Physik 140, 535 (1955). 

5 J. B. Ubbink and W. J. de Haas, Physica 10, 465 (1943). 
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Fic. 3. Viscosity n(He*) and nD(He*-He*)u. Viscosity measure- 
ments* above 80°K by Johnston and Grilly; 14 to 20°K by 
Becker and Misenta; below 4°K, dots by Becker, Misenta, and 
Schmeissner, and crosses by Van Itterbeek et al. 


that it also has the same temperature dependence over 
this range. 

The self-diffusion coefficient D(He*) for He* can be 
obtained from the experimental data by applying the 
mass correction factor,® 


D(Het*) = [2ms3/(ms+m,) }'D(He*— He*) 
=0.927D(He’—He'*), (6) 
TABLE II. Potential function constants used in calculating 


viscosity and diffusion coefficients. 














Helium Hydrogen 
Lennard-Jones 12-6: 
Classical 
e/k (°K) 10.22" 33.3" 
o (angstroms) 2.576" 2.968" 
Quantum-mechanical 
e/k (°K) 10.22 37.0° 
o (angstroms) 2.556 2.928¢ 
Buckingham exp-6: 
Classical 
e/k (°K) 9.16° 37.3° 
rm (angstroms) 3.135¢ 3.337¢ 
a 12.4° 14.0° 


Buckingham exp-6-8 : 
Quantum-mechanical 


e/k (°K) 10.174 
rm (angstroms) 2.9434 
a 13.64 

B 0.24 





* See reference 6, p. 1110. 

> See Cohen, Offerhaus, and de Boer, reference 9. 
¢ See Mason and Rice, reference 1. 

4 See Buckingham and Scriven, reference 9 

¢ See reference 12. 


® Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases 
and Liquids (John Wiley and Sons, Inc., New York, 1954), 
Chap. 8 and Appendix. 
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TABLE III. Measurements of the H»-Dz gas diffusion coefficient. 














Temp. nDu D(760 mm) _ Error 

4 10-§ g/cm-sec cm?/sec % Author 

13.9 4.27 2 

19.5 6.38 1 

20.4 6.26 0.00706" 2.5 Harteck and Schmidt> 

65.1 22.0 0.0871 2 

76.6 24.9 0.116 2 

85 28.7 0.1498 4.7 Harteck and Schmidt» 
192 49.8 0.583 2 
273 66.8 1.1138 0.3 Harteck and Schmidt» 
288 70.5 1.24 Heath, Ibbs, and Wilde 
293.2 67.7 1,218 Waldmann? 
296 70.2 1.27 3 








® Mass correction factor Eq. (7) applied to original measurements. 
> See reference 2. 

¢ See Heath et al., reference 10. 

4 See Waldmann, reference 10. 


where m; and m, are the atomic weights of the 
isotopes. The value of the Schmidt number S(He‘) 
=n(He*)/pD(He*), where p is the gas density, is 0.76 
+0.02 at 0°C. This may be compared with the following 
values obtained for other low-mass gases’ : S(Ne) = 0.73, 
S(A)=0.75, S(N2)=0.74, S(CH4)=0,70, S(O2)=0.74, 
S(CO,)=0.71, and S(H2)=0.73. 

Using the collision integrals 2“”* given in Hirsch- 
felder, Curtiss, and Bird,* we have calculated classically 
the viscosity and diffusion coefficient using the Lennard- 
Jones 12-6 potential function,® and also using the 
modified Buckingham exp-6 potential: function.* The 
constants used in the potential functions are given in 
Table II. The results, as shown in Fig. 3, are in poor 
agreement with the measurements below about 60°K. 

Quantum mechanical calculations of the viscosity and 
the diffusion coefficient have been made up to 4.1°K by 
Cohen, Offerhaus, and de Boer,’ using the Lennard- 
Jones potential, and up to 5°K by Buckingham and 
Scriven,’ using a modified Buckingham potential with 
an added 8-power attractive term. The low-temperature 
measurements of the diffusion coefficient lie nearly 
midway between the theoretical curves of de Boer and 
of Buckingham. 

Keller® has extended the quantum mechanical vis- 
cosity calculations using the Lennard-Jones potential 
(LJ1), and an exp-6 potential, up to 40°K. Best agree- 
ment with measurements by Becker and Misenta‘ in 
the 14-20°K range was obtained with the calculations 
based on LJ1, which are shown in Fig. 3. Below 4°K, 
the calculations of de Boer, Buckingham, and Keller 
are all very similar, and agree with the viscosity meas- 
urements of Becker, Misenta, and Schmeissner.‘ The 
viscosity measurements of Van Itterbeek ef al.‘ are 
about 10% higher. 


V. RESULTS FOR H,—D, 


Diffusion measurements were made using hydrogen 
gas which analyzed 99.53% He and 0.47% HD, and 


7 See reference 6, p. 16. 

8 See reference 6, p. 180. 

®R. A. Buckingham and R. A. Scriven, Proc. Phys. Soc. 
(London) A65, 376 (1952); Cohen, Offerhaus, and de Boer, 
Physica 26, 501 (1954); W. E. Keller, Phys. Rev. 105, 41 (1957). 
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deuterium gas which analyzed 98.31% Dz and 1.69% 
HD. The ortho- and para-compositions of the hydrogen 
and of the deuterium were the equilibrium compositions 
at room temperature. The average concentration X,4 at 
which measurements were made was 49.45%. During 
the diffusion measurements, the concentrations of HD 
molecules at the two ends of the diffusion tube were 
very nearly equal, and in this situation the correct 
procedure for calculating the product nD from Eq. (5) 
is to ignore the presence of the HD molecules. 

Experimental values, as well as previous measure- 
ments?-’° of the diffusion coefficient of ortho- and para- 
hydrogen and of H:—Dz, are tabulated in Table III, 
and nDy is plotted in Fig. 4. Here m is the density of 
H, and Dz molecules, and yu is the reduced mass, equal 
to 2.2312 10-* g. The self-diffusion coefficient D(H2) 
is obtained by applying the mass correction factor, 


D(He) = [2m,/ (m2+mz,) }'1D(H2.— D2) 
=1.155D(H:—D,). (7) 


Measurements!! of n(He) are also plotted in Fig. 4. 
Above 65°K both the viscosity and nDy can be repre- 
sented quite well by straight lines on a log-log plot 
against temperature. The temperature dependence of 
the two quantities is not the same, mDy being pro- 
portional to T°’, while »(H2) is proportional to 7°-**, 
The value of the Schmidt number S(H:)=0.73+0.015 
at 0°C. 

Using the collision integrals Q“)* given in Hirsch- 
felder, Curtiss, and Bird,® we have calculated classically 
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Fic. 4. Viscosity 7(H2) and nD(H»-De)u. Viscosity measure- 
ments" above 90°K by Johnston and McClosky; below 90°K by 
Becker and Misenta. 


%” Heath, Ibbs, and Wild, Proc. Roy. Soc. (London) A178, 380 
(1941); L. Waldmann, Naturwissenschaften 32, 223 (1944); 
Z. Naturforsch. 1, 59 (1946). 

1H. L. Johnston and K. E. McCloskey, J. Phys. Chem. 44, 
so E. W. Becker and R. Misenta, Z. Physik 140, 535 














He*#-Het AND H:2-D, 
the viscosity and diffusion coefficient using the Lennard- 
Jones 12-6 potential function, and also using the 
modified Buckingham exp-6 potential function. The 
constants used in the potential functions are given in 
Table II; the results are plotted in Fig. 4. It can be 
shown that no choice of parameters for either potential 
function can give better agreement between classical 
calculations and measurements for both viscosity and 
diffusion coefficient, in the 14 to 20°K temperature 
range. 

Cohen, Offerhaus, van Leeuwen, Roos, and de Boer’? 
have made quantum mechanical calculations up to 
22°K of n(H2) and pD(ortho-para-H,), using the 
Lennard-Jones potential. Their viscosity calculation is 
shown in Fig. 4. Their diffusion coefficient results have 
been multiplied by mu/p and by the mass correction 
factor, Eq. (7), before plotting in Fig. 4. According to 
the principle of corresponding states, the mass correc- 
tion factor applies to the quantum mechanical calcu- 


% Cohen, Offerhaus, van Leeuwen, Roos, and de Boer, Physica 
22, 791 (1956). 
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lation, since the diffraction effects depend in this 
manner on the masses of the colliding particles. Since 
H, and Dz are different molecules, just as ortho-H, 
and para-H, are different molecules, the quantum 
mechanical symmetry effects should be the same, and 
the calculation of Cohen e al. should apply to the 
H.— D; diffusion coefficient. The measurements at 13.9 
and 19.5°K are about 20% below the quantum mechani- 
cal calculations. 

Classical calculations in second approximation indi- 
cate the dependence of the diffusion coefficient on 
H,— Dz isotopic ratio increases with temperature. At 
300°K, the change in diffusion coefficient between a 
50%-50% mixture and a 95%-5% mixture is about 
().7%. The experiment is not sufficiently precise to look 
profitably for this effect. 
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Nuclear Levels in P*’, S*, and S**} 
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Targets of natural antimony sulfide have been bombarded with deuterons accelerated by the MIT-ONR 
electrostatic generator to energies of 6.0 and 6.5 Mev. Charged reaction products, protons, alpha particles, 
and elastically scattered deuterons, were observed at angles of 50, 90, and 130 degrees to the deuteron beam 
with a high-resolution, broad-range magnetic spectrograph. 

The ground-state Q value of the S*(d,a)P® reaction is measured as 4.887+-0.010 Mev. The previously 
reported first level in P® appears to be a doublet with components at 0.680 and 0.708 Mev. On intensity 
grounds, an isobaric spin T=1 is assigned to the lower level. Twenty-eight additional levels in P® are ob- 
served in a region of excitation up to 5.8 Mev. 

The ground-state Q value of the S*(d,p)S* reaction is 6.413+-0.006 Mev, and one hundred four levels are 
observed up to an excitation energy of 8.0 Mev. Some levels stand out as single-particle states because of the 
high intensities of the corresponding proton groups. 

Six weak proton groups were assigned to the S*(d,p)S* reaction. The ground-state Q value is 4.757+0.010 
Mev. 


I. INTRODUCTION been collected from the Si**(p,7)P® reaction, showing 
that in P® this state is to be found at an excitation 
energy of 0.69 Mev. Recently, however, the T=1 
character of this state has been questioned, because an 
intense alpha-particle group proceeding to this level 
has been observed from the S®(d,a)P*® reaction.* The 
isobaric spin-selection rule only allows transitions to 
T=0 levels in this reaction. 

Ground-state Q-value measurements of reactions 


N the last few years, there has been a considerable 
interest in the level schemes of self-conjugated 
odd-odd nuclei. Of prime importance is the position of 
the lowest J/=0*+, T=1, state. Strong evidence’? has 


t This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

1 Endt, Kluyver, and van der Leun, Phys. Rev. 95, 580 (1954). 

2 Broude, Green, Singh, and Willmott, Phys. Rev. 101, 1052 ©.—————— 

1956). 3L. L. Lee and F. P. Mooring, Phys. Rev. 104, 1342 (1956). 
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leading to and from P* also yield conflicting results. 
While the P*° mass found from the P® beta decay‘ is in 
good agreement with an earlier less accurate determi- 
nation from the Si*®(p,y)P® reaction,’ it is not in 
agreement with the values computed from the recently 
reported Al?’(a,n)P*® threshold® or from the S®(d,a)P* 
reaction energy.* 

The reasons given above made it interesting to start 
a new investigation of the S®(d,v)P*® reaction by high- 
resolution magnetic analysis. In addition to alpha 
particles, protons from the S*(d,p)S* reaction were also 
observed in the deuteron bombardment of sulfur 
targets. With the latter reaction, the S* level scheme 
as found earlier from the Cl**(d,a)S* reaction® could 
be checked; furthermore, this level scheme could be 
investigated to much higher excitation energy. 

Finally, some weak proton groups were observed that 
were assigned to the S*(d,p)S** reaction. 


II. EXPERIMENTAL PROCEDURE 


Deuterons accelerated with the MIT-ONR electro- 
static generator’ were used to bombard thin antimony 
sulfide targets obtained by evaporation onto Formvar 
films strengthened by a thin evaporated gold layer. The 
sulfur was of natural isotopic constitution. Energies of 
charged reaction products emitted from the target at 
angles of 50, 90, and 130 degrees to the deuteron beam 
were determined with a broad-range magnetic spectro- 
graph.*® Nuclear emulsions served for particle detection. 

Two bombardments were performed at a deuteron 
energy of 6.542 Mev and at detection angles of 90 and 
130 degrees. Both exposures were made at a spectro- 
graph field setting so that the secondary particles, 
corresponding with an excitation energy up to 4.4 Mev 
in P* and up to 6.9 Mev in S*, were focused on the 
nuclear emulsions. Weak proton groups were observed 
in these exposures that might be attributed to the 
(d,p) reaction from one or both of the antimony 
isotopes. To diminish their intensity still more, six 
bombardments were performed at a lower deuteron 
energy (£,=6.006 Mev) at detection angles of 50, 90, 
and 130 degrees. At this deuteron energy, two different 
spectrograph field settings were used so that the 
secondary particles, corresponding either with an 
excitation energy up to 4.6 Mev in P*® and up to 7.0 
Mev in S*® or with an excitation energy up to 5.8 Mev 
in P*® and up to 8.0 Mev in S*, were focused on the 
nuclear emulsions. At the last field setting of the 
spectrograph, only the four most energetic proton 
groups from the S*(d,p)S®* reaction were not recorded. 


4D. Green and J. R. Richardson, Phys. Rev. 101, 776 (1956). 

5B. S. Burton and R. M. Williamson, Bull. Am. Phys. Soc. 
Ser. II, 1, 264 (1956). 

6 Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 

7 Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 
91, 1502 (1953). 

8 Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956) ; 
C. P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 
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The bombardment at Ey=6.542 Mev, 6=90 degrees, 
was on a rather thick target, yielding relatively poor 
resolution with alpha-particle groups of about 40-kev 
half-width. The resolution was not optimal in the 
bombardment at Eg=6.006 Mev, 6=50 degrees, where 
the secondary particles had to penetrate the target 
backing, which probably was not of uniform thickness. 
The latter exposures were not used for (d,a) Q-value 
determinations. In all other exposures, the half-width 
of the alpha-particle groups was about 20 kev, while 
that of the proton groups did not exceed 9 kev. 

The energy shift as a function of angle and of bom- 
barding energy was used to distinguish S®” groups from 
S* and contaminant groups. 

The actual bombarding energy used in Q-value 
calculations was computed from observation of the 
deuteron group elastically scattered from S®*. In all 
cases, the bombarding energy thus found agreed within 
3 kev with the value computed from the field setting 
of the 90-degree beam-deflecting magnet. 


Ill. THE S**(d,a)P* REACTION 


The alpha-particle spectrum obtained from the 
bombardment at E,=6.006 Mev, 6=50 degrees, is 
shown in Fig. 1. Thirty-one groups are assigned to the 
S*(d,v)P® reaction, while other groups result from C¥ 
and O'* in the Formvar. The large width of group (22) 
and the high background between groups (26) and (27) 
are also ascribed to the C(d,a)B" reaction. The low 
broad groups at d= 41.7 and 31.4 cm were not identified. 
They do not appear in other exposures. No groups 
could be found from the S*(d,a)P® reaction. 

The Q value of the S®(d,a)P® reaction is determined 
to be 4.887+0.010 Mev. It can be used to compute the 
P® mass excess. In Table I, the value thus obtained is 
compared with values of the P® mass found by other 
authors*~*.* from several nuclear reactions. The masses 
taken for n, p, d, a, Al’’, Si”, Si®, and S* are those 
adopted in the review article by Endt and Braams.” 
It is seen that the P® mass, as determined from the 
present measurement, is in very good agreement with 
the values found from the Si*(p,7)P* and P%(e*)Si* 
reactions, while the S*(d,a)P*° measurements given in 


TABLE I. The P® mass excess as computed from 
different nuclear reactions. 





Q-value P® mass excess 

Reaction (Mev) (Mev) Reference 
Si? (p,y)P” 5.570+0.030 —11.315+0.030 9 
P*(Bt)Si® 4.26 +0.04 —11.31 +0.04 4 
AP7(a,n)P® —2.969 —11.011 5 
S*(d,a)P” 4.83140.013 —11.262+0.013 3 
S* (dja) P® 4.887+0.010 —11.308+0.010 Present 

measurement 





®C. van der Leun and P. M. Endt, Phys. Rev. 110, 96 (1958), 
following paper. 

1 P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
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reference 3 and those of the Al?’(a,n)P® reaction give 





















































widely different results. és 3 HNO #5 eisai 
Excitation energies of P*® levels observed in the O| *a L 
present investigation are given in Table II. All values ag 
are averages of at least two, but mostly four, separate i i 
determinations. No single measurement deviated by Z | 
more than 4 kev from the average. = ? « - o 5 
It is seen in Fig. 1 that levels (1) and (2) in P® form 3 ~ ae cs 
a close doublet. The transition to level (1) is very weak. = pe i fe & . ‘ Z 
' The intensity relative to the transition to level (2) is z 08 5 " a ee < é 
0.15 at Ey=6.0 Mev, 6=50 degrees (Fig. 1), while it is ao Fs x Pa See 
0.08 at 6.0 Mev, @=90 degrees; 0.20 at 6.0 Mev, “ uf 3 5 " =o O24 
6=130 degrees; and only 0,02 at 6.5 Mev, 6=130 & wy ® — 5 
: ’ ? ; 2 j— Ona WY Fe oa e es | 
degrees. Thus, level (1) should presumably be identified cs = —w a s ae) ol < 
° - | = 
with the J/=0*+, T=1, state found from the Si®(p,y)P® ag7> o © Oo. @ 
reaction.? That in the S®(d,a)P® reaction a transition a > oF re) { 9 s 
to this level has been observed at all implies a break- & ° - . < » 
down of the isobaric spin-selection rule, which also 7 < Ls of oF —= Y 
has been found recently in other analogous cases." = ; 2 
Level (2), which presumably has T=0 character, is 3 | a 8 
probably the level observed by Lee and Mooring’ in : E 
their investigation of the S*(d,a)P® reaction at rela- = pt re) ea 
tively low resolution. More evidence as to the doublet ee —| 5 
character of the first level in P® is given in the following 1 %, 
paper. o| 38 | 8 
In P® there must also exist 7 = 1 states, corresponding - | 3 ; vA 
to the known Si* levels at 2.24, 3.51, and 3.79 Mev." | %e: oo ok & 
After correcting these values for the Coulomb energy 7 tet oe Oe £ 
and neutron-proton mass difference, the analogous =H a 0 
states in P*® should be expected at 2.92, 4.19, and 4.47 pt | , oe = ‘s 
Mev. They should probably be identified with levels 5 eee ro 
(8), (14), and (19) at 2.937, 4.181, and 4.501, respec- =f E 
tively. The violation of the isobaric spin-selection rule a a 
is more pronounced in these cases, the average in- E 
tensities of the corresponding (d,a) groups being about Q- - 
50% of that of neighboring groups corresponding to E 
T=0 final states. Evidence for the T=1 character of 5 
levels (8) and (14) is also found from the Si*(p,7)P® 3) = 
reaction.® a EC = = 
The excitation energies of levels (2), (3), and (4), oe . E 
which were measured here as 0.708+0.008, 1.451 * 2 
+0.010, and 1.972+0.010 Mev, respectively, are in S o— 8 
reasonable agreement with the values of 0.693, 1.440, O14 sa Pe See = 
© oa oO 
= 5 2 
TABLE II. Excitation energies (in Mev) of P® levels as observed Riccoitens 2 
from the S®(d,a)P® reaction. © ie — Oy 
a iieipan hi-res eer a a8 = 
n oe et J 
(1) 0.680+0.010 (11) 3.83640.010 (21) 4.734+40.010 wo 7 = °o i ws 
(2) 0.708+0.008 (12) 3.92640.010 (22) 4.929+0.010 g ee - 
(3) 1.45140.010 (13) 4.14140.010 (23) 5.024+0.010 OTST EE g 
(4) 1.97240.010 (14) 4.18140.010 (24)  5.200+0.010 oS Kc  oihagretee 5a = 
(5) 2.538+0.010 (15) 4.230+0.010 (25) (5.23340.010) o Sc. ns pe 
(6) 2.72340.010 (16) 4.29640.010 (26) 5.412+0.010 com urs & meer: | 
(7) 2,83940.010 - (17) 4.342+0.010 (27)  5.504+0.010 w we. et. a 
(8) 2.937+0.010 (18) 4.421+0.010 (28)  5.598+0.110 8 a 
(9) 3.018+0.010 (19) 4.50140.010 (29)  5.700+0.010 g | 
(10) 3.73440.010 (20) 4.62540.010 (30) 5.790-4.0.010 GS =a} 
6.0) C2.:%. 2 
teen thik Mest es @ h = 48 & = 








1C, P. Browne, Phys. Rev. 104, 1598 (1956); and Bull. Am. a 
Phys. Soc. Ser. II, 1, 212 (1956). dIdlS WA % Yad SFIDILYVd VHdIV 30 YSEWNN 
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Fic. 2. Level scheme of P®, in comparison with 
known level scheme of Si*. 


and 1.97 Mev found by Lee and Mooring.’ A comparison 
with excitation energies obtained from the Si**(p,7)P* 
reaction will be given in the following paper.® 





The P* level scheme, as observed from the S®(d,a) P*° 
reaction, is shown in Fig. 2. To compare the excitation 
energies of T=1 states, the level scheme of Si*®, as 
given in the review paper by Endt and Braams,"® has 
also been drawn. The Si*® ground state has been 
aligned with the 0.680-Mev level in P®. 


IV. THE S**(d,p)S** REACTION 


The proton spectrum, as observed from the bombard- 
ment at E,=6.006 Mev, 6=90 degrees, is given in 
Fig. 3. It contains groups (4) through (104) resulting 
from the S*(d,p)S* reaction. Groups (0), (1), (2), and 
(3) are shown in the insert of Fig. 3. This part of the 
spectrum was taken at a higher spectrograph field 
setting. Two intense groups, marked C™, are attributed 
to the C"(d,p)C* reaction, and two others, indicated as 
O", are attributed to the O'*(d,p)O" reaction. The 
weak groups marked S*, which are ascribed to the 
S*(d,p)S*® reaction, will be dealt with in Sec. V. Some 
other quite weak groups, visible between the S*(d,p)S* 
groups (1) and (2) in Fig. 3, probably result from the 
Sb(d,p) reaction, but it is impossible to say from which 
of the two stable antimony isotopes these groups 
originate. 

Not all one hundred and five proton groups finally 
assigned to the S*(d,p)S® reaction are evident in 
Fig. 3. Group (34) and groups (83) through (87) 
coincide with intense contaminant groups. These groups 
were observed in the exposures at y=6.006 Mev, 
6=130 degrees and 6=50 degrees. Other groups, for 
example (47) and (48), (67) and (68), and some groups 
in the (70) to (82) region, are poorly resolved in Fig. 3. 
The most detailed information was obtained from the 
spectrum taken at Ey=6.006 Mev, 6=130 degrees, 
where the resolution was still slightly better than in 
Fig. 3, although the exposure was shorter, making the 
statistics somewhat worse. In this spectrum, groups 
could be separated leading to S®* levels with only 5-kev - 
difference in excitation energy. If it assumed, however, 
that levels are distributed at random, it must be ex- 
pected that, even with this high resolution, an 
appreciable number of levels are missed because they 
are closer than 5 kev to other levels. It is estimated that, 
up to an excitation energy of 5 Mev, essentially all 
levels have been detected, while approximately one 
level might have been missed in the 5- to 6-Mev region, 
four levels in the 6- and 7-Mev region, and twelve 
levels in the 7- to 8-Mev region. 

The ground-state Q value of the S*(d,p)S* reaction 
is measured as 6.413+-0.006 Mev. Other measurements 
by magnetic analysis have yielded values of 6.422 
+0.011 Mev” and 6.408+0.020 Mev.’ Another compar- 
ison value can be found by subtraction of the 
measured Q value of the Cl**(p,a)S® reaction from 
that of the Cl*(d,a)S* reaction. For the former 


2 Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951). 
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reaction, ( values are published of 1.865--0.015 Mev,” os ] T T 

1.863+0.008 Mev," and 1.860+0.005 Mev,"* yielding O-| = "**s + g 
an average value of 1.861+0.004 Mev. The Q value m2) to = Suis oO ee 
given for the Cl**(d,a)S® reaction is 8.277+0.010 Mev.® - y= TE. s $ 
From these, the Q value of the S*(d,p)S®* reaction is : * a o 
computed as 6.4162-0.012 Mev, in very good agreement 1 y 2 o 
with the value measured here. 3 4 af . 
The excitation energies of S* levels as found from $ ow _| 2 4 > eee is: ME Oe 
the present measurements are given in Table III. zo sae | ' g me 8 
- a lal 
They cover the region from the S® ground state up toan > os 2. 
excitation energy of 8 Mev. Originally it had been the © ak 4 és -So & 
“ intention to extend the measurements to the neutron W a % S” connk z 
ee . . Zz oO > 4 ” r O = 
binding energy at 8.646 Mev, but the high level density (j Hog | 2 S 
about 8 Mev made an exploration of this region zO_| - 7 5 | ie 
impossible. Again, the values given in Table III are O@ . 4 ee we: Te 
averages of from two to five separate determinations o 2 4 9 2 4 % 
. . ° . = 4 3 
with no single measurement deviating by more than % os ee. a Te 
5 kev from the mean. So ; ig § St a" & 
No previous high-resolution investigation has been owt” 8 = & 
performed of the $*(d,p)S* reaction. By absorption 24 m1 = | 3 
methods, Smith and Pollard'*® found S* levels at 1.05, n 6 —ns a 
2.17, 3.22, 4.33, and 5.32 Mev, while Davison" reported a 7% 3 
levels at 0.79, 1.90, 2.17, 2.85, 3.15, 3.88, 4.15, 4.42, 8 Sy coer ee ‘ 
a il Oo o “4 ~ 
4.70, 5.11, 5.63, and 6.30 Mev, all +0.05 Mev. The a mS Se 
strongest proton groups observed by Holt and Marsham"* 2 _te : 5 e 3 i s 
” = | hes | oe 
- ar ie n v ey O 5 
Tasve III. Excitation energies (in Mev) of S* levels Se s n Te. | g 
observed from the S®(d,p)S* reaction. ~ « dhs mate . = 
awe © 8 an = 4 ‘ 
irrrrnereecmmmmamenn 7 SS fe s 
(1) 0.839" (27) 5.399 (53) 6.616 (79) 7.475 n 0 DJ > pee E 
(2) 1.965 (28) 5479 (54) 6.676 (80) 7482 67 i Oa = 
(3) 2.314 (29) 5.597 (55) 6.689 (81) 7.487 - o/ Sas, Saey » 
(4) 2.869 (30) 5.613 (56) 6.710 (82) 7.503 a = fae 4 ~ 
(5) 2936 (31) 5.622 (57) 6720 (83) (7.560) Li % S oA z 
> - - “4 y= " se F 
(6) 2.971 (32) 5.711 (58) 6.788 = (84) (7.579) Y Oost mi ee erie ie 
(7) 3.222 (33) 5.864 (59) 6.892 (85) (7.589) 6 ee Sel (7) = 
(8) 3.832 (34) 5.888 (60) 6.903 (86) (7.595) o | 2 Gee 3 ay oatl RK 
(9) 3.935 (35) 5.915 (61) 6.965 (87) (7.601) 67 > O-- 0 SSS a 
(10) 4.049 (36) 5.982 (62) 6.999 (88) 7.615 # “6 8. GF —a—eas = 
(11) 4.095 (37) 6.067 (63) 7.017 (89) 7.629 a5 oS = 
(12) 4.145 (38) (6.079) (64) 7.037 = (90)_—- 7.658 2 6§ pA ag 2 
(13) 4.211 (39) 6101 (65) 7.133 (91) 7.693 5 2 saat a = 
(14) 4.377 (40) 6.131 (66) 7.164 (92) 7.711 - © iad SDS eee ~ 
(15) 4.425 (41) 6.234 = (67) 7.183 (93) 770 IO = 37" °° 5 
(16) 4.732 (42) 6.261 (68) 7.190 (94) 7.766 dl A i ‘eee, gen pee £ 
(17) 4.747 (43) 6310 (69) 7.254 (95) 7.779 2 z 3S {ae _o z 
(18) 4.869 (44) 6326 (70) 7.330 (96) 7.797 pew. Sin 3 ee) 2 
(19) 4.919 (45) 6360 (71) (7.335) (97) 7.828 j— — <= 5 
(20) 4.941 (46) 6.372 (72) 7.353 (98) _—7.840 ” 5 0%... 3] 4 
(21) 5.177 (47) 6416 (73) 7.359 (99) 7862 O_| . *ta 5 
(22) 5.210 (48) 6.427 (74) 7.369 (100) 7.892 oa) 9 Se o 
(23) 5.272 (49) 6487 (75) 7.401 (101) 7.906 c ee a Fh 3 
(24) 5.287 (50) 6.513 (76) 7.413 (102) 7.983 © tt Hy pI :) 
(25) 5.340 (51) 6526 (77) 7.452 (103) 7.991 @ et | 2 
(26) 5.351 (52) 6.559 (78) 7460 (104) 8.015 e San | eae . 
ee — in |  — bs... ee... 
® The experimental error amounts to 6 kev for all levels, except for (1), to hed ra => ben old oe Gi ie 
which was assigned an error of 5 kev. “y =—-: all a Pe & 

ED 1 @ ae 2 se ange | 
13 : ae e i oe paar E 
Almaqvist, Clarke, and Paul, Phys. Rev. 100, 1265(A) (1955). o Q ' omer ——"s bo 
“ Endt, Paris, Sperduto, and Buechner, Phys. Rev. 103, 961 6 2 ‘ uepememnammmncs 5 
(1956). ~7 ? Riese é 
18 Van Patter, Porter, and Rothman, Phys. Rev. 106, 1016 3 ent ae a 
(1957). re) =o ro) I “7 
16 FE. Smith and E. Pollard, Phys. Rev. 59, 942(A) (1941). Te) re) a) me 
17P, W. Davidson, Phys. Rev. 75, 757 (1949). rit * ' r ? 











18 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) > 
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Fic. 4. Level scheme of S*. 


correspond to levels at 0.85, 2.90, 3.26, 4.21, 4.89, and 
5.72 Mev. 

A better comparison is possible with the levels found 
from magnetic analysis of the alpha-particle groups 
from the Cl**(d,a)S* reaction.* Levels were reported 
at 0.844+0.006; 1.966+0.007; 2.312; 2.869; 2.938: 
2.969; 3.227; 3.365; all +0.008; 3.840; 3.947; 4.060; 
4.105 ; 4.159; 4.224; all +0.009; and 4.749+0.010 Mev. 
On the whole, these values are in good agreement with 
the values given in Table III, although there seems to be 
some small systematic difference increasing with 
excitation energy te about 13 kev. The level found from 
the Cl**(d,a)S* reaction at 3.365 Mev has not been 
observed in the present investigation. After re-exami- 
nation of the original Cl(d,@) data, it can now be stated 
with certainty that the corresponding weak alpha- 
particle group should have been assigned to the 
Cl*7(d,a)S®* reaction leading to a new S*® level at 
2.955+0.010 Mev. The alpha-particle groups leading 
to the S* levels (14) and (15) at 4.377 and 4.425 Mev 
have been missed in the Cl(d,a) investigation. These 
groups were weak and partly hidden by. contaminant 
groups. 

It is seen in Fig. 3 that the intensities of the 
S®*(d,p)S* proton groups differ widely. In general, the 


strongest groups [for example, (5), (7), (13), (32), 
(34), (48), (54), and (55) ] are relatively most intense 
at 6=50 degrees and weakest at 6=130 degrees. It 
seems probable that these groups show relatively 
pronounced stripping angular distributions, indicating 
transitions to relatively pure S* single-particle final 
states. It is interesting to compare the present results 
with the angular distribution measurements of Holt 
and Marsham.* They found an /,=3 stripping pattern 
for groups (4), (5), and (6) (unresolved). Because (5) 
is so much more intense than (4) or (6), it can now be 
said that level (5) must be the f7/2 state to be expected 
in this region. One of the other two levels must be the 
mirror state of the 3* level observed in Cl* at 2.861 
+0.011 Mev.” 

For the extremely strong groups (7) and (32), Holt 
and Marsham found an /,=1 stripping distribution. 
The p-state character of these levels is confirmed by 
consideration of the x-ray intensities observed in the 
S®(n,y)S* reaction.” At least 80° of all thermal 
neutron captures in S® are followed by a gamma-ray 
transition to either (7) or (32) with an intensity ratio 
of about 1:3. These transitions have £1 character 
leading from the $+ capturing state to 4~ or }~ levels. 
It is tempting to identify levels (7) and (32) with the 
expected p; and py, single-particle states. 

The character of level (13) is problematic. The (d,p) 
stripping distribution fits /,=1,'* but no gamma 
transition to this level is observed in the S®(n,7)S* 
reaction. 

In Fig. 4, the S* level scheme is shown, incorporating 
the data from the S*(d,p)S* and Cl**(d,a)S® reactions. 


V. THE S**(d,p)S** REACTION 


The Sb.S; targets used in the present investigation 
were of natural isotopic constitution. The sulfur thus 
contained 4.2% of S*. Since in (d,p) reactions the 
intensity ratio of strong-to-weak groups may be very 
high, it had to be expected that the stronger S*(d,p)S*® 


TABLE IV. Excitation energies (in Mev) of S* levels 
as observed from different reactions. 


S4(d,p)S* 

Level present work CH" (d,a)S** 
(1) 1.992+0.008 (1.992+0.010) 
(2) 2.346+0.008 (2.348+0.010) 
(3) tee 2.714+0.010 
(4) eee 2.955+0.010" 
(5) 3.803+0.010 tee 
(6) see (4.025+0.010) 
(7) 4.192+-0.010 


(8) 4.961+0.010 





* See reference 6. 
> For this level, see Sec. IV of present paper. 


19 C. van der Leun and P. M. Endt, Physica 22, 1234(L) (1956). 
* Kinsey, Bartholomew, and Walker, Phys. Rev. 85, 1012 
(1952); B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 93, 
1260 (1954) ; and Groshev, Adyasevich, and Demidov, Proceedings 
of the International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1955 (United Nations, New York, 1956), Vol. 2, 
p. 39. 











NUCLEAR LEVELS 
groups could compete in intensity with the weaker 
S"(d,p)S® groups, especially at the smaller angles of 
observation. However, in order to distinguish the S* 
and the S® proton groups, a shift of angle of observation 
was used. For a change in the angle of observation 
from 50 to 130 degrees, the relative energy shift between 
S*(d,p)S® and S*(d,p)S*® proton groups is, on the 
average, 37 kev. 

A very weak group corresponding to the S*(d,p)S* 
ground-state transition has been found in three different 
exposures. It is not seen in Fig. 3. The average Q value 
is 4.757+0.010 Mev. This is in exact agreement with a 
value of 4.757+0.013 Mev, which is computed from the 
known Q values of the Cl*"(d,a)S*®* and Cl*’"(p,a)S* 
reactions. ® 3-16 

Relatively intense groups have been seen corre- 
sponding to the S* levels given in Table IV. Groups 
(1) and (2) were found in three different exposures, 
while groups (5), (7), and (8) were seen in only two 
spectra. For comparison, the S* levels found from the 
Cl*7(d,a)S* reaction have also been given in Table IV. 

From the combined S*(d,p)S*® and Cl*"(d,a)S* 
reactions, the existence of levels (1) and (2) must be 
regarded as definitely established. The same holds for 
levels (3) and (4) if it is remembered that only intense 
S*(d,p)S*® groups are expected to show up in the 
present investigation. That level (5) has not been 
found from the Cl*"(d,a)S* reaction is caused by the 
fact that, at different exposures, the corresponding 
alpha-particle group would have coincided with one or 
the other of two intense Cl**(d,a)S* groups. Levels (7) 
and (8) fell outside the range of the Cl*7(d,a)S®* in- 
vestigation. 


In Fig. 5 is presented the present information on S* ° 


as obtained from the S*(d,p)S*® and Cl*"(d,a)S* 
reactions. Although probably the most important S* 
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1.992 











35 


S 


5. Level scheme of S*. 


Fic. 


levels have now been found, enriched-target work is 
apparently necessary to investigate the S* level scheme 
more nearly completely. 
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Investigation of Four Resonances in the Reaction Si’*(p, y)P*° 
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Thin Si® targets have been bombarded with protons from a Cockcroft-Walton generator in the energy 
region E,=0.2 to 0.8 Mev. The gamma radiation from the Si®*(p,7)P®™ reaction has been investigated with 
a Nal scintillation spectrometer at the 326-, 414-, 693,- and 729-kev resonances. Pulse spectra taken at each 
resonance at angles of 2=0 and 6=90 degrees to the proton beam were analyzed with a 70-channel 
Hutchinson-Scarrott kicksorter. The decay of the resonance levels was further investigated by y-y coin- 
cidence measurements. 

The following spins, J, parities, and isobaric spins, T, could be assigned to P® levels: Ground state, 
J=1+*, T=0; 0.684 Mev, J =0*, T=1; 0.706 Mev, J =1*, T=0; 1.45 Mev, J = (2*), T=0; 2.94 Mev, J=2', 
T=1; 4.18 Mev, J=2+, T=1; 5.88 Mev, J=2-, T=1; 5.96 Mev, J=1-, T=0; 6.23 Mev, J=1-, T=1; 








6.27 Mev, J=3-, T=0. The reaction Q value is measured as Q=5.570+-0.030 Mev. 

From absolute gamma-ray yield measurements, the radiation widths of all resonance levels could be 
determined. These levels are shown to have T as a good quantum number. The strong gamma rays are of 
F1 character and satisfy the isobaric-spin selection rule for self-conjugate nuclei. 





I. INTRODUCTION 


_ a previous communication,' preliminary results 
concerning the position, spin, parity, and isobaric 
spin of the ground state and the first excited state in 
P*, as obtained from an investigation of two resonances 
in the Si(p,y)P® reaction, were given. The assignment 
of spins and parities was based on gamma-transition 
probabilities. The results of these experiments have 
been confirmed by Broude ef al.? by more elaborate 
measurements, including those of angular distributions. 

Recently, Lee and Mooring* have reported experi- 
ments on the S*(d,v)P* reaction which raised doubt 
concerning the isobaric spin assignment of the first 
excited state. A more thorough examination of the P* 
nucleus has now been carried out both by the S*(d,a) P® 
and the Si*®(p,7) P® reactions. The first of these reactions 
is treated in the preceding paper‘; the second is dealt 
with in this communication. 

For E,=200 to 800 kev, the Si®(p,y)P® reaction 
shows four resonances at proton energies of 326, 414, 
693, and 729 kev.*-* The gamma-ray spectrum at each 
resonance has been analyzed with Nal scintillation 
spectrometers. The decay schemes of the resonance 
levels with their branching ratios, and the spins, 
parities, and isobaric spins of several levels have been 


1 Endt, Kluyver, and van der Leun, Phys. Rev. 95, 580 (1954). 
as” Green, Singh, and Willmott, Phys. Rev. 101, 1052 

956). 

*L. L. Lee and F. P. Mooring, Phys. Rev. 104, 1342 (1956). 

4P. M. Endt and C. H. Paris, Phys. Rev. 110, 89 (1958), pre- 
ceding paper. 

5R. Tangen, Kgl. Norske Videnskab. Selskabs, Forh. Skrifter 


(1946). 

6 J. C. Kluyver and P. M. Endt, Proceedings of the Conference 
on Electromagnetically Enriched Isotopes and Mass Spectroscopy, 
Harwell, 1955, edited by M. L. Smith (Academic Press, Inc., New 
York), p. 131. 

7 Milani, Cooper, and Harris, Phys. Rev. 99, 645 (1955) and 
verbal report to Nuclear Data Group. 

8 Broude, Green, Singh, and Willmott, Physica 22, 1139 (1956); 
Nuclear Data Card 56-943 (National Research Council, 
Washington, D. C.); and private communication. 
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found by a combination of the analysis of single spectra, 
coincidence measurements, and angular-distribution 
measurements. 


Il. EXPERIMENTAL METHOD 


The Utrecht 800-kev Cockcroft-Walton generator 
provided a proton beam of up to 10 ya after 30-degree 
magnetic deflection. During the experiments to deter- 
mine the proton resonance energies, a beam-defining 
slit of 1 mm was used at a distance of 5 cm from a 
Si®O, target of 16 wg/cm*. This resulted in resonance 
half-widths of about 12 kev. For the other experiments, 
a 3-mm slit and a 50-ug/cm? target resulted in a higher 
yield. Both targets were enriched by electromagnetic 
separation at the Atomic Energy Research Establish- 
ment, Harwell, England. 

The gamma radiation was detected with two cylin- 
drical Nal crystals, 12 in. in diameter and 2 in. thick, 
mounted on DuMont 6292 photomultiplier tubes. A 
70-channel Hutchinson-Scarrott pulse-height analyzer 
was used in combination with a single-channel differ- 
ential discriminator. The half-width of the peaks 
amounted to 10% at E,=0.5 Mev and to 6% in the 
E,=4- to 6-Mev region. 

For the measurements of single gamma spectra, 
the Nal crystal was brought as close to the target as 
possible. A circulating-oil system kept the temperature 
of the target at about 40°C in order to prevent evapora- 
tion of the target material. The assembly was 
surrounded by a lead box with 10-cm walls to suppress 
the background (mainly x-rays from the acceleration 
tube and 1.46-Mev gamma rays from the K® in the 
walls of the target room). In this part of the experi- 
ments, the slits defining the proton beam were placed 
25 cm from the target outside the lead box in order to 
reduce the background from the C"(p,y)N"™ and 
C®(p,y)N™ reactions. 

An analogous arrangement was used for the coin- 
cidence measurements where two crystals were placed 
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at about 2.5 cm from the target. They were shielded 
from each other by a 2-cm lead block to avoid false 
coincidences from scattered gamma rays and annihi- 
lation radiation. The pulse spectrum from counter 1 
in coincidence with pulses from counter 2 selected with 
a single-channel analyzer was displayed on the screen 
of the pulse-height analyzer. The resolution time of this 
arrangement was about 4 usec. 

Details of the target assembly used for the measure- 
ments of gamma-ray angular distributions have been 
given in an earlier paper.’ One counter, placed as close 
to the target as possible, counted all pulses above a 
fixed energy (usually 1 Mev) and was used as a monitor. 
The pulses from the other counter, mounted at a 
distance of 4.5 cm at either zero or 90 degrees to the 
proton beam, were fed into the kicksorter. In order to 
correct for possible eccentricity of the target spot, the 
known isotropic angular distribution of the 6.14-Mev 
gamma rays at the £,= 334 kev F""(p,ay)O" resonance 
and those of the gamma rays at the -,=454 kev 
Mg**(p,y)Al’? resonance’ were used for calibration. 
During these measurements, the Nal crystals were 
shielded by only 3 mm of lead. 


Ill. METHOD OF ANALYSIS 


The gamma-ray yield curve (Fig. 1) shows four 
distinct resonances at proton energies of 328, 411, 700, 
and 731 kev, all +10 kev. These values are in good 
agreement with other measurements.” * Throughout 
this paper, the average values of 326, 414, 696, and 
729 kev, as adopted by Endt and Braams,"° will be 
used. The continuous background of Fig. 1 disappears 
partly with the lead shielding used in other experiments 
(see Sec. IT). 

At each of the four resonances, several single spectra 
have been measured in the way described in Sec. II. 
Generally, no special attempt has been made to deter- 
mine the gamma-ray energies precisely, since the levels 
of P® are known with precision from the magnetic 
analysis of alpha groups from the S®(d,a)P® reaction‘ 
to an extent not obtainable by scintillation spec- 
trometer measurements. To get an _ independent 
determination of the P®—Si® mass difference, the 
most intense gamma-ray cascade at each of the four 
resonances has been measured more carefully. The 
average ( value of the Si”(p,7)P® reaction thus found 
amounts to 0=5.570+0.030 Mev, giving a P#®—Si® 
mass difference of 2.015+-0.030 Mev, and a P® mass 
excess of —11.315+-0.031 Mev, in good agreement with 
other determinations.‘ A Si” mass excess of — 13.330 
+0.009 Mev was used.’ Measurements of the energy 
of the lowest energy gamma rays are described in 
Sec. V. 

To determine the relative intensities of the gamma 


®Van der Leun, Endt, Kluyver, and Vrenken, Physica 22, 
1223 (1956). 

10P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
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Fic. 1. Gamma-ray yield from proton bombardment 
of a thin Si” target. 


rays, the background spectrum was measured with the 
generator off; or, if necessary in view of gamma rays 
from (p,y) reactions on the C”, C¥, and F”® contami- 
nants, the spectrum was measured at proton energies 
just below and above the resonance energy. After 
subtraction of the background, the remaining spectrum 
was analyzed into single gamma rays with the help of 
standard spectra." After correction for the absorption 
in the copper and nickel of the target holder and the 
target backing, the relative intensities were calculated 
taking-into account the detection efficiency of the NaI 
crystal." 

The single gamma-ray spectra have been measured 
at an angle of 6=55 degrees. The angle thus chosen 
has the advantage that the observed intensity is equal 
to the average intensity integrated over 4m if no terms 
higher than cos’@ occur in the angular distribution. 

Gamma-ray anisotropies were measured by analyzing 
spectra measured at zero and 90 degrees, taking into 
account eccentricity of the target spot and finite 
angular resolution. These spectra gave additional 
information on gamma-ray intensities if properly 
corrected for anisotropy. 

In some cases, coincidence measurements gave a 
corroboration of the proposed decay scheme. Moreover, 
these measurements sometimes gave additional informa- 
tion on relative intensities. 


IV. GAMMA-RAY ANGULAR DISTRIBUTIONS 


The angular distributions to be expected for the 
gamma rays of the Si(p,7)P® reaction are computed 
from the tables of Sharp et al." for channel spins J,=0 
and J,=1 (the ground-state spin of Si* being J=}). 
In some cases, mixing of proton orbital momenta can 
occur. If only pure dipole radiation is considered, the 
gamma-ray angular distribution must have the form: 
W (0)=1+-A cos’. The theoretical anisotropies, A, 
computed for s, p, d, and f capture, are collected in 


1 Kluyver, van der Leun, and Endt, Physica 20, 1287 (1954). 
12 Sharp, Kennedy, Sears, and Hoyle, Atomic Energy of Canada, 
Limited, Report AECL-97, Chalk River, 1953. 
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TABLE I. Anisotropies computed for pure dipole radiation. 





Je lp Jr 


0 0 ot + re 
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1 1 0 0 
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—0.60 
+0.43 
—0.07 
— 1.00 
+1.00 
—0.14 
+ 1.00 
—0.33 
+0.08 
—0.60 
+ 1.00 
—0.20 
—0.33 
+0.43 
—0.10 
—0.45 
+0.64 
—0.14 
—0.50 
+0.75 
—0.16 
—0.44 
+0.82 
—0.20 
—0.45 
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Table I. The channel spin is indicated by J,, the proton 
orbital momentum by /,, the spin of the resonance level 
by J,, and the spin of the final state by J,. 

The influence of the mixing of gamma-ray multi- 
polarities will be treated under the discussion of the 
experimental results in Sec. VI. 

Low-energy gamma rays are always superimposed 
on the Compton distributions of higher energy gamma 
rays. This makes it difficult to measure the angular 
distribution of the former. In a few cases, however, it has 
been possible to obtain some estimate of the anisotropy 


TABLE II. Anisotropies computed for the second gamma ray of 
a gamma-ray cascade, assuming pure dipole or quadrupole 
transitions. 











Je lp Jr h Je ly J: A 

1 1 - 1 1 1 0 —0.45 
1 1 a 1 1 1 1 +0.29 
1 i - 1 2 1 1 —0.24 
1 1 _ 1 3 2 1 +0.62 
0 3 _ 1 2 2 0 + 1.00 
1 3 a 1 2 2 0 +0.78 
0 3 Fi 1 2 1 1 —0.50 
1 3 "a 1 2 1 1 —0.39 
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of the second gamma ray of the gamma-ray cascade 
following proton capture. Some anisotropies of the 
second gamma ray have been computed for pure dipole 
radiation of the first gamma ray and pure dipole, or 
quadrupole radiation, of the second gamma ray in the 
cascade. Then the angular distribution must have the 
general form: W (@)=1+ A, cos’#?+ A, cos. The value 
of A=A +A, is given in Table II. The notations J,, 
J,, J;, and J, are used for the channel spin, the spin of 
the resonance level, the spin of the intermediate level, 
and the spin of the final level; while /,, /;, and /, are 
used for the proton orbital momentum and for the 
multipolarity of the first and of the second gamma ray. 


V. 700-kev DOUBLET 


A general remark concerning the two lowest levels 
in P® has to precede the separate discussion of the 
results at each resonance. From (p,y) measurements 
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Fic. 2. Low-energy part of the scintillation spectrum taken at 
two different resonances (E,=414 and 693 kev), showing the 
700-kev doublet, together with the E,=661.6-kev calibration 
line of Cs'87, 


at the 414-kev resonance, a level at 688+7 kev had 
been found with J=0+ and T=1.'" A strong alpha 
group found from the S*(d,a)P® reaction, leading to a 
693-kev level, raised doubt about the 7=1 assignment 
since intense alpha groups are expected to correspond 
with T=0 levels. With the higher precision of the MIT 
magnetic spectrograph, a strong alpha group was found 
corresponding to a level at 7088 kev in P*.* Because 
of the disagreement between these values for the 
excitation energy, a precision measurement of the 
lowest energy gamma ray was undertaken at each of 
the four resonances. Repeated runs alternating with 
calibration runs with the 661.6-kev gamma ray from 
Cs"? gave energies of 703+-6, 686+4, 705+5, and 
686+6 kev at the 326-, 414-, 696-, and 723-kev reso- 
nances, respectively (Fig. 2). Clearly, the gamma-ray 
energy measured at the 326- and 696-kev resonances is 
different from that observed at the 414- and 723-kev 
resonances. A doublet structure, of which the lowest 
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TABLE IIT. Gamma rays observed at the E,=326-kev resonance. 





Intensity 
Ey Ofer) number of hetestoens 
computec photons f 34 
Ey (Mev) from refer- per 100 (OR) 

experimental ence 4 Transition captures 190°) 
5.87 +0.04 5.877 (r) + () 86+8 —0.45 +0.03 
5.16 +0,06 5.169 (r) —» (2) 943 —0.45 +0.10 
4.41 +0.06 4.426 (r) —» (3) 5+2 
1.45 +0,02 1.451 (3) -»* (0) 542 —0.66 +0.40 
0.703 40.006 0.708 (2) -+ (0) 1043 +-0.40 +0.15 


level has T=1 and the higher one 7=0, resolves the 
contradictions mentioned above. Angular-distribution 
measurements (Sec. VI) confirm this assumption, as do 
subsequent measurements on the S®(d,a)P® reaction, 
from which a weak alpha group is found corresponding 
to a (680+10)-kev level.‘ 

As to the energy determination from the (p,7) 
reaction, a mixture of both low-energy gamma rays at 
one or more of the resonances cannot be excluded. 
However, the width of the photopeaks, as observed at 
each of the four resonances, was exactly that to be 
expected for a single gamma ray. In Sec. VI, other 
arguments will be put forward to prove that each 
resonance level predominantly decays to one of the two 
lowest excited states. The combined results of the 
(p,y) and (d,a) reaction measurements‘ finally give the 
following averaged excitation energies: 


Level (1): 684+4 kev, T=1; 
Level (2): 706+4 kev, T=0. 


The energy difference of 4.949+0.015 Mev between 
level (1) in P® and the ground state of Si® agrees very 
well with the value (4.935+0.020 Mev) computed 
from the Coulomb energy difference, taking into 
account the neutron-proton mass difference. The 
nuclear radius used to calculate the Coulomb energy 
difference was obtained by interpolation between the 
radii of neighboring A=4n+1 and A=4n+2 nuclei. 
The A=4n+3 nuclei give a distinctly higher Coulomb 
energy difference because of the proton-pairing effect. 


VI. DISCUSSION OF THE RESULTS 


The gamma rays observed at each of the four 
resonances are listed in Tables III through VI. The 
observed gamma-ray energies may be compared to the 


TABLE IV. Gamma rays observed at the E,=414-kev resonance. 
Ey (Mev) 


computed 
from refer 


Intensity . 
number of Anisotropy 


Ey (Mev) photons per ( 1(0°) alee) 


experimental ence 4 Transition 100 captures T(90°) 
5.94 +0.10 5.962  (r) + (0) 642 "40.45 £0.30 
5.30 +0.05 5.282 (r) — (1) 90 +8 —0.22 +0.04 
4.50 +0,.06 4.511 (r) ~ (3) 1+0.5 
P {3.025 (r) — (8)\ 
2.99 +0.06 \2.937 (8) — (0)} 441 
2.28 +0,.06 2.257 (8) — (1) weak 

{1.486 (8) - (3))\ 
146 +0.02 {1.451 (3) (0); 3+1 
0.686 +.0.004 0,680 (1) — (0) 98 +10 —0.09 +0.06 
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TABLE V. Gamma rays observed at the E,=693-kev resonance. 


Ey (Mev) Intensity : : 
computed number of Anjectrony, é 
Ey (Mev) from refer- photons per (ei »0 ‘) 

experimental ence 4 Transition 100 captures 1(90°) 

6.24 +0.10 6.232 (r) — (0) 2+0.5 

5.54 +0.08 5.524 (r) — (2) 2+0.5 

4.76 +0.08 4,781 (r) — (3) 2+0.5 

4.27 +0.03 4.260 (r) — (4) 35-45 —0.23+0.15 

3.74 +0,06 3.694 (r) — (5S) 2145 

3.55 +0.06 3.509 (r) — (6) 29 +6 

3.44 +0.06 3,393 (r) — (7) 9+6 

2.78 +0.05 2.839 (7) — (0) 7245 

2.68 +0.05 2.723 (6) — (0) 2325 

2.54 +0.03 2.538 (5) — (0) 2144 

1.98 +0.03 1.972 (4) — (0) 19+4 

1.83 +0.05 1,830 (5) — (2) 341 

1.47 +0.03 1.451 (3) —» (0) 1+0.5 

1.26 +0.01 1.264 (4) — (2) 1545 

0.705 +0.005 0.708 (2) — (0) 2145 

energy differences measured from the S*(d,a)P* 


reaction with a precision of about 10 kev,‘ which are 
given in column 2. In the discussion of the resonances, 
the values of column 2 are used, rounded off to 10 kev. 
The numbering of the P*® levels in column 3 is shown 
in Fig. 6; the resonance levels are indicated by (r). 
The intensities given in column 4 as numbers of photons 
per 100 captures were averaged from the results of the 
analysis as described in Sec III. The intensities given 
in the tables are consistent within the experimental 
errors to the extent that the sum of the intensities of 
gamma rays de-exciting a particular level is equal to the 
total strength of gamma rays decaying to the same 
level. 


a. E,=326-kev Resonance 


At this resonance, the ground-state transition 
dominates all others (see Table III). The 7=0 ground 
state of P® is, according to the shell model, expected to 
have J=0* or 1*, although J=1* is more probable 
from analogy with the ground state of the deuteron. 
A weak 2.24-Mev gamma ray has recently been ob- 
served" in the 8* decay of P*. This fixes the P*® ground- 
state spin as 1* if the spin of the first excited state in 
Si*® is assumed to be 2*. In addition to the empirical 
rule that the first excited states of even-even nuclei 


TABLE VI. Gamma rays observed at the E, =729-kev resonance. 





Intensity 
Ey (Mev) number of Selaateunee 
computed photons —— , 
Ey (Mev) from refer- per 100 ( 1 (0°) a) 
experimental ence 4 Transition captures (90°) 
4.23 +0.10 4.181 (14) — (0) 1143 —0.42+0.15 
{ 3.501 (14) > (1) | 
3.53 +0.08 \ (3.473) ((14) — (2)) 15+3 +0.36 +0.15 
3.34 +0.03 * 3.330 (r) — (8) 62+6 —0.45 +0.06 
2.94 +0.06 + 2.937 (8) — (O) 2145 
{ 2.257 (8) — (1) 
2.26 +0.03 | (2'229) ((8) — (2) 3945 
2.06 +0.04 2.086 (r) — (14) 3845 —0,28 +0.15 
{ 1.486 (8) — (3) | 
1.47 +0.02 , 1451 (3) —> (0) | 3948 
1.22 +0.04 1.244 (14) — (8) ; 1344 
(0.708) ((2) — (0)) 
0.686 +0.006 | 0,680 (1) — (O) J 39 +8 


‘8H. Morinaga and E. Bleuler, Phys. Rev. 103, 1423 (1956). 
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Fic. 3. Theoretical anisotropies calculated as a function of 
£2—M1 mixture of the gamma radiation from a resonance level 
with spin J,=2* to levels with spin J;=1*, 2+, or 3+ (A, B, and C) 
for d capture and for channel spins J.=0 and 1. 


generally have J= 2+, the fact that the analogous state 
in P® (the 2.94-Mev level) has been shown to have 
J=2* (Sec. VI d) supports this assumption. 

Since shell-model considerations make it probable 
that all lower levels in P® have positive parity, the 
fact that only transitions to T=0 levels are observed 
in the decay points to a negative parity of the resonance 
level and operation of the £1 isobaric-spin selection 
rule. The measured anisotropy (A= —0.45+0.03) of 
the ground-state transition then fixes the spin of the 
resonance level as J,=2~ (see Table I), since J,=0~ 
would give isotropy, while J,=1~ would lead to 
—0.33<¢ A<+1.00. A p-capture resonance with J,=2- 
gives exactly the measured A value. On the basis of a 
J,=2- assignment, the value A = —0.45+0.10 for the 
(r)— (2) transition uniquely determines the spin of 
level (2) as J=1*. The measured anisotropy of the 
0.708-Mev gamma ray (A=0.40+0.15) is, within the 
experimental error, in agreement with the computed 
value (A=+0.29) for a 2>-—1+-—1* pure dipole 
cascade (see Table II). The error is too large to deter- 
mine the intensity of a possible £2 admixture for the 
second gamma ray. The measurement of the anisotropy 
of the (r) — (3) transition is hindered by the weakness 
of the transition itself, as compared with the Compton 
ridge of the ground-state transition. The negative 
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anisotropy of the (3)—> (0) transition, of which the 
large error is caused by the 1.46-Mev background line 
from K*, however, suggests a J=2+ assignment for 
level (3) (see Table II). A possible mixing of gamma-ray 
multipolarities makes this assignment tentative at 
most. 

The results obtained above are based on the highly 
probable assumption of a negative parity resonance 
level. The opposite assumption, however, leads mainly 
to the same results. The reasoning is somewhat more 
complicated, since the channel-spin ratio enters into 
the calculations, and the mixing of M1 and £2 radiation 
has to be taken into account. The measured anisotropy 
of the ground-state transition gives again J,=2, since 
J,=0* would give isotropy just as J,=1* with s- 
capture, while a possible admixture with d-wave 
protons would result in a positive A. Starting from 
J,=2*, level (2) may have J=O*, 1+, 2+, 3*, or 4t. 
The value J =0* can be excluded because it would give 
isotropy for the (2)— (0) transition, whereas J =4+ 
would lead to a value of A between +0.17 and +0.33 
for the (r) — (2) E2 transition. The influence of mixing 
of M1 and £2 radiation on the anisotropies has been 
calculated from the tables of Sharp et al.” for the three 
remaining possibilities, both for channel spin 0 and 1, 
The results are presented in Fig. 3 using a mixing 
parameter x= |.Sgo|?/|Saui|*, in which Sgo and Syy 
are the matrix elements for electric and magnetic 
radiation. In the case of J;=1+ [Fig. 3(A)], the 
measured anisotropy, A=—0.45+0.10, for the 
(r) — (2) transition can be effected only with channel- 
spin mixing without multipolarity mixing; and, even 
in the extreme case that all transitions proceed through 
one single channel spin, an £2 admixture of at most 
1% in intensity explains the observed A. For J;=2*, 
however, even for pure J,=0 the high-intensity mixing 
ratio 1(E£2)/I(M1)=0.32 is needed, while any J,=1 
admixture increases the needed radiation mixing ratio 
appreciably [see Fig. 3(B) ]. Thus, J;=2* can safely be 
excluded. From Fig. 3(C), it can be seen that J;=3* 
cannot be excluded. Any value of J/(E2)/I(M1) 
between 0.02 and 0.12 can result in the observed A with 
a well-chosen channel-spin ratio. Concluding, it can be 
said that, with the assumed positive-parity resonance 
level, its spin must be again J,=2, while for the spin 
of level (2), J=1* is the most probable value, but 
J=3* cannot be excluded. From the decay of the 
resonance level at E,=696 kev (Sec. VIc), however, 
the latter value can be definitely ruled out. 

Weak gamma rays, other than those mentioned in 
Table III, may exist. The intense Compton ridges of 
the high-energy gamma rays prevent the detection of 
weak low-energy gamma rays. Coincidence measure- 
ments point to an (r) — (7) — (2) — (0) cascade, but 
the resonance is too weak to establish this with 
certainty. 
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FOUR RESONANCES IN REACTION Si**(9,7)P** 101 
b. E,=414-kev Resonance 6h ich, e i” | Pp? 1 
The resonance level decays mainly to the 0.684-Mev Le sa 208) E, ct 693 kev 
level (see Table IV). The fact that 93% of the decay L - jz gage. 


goes to T7=1 levels can best be explained by assigning 
T=0 and negative parity to the resonance level. The 
anisotropy of the weak ground-state transition, although 
it has a large error, then fixes the spin of the resonance 
level as J,=1~ (see Table I; J-=O~ and 2- can be 
excluded). The weakness of the ground-state transition 
can be explained by the fact that electric dipole radia- 
tion to the ground state is prohibited by the isobaric- 
spin selection rule. 

The measured anisotropy, A= —0.22+0.04, of the 
(r) > (1) transition uniquely determines the spin of 
level (1) as /=0*, because J = 2+ would give a lower A 
for all channel-spin mixings, whereas J=1* requires 
a channel-spin ratio different from that calculated from 
the (r) — (0) transition to give the measured A. The 
spin J=0* of level (1) was to be expected, since this 
level is the analog of the Si® ground state. The channel- 
spin ratio, t= |.S;|*/|So!?, in which So and S, are the 
matrix elements for electric dipole radiation with 
J.=0 and 1, calculated from the transition to the 
ground state and the first excited state, is ‘=0.5*4>} 
and /=0.78+0.07, respectively, in agreement within 
the experimental errors. 

The argumentation given above for the negative 
parity of the resonance level is strengthened by the 
fact that an assignment J,=0* is impossible as it would 
give isotropy, whereas /,=1* or 2+ is very improbable, 
since the first one requires a d-capture resonance 
competing with s-capture, and the second one requires 
a high £2 admixture to explain the observed anisotropy 
of the ground-state transition [see Table I and Fig. 


3(A) ]}. 
Since level (1) has J =0*, isotropy is expected for the 
(1)-—+ (0) transition. However, a small negative 


anisotropy is measured. The explanation has probably 
to be found in a weak (not observed) (2) — (0) transi- 
tion. Assuming a direct transition from the resonance 
level to level (2), taking into account the known 
channel-spin ratio, a negative A can indeed be expected. 


c. Resonance at E,,=693 kev 


The measured gamma-ray energies and intensities 
are given in Table V. The most remarkable fact of the 
decay is (Fig. 6) that only transitions to the seven 
lowest 7 =0 levels are observed and none to the T=1 
levels. This fixes the parity of the resonance level as 
negative and the isobaric spin as 7=1. 

Angular-distribution measurements show weak 
anisotropies. The complicated character of the spectrum 
(Fig. 4) prevents a precise measurement of anisotropies. 
Only to the (r) — (4) transition could an anisotropy be 
assigned. This value, A = —0.23+0.15, excludes J,=0~, 
as this would give isotropy for all gamma rays. From 
the remaining possibilities, J,=1~, 2-, and 3-, the 
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Fic. 4. Scintillation spectrum taken at the 693-kev resonance at 
55 degrees to the proton beam. The photopeaks of the fifteen 
observed gamma rays are indicated by the corresponding energies 
in Mev. 


last two give large anisotropies (see Table I) also if 
mixture of proton orbital momenta in the first case 
and channel-spin mixing in the second case are taken 
into account. Hence, J-=1~, T=1. As to the spins of 
the levels to which this resonance level decays, it can 
only be said that J23 can be excluded. In particular, 
J=3* (see Sec. VI a) can be excluded for level (2), 
because otherwise the M2 transition (r) — (2) would 
have an ag to’ comparable to that of the £1 transi- 
tions, e.g. — (0). 

pov hac measurements show the 0.706-Mev 
gamma ray to be in coincidence with E,=1.26 Mev, 
1.83 Mev, and 4.26 Mev. Equally, E,=4.26 Mev is in 
coincidence with F,=0.71-Mev, 1.26-Mev, and 1.97- 
Mev gamma rays. Branching ratios (see Fig. 6) calcu- 
lated from this coincidence work are in agreement with 
the intensities calculated from the analysis of the single 
spectra. 


d. Resonance at E,=729 kev 


The measured gamma-ray energies, intensities, and 
anisotropies are given in Table VI. The high-energy 
parts of the scintillation spectra taken at zero and 90 
degrees to the proton beam with the single gamma rays 
into which the zero-degree spectrum can be analyzed 
are shown in Fig. 5. 

The decay of the resonance level goes 100% to the 
T=1 levels (8) and (14). Again this has to be explained 
by assigning a negative parity and T=0 to the resonance 
level. The possibility J/,-=0~ can be excluded because 
it would give isotropic angular distributions. If J,=1-, 
the observed anisotropy for the (r) — (8) transition 
can only be explained by assigning J=0 to level (8); 
however, this is impossible, since the observed (8) — (1) 
transition then would be a (0) — (0) transition, which 
is forbidden. Thus, also, /,-=1~ can be excluded. The 
resonance level, with the remaining possibilities J,=2- 
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Fic. 5. High-energy part of the scintillation spectra taken at the 
729-kev resonance at zero and 90 degrees to the proton beam. The 
curves A through F show the individual pulse spectra of the six 
highest energy gamma rays into which the zero-degree spectrum 
was decomposed. 


or 3-, decays to the levels (8) and (14). These levels 
both decay to the levels (0) and (1), with spin J=1* 
and 0+, respectively. Therefore, their spin has to be 
1+ or 2+, since 0* drops out as (0) — (0) transitions are 
forbidden, and 3+ would give octupole radiation. By 
this reasoning, four possibilities are left for the transi- 
tions (r)—> (14) and (r)—> (8); these are 2-—> It, 
2- — 2+, 3- > 1+, and 3- — 2+. The second one would 
give positive anisotropy for the transitions under 
consideration (Table I), in contradiction with the 
measured values. Computation of the theoretical A for 
the improbable third case gives A=+1.00 and +0.71 
for J,=0 and 1. Thus, the first and the fourth possi- 
bilities remain, both giving an A in agreement with 
the measured values. The first possibility, however, 
can be rejected by taking into account the second 
transition of one of the cascades; (14) — (0). On the 
conditions proposed in this case, the calculated anisot- 
ropy for this transition is 4=+0.29, for pure dipole 
radiation, whereas the experimental value is A = —0.42. 
A multipolarity mixing /(£2)/7(M1)=0.60 is needed 
to give the measured anisotropy. Moreover, the 
measured anisotropy of the (14)—>(1) transition 
cannot be reached with a reasonable multipolarity 
mixing, even with an admixture of (14) — (2) transi- 
tion, if J,=2-. Therefore, the only combination in 
agreement with the measured A values is the fourth. 
This fixes the spin of the resonance level as J,=3~ and 
that of the levels (8) and (14) both as J/=2*. This spin 
of level (8) was to be expected, since it is the second 
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T=1 level and is thus the analog of the first excited 
state in the even-even nucleus Si”. 

The anisotropy of the transition (14)— (0), A 
= —0,42+0.15, is just between the values calculated 
for J.=0 and 1 (see Table II). The error in the measured 
A is too large to calculate the channel-spin ratio. The 
E2 transition (14)— (1), with A=+0.36+0.15, is 
expected to have an A between +1.00 and +0.78 for 
J.=0 and 1, respectively, as multipolarity mixing 
(£2 with M3) can be excluded. This discrepancy can 
be explained by the fact that an admixture of a transi- 
tion to level (2) cannot be excluded; this lowers the 
theoretical A (see Table II). A remarkable fact, 
however, is that the (14)—> (1) transition with £2 
character is of higher intensity than the M1 transition 
to level (2). This follows both from the measured 
gamma-ray energy of the (1)— (0) transition and 
from the anisotropy of the transition mentioned above. 
Apparently £2 transitions between 7=1 levels are 
favored. 

Two different coincidence measurements have been 
performed. In the first one, the gate was opened by 
pulses in a 0.6- to 0.8-Mev channel. From this experi- 
ment, the 0.684-Mev gamma ray is proved to be in 
coincidence with 3.48-, 3.37-, 2.25-, and 2.09-Mev 
gamma rays, in agreement with the proposed decay 
scheme. Moreover, a weak 1.00-Mev gamma ray is 
observed in the coincidence spectrum, possibly origi- 
nating from a (8) — (4) transition. 

In the second experiment, the pulses opening the 
gate were chosen in a 2.4- to 3.6-Mev channel containing 
contributions from the four highest energy gamma rays 
of Table VI. The coincidence spectrum shows the six 
lowest energy gamma rays of Table VI in addition toa 
weak 1.03-Mev and an unidentified 2.67-Mev gamma 
ray. The relative intensities calculated from this 
experiment are, within experimental errors, in agree- 
ment with those obtained from the single spectra. 


e. Branching Ratios 


The results of the present investigation in regard 
to branching ratios, spins, parities, and isobaric spins 
are collected in Fig. 6. The branching ratios of those 
lower levels that decay to more than one other level 
are given in Table VII. The branching ratios of the 
resonance levels are already given in Tables III through 
VI. 

TABLE VII. Branching ratios (in percents) of 
the decay of four P® levels. 
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The present results on the Si*(p,y)P® 414-, 696-, 
and 729-kev resonances can be compared to the data 
given by Broude ef a/.** on the same reaction. On the 
whole, their results are in reasonable agreement with 
those of the present measurements. However, because 
their data are preliminary and also because for the 
interpretation of their measurements they did not yet 
have available the accurate P® excitation energies 
obtained from the S®(d,a)P® reaction, it does not seem 
appropriate to make the comparison between the two 
sets of results in too much detail. 


VII. RADIATION AND PROTON WIDTHS 


From the thick-target yield of gamma radiation at a 
resonance, combined with the decay scheme (as given 
in Sec. VI) and the measured anisotropies, the number 
of gamma rays with the resonance level as upper level 
per incident proton were calculated. This number is 
proportional to the quantity (2/,4+1)r,I,/(,+T,), 
where J, is the spin of the resonance level, I’, is the 
proton width, and I, is the radiation width of the 
resonance level summed over all y transitions de- 
exciting the level.’ As the resonance spins are known 
from the angular-distribution measurements, the 
quantity [,I,/([,+1T,) can be computed directly 
from the resonance strengths (see Table VIII, column 
4). Columns 2 and 3 give the proton orbital momentum 
l,, and the spin and parity of the corresponding level 
as determined in Sec. VI. The proton widths, estimated 
for p-capture at the first three resonances and for 
f-capture at the last one, are appreciably larger than 
the observed values of ',I',/(!,+TI',). From this fact 
one may conclude that the values given in column 4 
about equal the radiation widths of the corresponding 
resonance levels. 

The resonance strengths given in Table VIII for the 
three highest resonances can be compared to the values 
observed by Broude ef a/.* They found (2/,+1)r,T, 
(T,+1,) =0.23, 0.11, and 0.11 ev for the 414-, 696-, 
and 729-kev resonances, respectively, in good agree- 
ment with the present measurements. 


VIII. ISOBARIC-SPIN SELECTION RULE 


The P® nucleus is one of the self-conjugated nuclei 
in which £1 transitions between levels of the same 
isobaric spin are prohibited according to the selection 
rule given by Radicati.'* The decay of the P® resonance 


TABLE VIII. Observed values of T',I',/("',p+Ty). 


l'pl'y/ (Up +T'y) (ev) 


Ey (kev) lp Jr experimental 
326 1 2 0.014+0.004 
414 1 1 0.078+0.020 
696 1 1 0.060+0.015 
729 3 3 0.021+0.005 


4, A. Radicati, Phys. Rev. 87, 521 (1952). 
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Fic. 6. Level scheme of P®. 


levels seems to give both confirmation and violation 
of this rule. 

All theoretical estimates of the unhindered radiation 
widths give appreciably higher values than the measured 
ones; an allowance of a factor 2.5 found by Wilkinson’® 
for A<20 cannot be extrapolated up to A =30. More- 
over, these estimates do not take into account possible 
band structure. The existence of rotational levels in 
this mass region is exhibited clearly by Litherland 
et al.6 for A=25. An attempt has been made by 
Sheline’’ to classify rotational levels in Al’*, Rotational 
bands in P* cannot be identified with any certainty 
from the presently available experimental data. One 
band with levels (1) and (8) and another with levels 
(0) and (3) as the lowest two levels, which are possible 
on the ground of the known spins, would give moments 
of inertia in mutual agreement and in general agreement 
with those of the neighboring nuclei. This rather 
tentative assignment of rotational bands is suggested 
by the relatively strong £2 transition (8)— (1) in 
comparison with the competing weaker M1 transitions. 
On the other hand, it should be noted that the relative 
strength of the (14) — (8) and (14) — (1) transitions 
between 7'=1 states is also high. 


15D. H. Wilkinson, Phil. Mag. 44, 450 (1953). 

16 Litherland, Paul, Bartholomew, and Gove, Phys. Rev. 102, 
208 (1956). 

17 R. K. Sheline, Nuclear Phys. 2, 382 (1956-57). 
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In spite of these objections, a confirmation of the 
isobaric-spin selection rule can be obtained from the 
decay of the resonance levels that go predominantly 
either to T=0 or to T=1 levels. The E,=326-kev 
and 696-kev resonances decay 100% to T=0 levels; 
whereas at the E,=414-kev and 723-kev resonances, 
93% and 100% of the transitions, respectively, proceed 
to T=1 levels. In general, therefore, T appears to be a 
fairly good quantum number. 

Violation of the selection rule seems to occur at the 
E,=414-kev resonance, where the isobaric spin for- 
bidden E1 transitions (r)—> (0) and (r)— (3) have 
intensities of about 7% and 1%, respectively, of the 
allowed (r) — (1) transition. Taking into account the 
relative intensities to be expected according to the 
E,* factor for £1 transitions of different energies, one 
can say that the (r) — (0) transition has 4% and the 
(r) — (3) transition 2% of the intensity to be expected 
without operation of the isobaric-spin selection rule. 
Thus, the transitions have not completely vanished, 
which can be due to a T=1 contamination of the T=0 
resonance level. This isobaric spin impurity can be 
caused by Coulomb forces. The influence of the Coulomb 
perturbation on the isobaric spin mixtures in the ground 
states of some light nuclei has been calculated by 
Radicati.’* These calculations indicate a reduction of 


18 L. A. Radicati, Proc. Phys. Soc. (London) A66, 139 (1953). 
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the transition probability by the isobaric-spin selection 
rule by a factor 10* to 10‘. As the mixing of isobaric 
spin states depends on the distance of contaminating 
states, the mixing will generally be of more importance 
for higher excited states. A contamination of 2 to 4% 
(in intensity) with a T=1 state for the /=1~, T=0, 
5.96-Mev level seems very well possible in view of the 
vicinity of the 6.23-Mev T=1 level with the same 
ordinary spin and parity. Recently, even higher 
contaminations have been measured.” 
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Nuclear Structure Effects in Internal Conversion*+ 


T. A. Green, Wesleyan University, Middletown, Connecticut 


AND 


M. FE. Rose, Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received November 18, 1957) 


The problem of the influence of nuclear structure on the calculation of conversion coefficients is discussed 
and a distinction is made between those effects (static) which are essentially calculable without a detailed 
nuclear model and the effects (dynamic) for which such a model is mandatory. The theory of the conversion 
process is developed in such a way as to provide formulas wherein both types of effects are exhibited. No 
attempt is made to provide specific numerical results for the dynamic effects but instead a framework is 
provided within which the internal conversion predictions of any nuclear model can be readily tested. In 
order to do this it is necessary to know not merely the conversion coefficient but the matrix elements for the 
separate final states as complex numbers. This information, which is available at present for only the K 
shell, is utilized to provide numerical results for the K shell and for several values of transition energy and 
atomic number. Electric and magnetic 24-pole transitions with 1< L <5 are considered. 


I. INTRODUCTION 


NTIL the effect of the nonzero radius of the 

nucleus was taken into account it was considered 
that internal conversion coefficients were essentially 
independent of nuclear structure. While this is true for 
light nuclei and for many transitions in heavy nuclei 
as well, it is now realized that appreciable structure 
effects can appear in the conversion process for some 
heavy nuclei. 

Nuclear structure can be said to affect the 2”-pole 
conversion coefficients in a “static” way and in a 
“dynamic” way. It gives rise to a static effect through 
the average nuclear charge distribution which acts on 
the atomic electrons in the stationary states of the 
electron-nucleus system. It gives rise to a dynamic effect 
in the sense that the nuclear matrix elements for atomic 
electron ejection are different from those for gamma-ray 
emission. Thus the static effect, on the one hand, can 
be expressed entirely in terms of the electron wave 
functions. The dynamic effect, on the other hand, 
involves the explicit appearance of the nuclear wave 
functions and the operators governing electromagnetic 
transitions in nuclei. 

It is generally accepted that the static effect can be 
dealt with adequately without recourse to a detailed 
model of nuclear structure by introducing a reasonable 
charge distribution from which to calculate the elec- 
trostatic potential, produced by the nucleus in its 
stationary states. There is reason to believe, however, 
that in a number of cases the dynamic effect can only 
be treated adequately with a rather complete nuclear 
model. Indeed the general failure of very simple nuclear 
models to predict many gamma-ray lifetimes lends 
strong support to this view. 


* First reported in the Bull. Am. Phys. Soc. Ser. II, 2, 228 
(1957). 

t This article is based in part on work performed for the U. S. 
Atomic Energy Commission at the Oak Ridge National Laboratory 
and is a condensed version of Oak Ridge National Laboratory 
Report ORNL-2395 by T. A. Green and M. E. Rose. 


The static nuclear structure effect has been treated 
for the K shell by Sliv' and for the K and ZL shells by 
Rose.* In each calculation the nucleus was considered 
to be a sphere of constant charge density. Except in a 
few cases the conversion coefficients are smaller than 
those calculated for a point nucleus.’ The discrepancy 
amounts to a few percent for atomic number Z less than 
60. For larger values of Z considerably larger reductions 
can occur. 

In the above-mentioned calculations of conversion 
coefficients the authors differ somewhat in their manage- 
ment of the dynamic structure effect. Sliv treats this 
effect by supposing that the nuclear currents are 
confined to the surface of the nucleus. Rose adopts a 
different approximation which will be described in Sec. 
IIIb. For a finite nucleus the two calculations lead to 
conversion coefficients which differ by less than five 
percent in almost all cases of physical importance. The 
result of either treatment is that the part of the con- 
version coefficient which is dependent on dynamic 
structure effects is but a few percent of the part which 
is independent of these effects. 

Now, as was pointed out by Church and Weneser,* 
nuclear models which allow for shell structure effects can 
lead in some cases to (dynamic) structure-dependent 
contributions to the internal conversion coefficients 
which are sizable fractions or perhaps even large multi- 
ples of the structure-independent contributions. Fur- 


1L. A. Sliv, J. Exptl. Theoret. Phys. U.S.S.R. 21, 770 (1951); 
L. A. Sliv and M. Listengarten, J. Exptl. Theoret. Phys. U.S.S.R. 
22, 29 (1952); L. A. Sliv and I. M. Band, “Coefficients of internal 
conversion of gamma radiation,” Academy of Science, U.S.S.R., 
1956, reproduced in the United States as Report 571CCK1 of the 
Department of Physics of the University of Illinois. 

2M. E. Rose (unpublished). These results will appear in a 
forthcoming book. 

3M. E. Rose. Some of these results have been published in 
Beta- and Gamma-Ray Spectroscopy, edited by K. Siegbahn 
(North-Holland Publishing Company, Amsterdam, 1955), Ap- 
pendix IV. Other results have been circulated privately. 

‘E. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 
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thermore the experimental values*~* of the conversion 
coefficients for a few transisitions, notably M1 and E2 
transitions, seem to be in disagreement with the results 
of Sliv’s calculation. 

Recently, it has been shown by Reiner® that the 
unified model can give M1 matrix elements which can 
increase the calculated conversion coefficient by a factor 
of about 20 in the case of the 482-kev transition in 
Ta'*, This compares with an experimental ratio of 
5+2. For nuclei near closed shells smaller but significant 
changes can be expected in some cases. Thus, calcu- 
lations of Kisslinger’ indicate that configuration inter- 
action in Tl? should reduce the computed coefficients 
by about 10%. In the majority of cases it is to be 
expected that the dynamic effects of nuclear structure 
are very small. Nevertheless, the occasional occurrence 
of large dynamic effects (particularly in strongly 
deformed nuclei) can now be considered as fairly well 
established. 

It should be recognized that the dynamic contribution 
to the conversion coefficient adds coherently to the 
static contribution. It is therefore necessary to exhibit 
the latter as a set of amplitudes for each final state of 
the electron and these amplitudes must have the 
correct absolute phase. Instead of one real number, the 
conversion coefficient, it is necessary to know two 
complex numbers in those transitions for which the 
angular momentum of the electron is } and in general 
it is necessary to know 2j,;+1 complex numbers in 
order to incorporate the dynamic effects in the calcu- 
lation of the conversion coefficients. This program can 
be carried out for the K shell, thanks to an unpublished 
tabulation of the matrix element for that case," and 
the present paper is addressed to this task. 

Our aim is, therefore, to develop the theory of 
internal conversion in such a way that the dynamic 
structure effects are explicitly exhibited in a formal way 
without specifying the nuclear model to be used even- 
tually. When a specific model is adopted, the relevant 
contribution to the final state amplitudes can be added 
to the calculated amplitudes which represent the static 
effect only. In any event, it will be appreciated that the 
calculation of the static effect, which is essentially 
independent of the uncertainty introduced by nuclear 
models and can be calculated with a large degree of 
reliability, should be separated from that part per- 
taining to the dynamic structure effects. To determine 
the existence of the latter type of effect the experi- 


5 F. K. McGowan and P. H. Stelson, Phys. Rev. 107, 1674 
(1957). 

6K. Siegbahn (private communication). 

7G. S. Goldhaber (private communication). 

8 A. H. Wapstra and G. J. Nijgh (private communication). 

9A. S. Reiner, Proceedings of the 1957 International Conference 
on Nuclear Structure, Rehovoth, Israel (North-Holland Publishing 
Company, Amsterdam, to be published). See also forthcoming 
publication in Nuclear Ph ysics. 

10 L. S. Kisslinger (unpublished). 

11 This tabulation will be included in the publication referred 
to in reference 2. 
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mental results should always first be compared to the 
calculations with only static effects included.” 

In the following, the conventional theory of internal 
conversion is formulated in such a way as to exhibit 
the dynamic structure effect as a series of ratios of 
nuclear matrix elements. These appear with certain 
coefficients which can be calculated without specifi- 
cation of a model and these coefficients are tabulated so 
that they may be used in conjunction with any model. 
This makes it possible to study the dynamic effect with 
various nuclear models without redoing each time the 
very tedious part of the calculation which involves the 
static effect alone. 

In this paper we shall consider pure multipoles only. 
This is no loss of generality since, as is well known, the 
contributions of two multipoles which mix are added 
incoherently.” Strictly speaking, the mixing ratio is 
also calculable in terms of the nuclear model and the 
phenomenon of mixing could be referred to as a nuclear 
structure effect. However, it seems more appropriate to 
separate this problem from the coherent effects of 
nuclear structure to which we have already referred. 
If desired, the incoherent effect can be taken care of by 
the introduction of empirically adjusted mixing ratios; 
these mixing ratios can also be measured in the angular 
correlation process. There is no corresponding way to 
represent the coherent effects nor would it be desirable 
to introduce too many empirically adjusted constants 
in any event. 


II. DEVELOPMENT OF THE THEORY 


Consider a neutral atom of atomic number Z whose 
nucleus is in a low-lying excited state. Selection rules 
permitting, such a nucleus can undergo a transition to 
a state of lower energy either by emitting a gamma ray 
or by ejecting an orbital electron from the atom. Let the 
transition rates for these two processes be called NV, 
and N,, respectively. Then, by definition, the internal 
conversion coefficient is the ratio of NV, to Ny. The 
starting point of our development is the following pair 
of equations for V, and N,." 


8rka wn L 2 
N,= Rate de te. te 


QI +l My Mi Lol ML o=1 





x f dx Jy(x)-ALM (x; 0))?, (1) 
VN 





2ra 
N= _EEEELI M;;\|? ’ (2) 
pat QJ +1 My Min’ « 


2 See M. E. Rose, Proceedings of the 1957 International Conference 
on Nuclear Structure, Rehovoth, Israel (North-Holland Publishing 
Company, Amsterdam) (to be published). 

3M. E. Rose, Multipole Fields (John Wiley and Sons, Inc., 
New York, 1955). We shall henceforth designate this reference 
by the symbol I. 

4 The derivation of Eqs. (1), (2), and (3) will be discussed as 
soon as the notation has been explained. We use units such that 
h=m=c=1. 
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where 


Myf ox f d*y{ Jy(x)-Je(y)—pw(x)p.(y)} 
VN Ve Xr exp(tkr). (3) 


In the above equations the symbols have the following 
meaning. The constant k, a positive number, is the 
difference in energy between the two nuclear states; a 
is the fine structure constant. J; and J; are the total 
angular momentum quantum numbers of the final and 
initial nuclear states and M, and M, are the corre- 
sponding projection quantum numbers. The vectors x 
and y are position vectors in the three-dimensional 
spaces whose volume elements are d*x and d*y, The 
variable, r, is equal to |x—y|. Jy(x) and py(x) are the 
transiton current and charge densities which describe 
the interaction of the nucleus with the electromagnetic 
field. Similarly, J.(y) and p,(y) describe interaction of 
the ejected electron with the electromagnetic field. 
These densities are assumed to obey the usual con- 
tinuity equations. 


divJy=ikpy, divJ.=—ikp.. (4) 
J. and p, are defined in the conventional manner in 
terms of the Dirac matrices and the Dirac one electron 
wave functions of the initial and final states. These 
functions are calculated for a spherically symmetrical 
potential which is determined by supposing that the 
nucleus is a sphere of constant charge density and 
radius, R=1.2A!X10™" cm, where A is the nuclear 
mass number. Atomic screening is accounted for ac- 
cording to the Thomas-Fermi-Dirac model. The wave 
functions are represented in the manner described on 
pages 65 and 66 of I and the continuum functions are 
normalized on the energy scale. The parameter « is a 
nonzero integer which specifies the total angular mo- 
mentum quantum number j= |«x!—4 and the parity 
quantum number /= j+-«/2\«| for the final electron 
state. The angular momentum projection quantum 
number for this state is u.’° The initial electron state is 
analogously described by quantum numbers x’, 7’, U’, 
and yp’. 

We shall not write down specific formulas for the 
nuclear charge and current densities since none will be 
needed for our purposes. The reader should perhaps be 
warned that our notation for these densities is ex- 
tremely compressed. In the case of most nuclear models, 
the integrals of the densities will be off-diagonal nuclear 
matrix elements of sums of single-nucleon operators.'® 
In addition to supposing that the densities satisfy Eq. 
(4), we shall in the course of the development make a 
few further reasonable assumptions about them which 
are as nonrestrictive as possible. 


15 The notation is the same as that discussed on p. 65 of I. 

16R. K. Osborne and L. L. Foldy, Phys. Rev. 79, 795 (1950). 
These authors show how to construct appropriate charge and 
current operators phenomenologically. 
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The vectors A,”(x;o) are defined by the relations 


Ai” (x; 1)=—jr(kx)Tx, 1™ (6,9), 


L+1\! 
A,™ (x; 2)= (— ) jr—rAr, 1" 


2L+1 
L ; 
x) prea FREE. Pe 
(55) ienaen (5) 


L+1\3 
+(; = | jrsil ce, 41, 
2L+1 


in which spherical coordinates, x= |x|, 6, @ have been 
introduced. j,(kx) is the spherical Bessel function of 
order L and the T,,,™ are the vector spherical har- 
monics defined by Rose." 

Before proceeding to use Eqs. (1), (2), and (3) we 
shall remark briefly on the manner in which they have 
been established. Derivations of these equations have 
been given by several authors, each of whom adopted a 
different representation of quantum electrodynamics. 
Tralli and Goertzel'* and Kramer” use the Schrédinger 
representation. They differ, however, in their treatment 
of the photon field. Coester” employs the interaction 
representation. We have verified by direct comparison 
that all three methods lead to expressions for the con- 
version coefficients which agree with those obtained 
from Eqs. (1), (2), and (3). 

The rest of this section will now be devoted to the 
simplification of Eqs. (1), (2), and (3). We will introduce 
the usual multipole expansion of M,,, carry out a neces- 
sary integration by parts, do the angle dependent parts 
of the integrals in x and y space and carry out the pro- 
jection quantum number sums which appear in Eqs. 
(1) and (2). This will lead to expressions in which only 
the radial integrals remain to be carried out. It will 
then be seen that it is possible to decompose each of the 
conversion coefficients for pure 2“-pole radiation into a 
part which is independent of dynamic structure effects 
and a part which is not. Explicit formulas for each of 
these parts will be given. 

In order to make effective use of the conservation of 
angular momentum it is essential to express the function 
r~' exp(ikr) in terms of angular momentum eigenfunc- 


17 See pp. 22, 23, and 30 of I. For purposes of comparison it is 
important to note that the vector fields of Eq. (5) above are 
equal to (x/2)# times the corresponding fields of I. 

18N. Tralli and G. Goertzel, Phys. Rev. 83, 399 (1951). 

19 G. Kramer, Z. Physik 146, 187 (1956). Kramer points out a 
number of valid objections to the method used by Tralli and 
Goertzel. However his Eq. (38) leads to a result for the conversion 
coefficient which is the same as that obtained by Tralli and 
Goertzel. Also see G. Kramer, Z. Physik 147, 628 (1957) for 
additions and an important correction to the above article. 

” F. Coester (unpublished). Coester uses the S-matrix formalism 
in the interaction representation. 
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tions by using the well-known expansion,”! 


eikr 





a) L 
—=)) L Yi¥*(66)¥1¥(6',¢’) 
4rikr L-) M—L 
jilkx)hy™ (ky); y>x 
hy (kx) ji(ky); y<x. 


In Eq. (6), (y= | y!|, 6’, ¢’) are the spherical coordinates 
of the point y. An asterisk means complex conjugate. 
The above expansion does not converge uniformly with 
respect to both variables x and y for unrestricted values 
of these variables. Consequently the term-by-term in- 
tegration of the series has to be introduced with appro- 
priate care. The result of the above transformation can 
be expressed as follows. 


My:= & C{Mi™(m)+M (0), (7) 
L=0 M 
where 


(4nit)"M iM m)= f d*x Jy (x)-B,™*(x; 1) 
VN 
xf d*y J.(y)-Ar™(y; 1) 
0 
+f ox Jw (x)-Ap™*(x; 1) 
VN 
xf dy Sy)-Bi(y;1), (8) 


and 


sa 
(4nityMiM()=Z} f dx Jy(x)-B,™’*(x; 0) 
o=2I 0 yy 
xf d’y J.(y)-Ar™(y; @) 
0 
+f dx Jy(x)-AL™*(x; 0) 
VN 
xf dy J.(y)-Bi™(y; 0) 
-f dx pn (x) V™*(0,o)hi (kx) 
VN 
xf d*y p(y) V1™ (6',6’) ji (ky) 
0 


-f dx pw(x) Y ,™* (0,0) j1(kx) 
VN 


xf By ply) Vi" (6'b')hi (ky). (9) 


21 See Eq. (1.22) of I. In this equation the sum is multiplied by 
2n%ik rather than 4ik because Rose uses radial functions which 
differ ours by a factor (2/z)}!. 
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In Eqs. (8) and (9) the vectors B,”(x; 0) are obtained 
from the vectors Ay™(x;o¢) of Eq. (5) by replacing 
ji(kx) by hy,“ (kx). An asterisk applied to either kind 
of vector means take the complex conjugate of its 
spin-angle factors T;,,”. The notation /¢*d*y means 
integration over the region for which OS yS-x; the 
notation /;%d*y means integration over the region for 
for which «Sy<, In obtaining Eqs. (8) and (9) we 
employed our equivalent of Eq. (4.5) of I. This equa- 
tion provides an expansion of the unit dyadic times 
r-exp(ikr) in terms of the vectors Ay™(x;o) and 
B,™”(x;¢). An examination of the integrands which 
appear in Eqs. (8) and (9) shows that because of the 
Hankel functions the integrals are improper. In each 
case the integrals are convergent. 

In Eq. (7) we have expressed M,; as a sum of terms 
M,™(e) and M,™(m) which can be referred to as 
electric 2”-pole and magnetic 2-pole terms, respec- 
tively. This decomposition is based on the nuclear 
angular momentum and parity selection rules which 
arise from the solid angle integrations implied by Eqs. 
(8) and (9). For given L, greater than zero, these 
selection rules are just the well-known rules for electric 
24-pole gamma radiation and magnetic 2/-pole gamma 
radiation which are also contained in the integrals of 
Eq. (1) for Vy. 

For L=0 there is no gamma radiation. Furthermore 
M,°(m) is zero. However, M,°(e) is not zero and gives 
rise to what may be termed electric monopole transi- 
tions.” We shall not concern ourselves with such 
transitions here since our primary interest lies in the 
conversion coefficient which implies the possibility of 
radiative transitions. 

Reference to Eq. (1) shows that our expression for 
N, does not involve the nuclear charge density py. 
This quantity does appear, however, in our expression 
for M,™(e) as can be seen from Eq. (9). In order to 
discuss the nuclear structure dependence of the con- 
version coefficient, we shall want to compare the 
structure dependence of NV, with that of V,. This com- 
parison is facilitated if both quantities are expressed 
entirely in terms of Jy. The required transformation 
can be carried out as follows. In each of the last two 
terms of Eq. (9) pw is replaced by (ik)! divJy ac- 
cording to Eq. (4). The derivatives are then removed 
from Jy by permissible partial integrations, and finally 
the readily verified relations,” 


A,™*(x; 3) =k" grad(j.V 1™"*) (10a) 


and 


B,™* (x; 3)=k" grad(hhV,™*), (10b) 
are employed. It is then found that the sum, S, of the 


2 FE. Church and J. Weneser, Phys. Rev. 103, 1035 (1956). 
% See p. 30 of I. 
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last two terms of Eq. (9) can be written in the form 


s--if dx Jy(x)-B,™*(x; 3) 
VN 
xf vy pely) Vi™ (0'.6’) jr(ky) 
0 


-if dx Jy(x)-A™*(x; 3) 
VN 


xf dy poly) Vi" (0'o’)hi (ky), (11) 


z 


which no longer involves py. This makes it possible to 
express the nuclear dependence of V, in terms of Jy 
alone. 

The next step in the calculation is the evaluation of 
the solid angle parts of the volume integrals which 
appear in Eqs. (1), (8), (9), and (11). This is accom- 
plished by first expressing the vectors A,“(x;o) and 
B,“(x,c) in terms of radial functions and the spin-angle 
functions, Tz,,% of Eq. (5). The spin-angle functions 
are then expressed in terms of spherical harmonics 
through the easily verified relations,” 


pXond VY." (6,0) 


Tx, 1” (0,6) = 








(L(L+1)}) 
|x| | grad pL’ — (L+1)zY .™ 
Tz, 141 (6,6) =— 
CL 41)(2L+1)}! 
|x| x| gradY uN+ LY, Pad 
Tz, 1-1" (0,0) = ay 
[L(2L+1) }} 


In Eqs. (12), #=x/|x|. By making use of Eqs. (12) 
and by introducing the Dirac wave functions of the 
electron, it is possible to carry out the solid angle inte- 
grations in the electron space explicitly.” It results 
therefrom that the M dependence, the u dependence, 
and the yu’ dependence of each of the integrals over the 
electron space is contained entirely in a multiplicative 
Clebsch-Gordan coefficient, which we shall designate by 
the notation C(j’Lj; u’M) used in I. As is well known, 
this Clebsch-Gordan coefficient contains the angular 
momentum conservation laws for the electron. 

The solid angle integrations cannot be carried out 
explicitly in the space of the nucleons until the function 
J (x) is specified. We shall proceed by making the very 
reasonable assumption that for all nuclear models an 
angular momentum conserving Clebsch-Gordan coef- 
ficient also arises from the integrals over the nucleon 
space. Specifically, we assume that there exist radial 


% See, for example, M. E. Rose and L. C. Biedenharn, Oak 
Ridge National Laboratory Report ORNL-1779 (unpublished). 
25 See, for example, pp. 65-68 of I. 
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functions #,“(x) such that 


rs f f dodds(sind) Iw (2,0,6)-T,**(0,0) 
=(—)F#24™C(J LI;; Mi, —M)®"(x). (13) 


The essential part of the assumption is that the 
functions ®,4(x) are independent of M, M,, and My. 
These functions will of course depend on the many other 
quantum numbers necessary to specify the initial and 
final nuclear configurations. It is readily demonstrated 
that the existence of the functions ®,“(x) follows from 
the very reasonable assumption that the nuclear 
current operator is an irreducible tensor of rank one.”¢ 

Because of the properties of the Clebsch-Gordan 
coefficients, it is possible to carry out the sums over the 
projection quantum numbers which appear in Eqs. (1), 
(2), and (7). The 2“-pole matrix elements M,™(m) and 
M_™(e) are first expressed in terms of reduced matrix 
elements M,“(m) and M,“(e) as follows: 


M ™(m)=(—)*"C(J LJ;; Mi, —M) 
XC(j’Lj;u'M)M“(m), 
M1™(e)=(—)”C(J LJ;; Mi, —M) 
XC(j’LJ ; n'M)M“(e). 


(14) 


For the clarity of the subsequent formulas, « has been 
introduced as a subscript in order to emphasize the 
dependence of the reduced matrix elements on that 
parameter. Equations (14), (7), and (3) are then used 
to evaluate the sums over the projection quantum 
numbers in Eq. (2). In addition to the angular momen- 
tum selection rules, we also postulate that the usual 
parity selection rules for electromagnetic interactions 
are valid. 

A completely analogous reduction of Eq. (1) can also 
be carried out without difficulty. One obtains the fol- 
lowing formulas for NV, and N,. 


waa 
2J +1 L=1 
phere) 
+ on4 
L 
— 
e 2j+1 
2TcH1 “x imo 241 
X {| M.4(m) |?+ | M.4(0)|?}. 





R \2 
f dx &,"(x) jr(kx)| 
0 | 


Td By_1"(x) jr (kx) 











3 2 
pring , (15a) 





(15b) 


In Eqs. (15), R stands for the nuclear radius. The 


26 See, for example, the discussion relating to Eq. (5.59) of M. E. 
Rose, Elementary Theory of Angular Momentum (John Wiley and 
Sons, Inc., New York, 1957). 
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summations in Eqs. (15a) and (15b) include only those 
values of Z and «x for which the Clebsch-Gordan coef- 
ficients of Eqs. (15a) and (15b) do not vanish. This is 
ensured by the properties of ®,”, (A=Z, [+1). Thus 
|Jy—J;| S$LSJ;+-J; and for each such L, |L—j’| 
< j<1L+7’. In the expression for V, the first integral 
in the curly bracket refers to magnetic 2’-pole gamma 
radiation and the second integral refers to electric 
2¥-pole gamma radiation. For a given L one of these 
terms must be zero because they correspond to different 
nuclear parity changes. For the same reason, for any 
given L either M,“(m) or M,“(e) is zero. 

In accordance with the discussion in the introduction, 
we now consider pure 2”-pole transitions, i.e., transi- 
tions in which each of the sums over L in Egs. (15) 
reduces to a single term. Such a transition can be either 
electric or magnetic. Following Rose, we use the symbol 
Bx, to designate the conversion coefficient for magnetic 
radiation and the symbol az to designate that for 
electric radiation. The formulas for 8, and a, are 
obtained from Eqs. (7) through (15). We shall consider 
the magnetic case first. 

It is convenient at the outset to transform Eq. (8) 
in such a way that the comparison with the theory for 
a point nucleus can be readily made. This is done by 
extending the domain of integration over y in the 
second term of Eq. (8) so that the y integral is carried 
out over all space. A compensatory term is then added 
to the expression for M,™(m). A study of the Dirac 
wave functions for small values of y shows that this 
manipulation is permissible in spite of the singularity 
of the Hankel functions in B,”(x; 1). The new second 
term in M;™(m) is then the product of the same nuclear 
integral which appears in NV, and an electron integral 
which, in the limit of vanishing nuclear radius, tends 
toward that obtained by Rose for a point nucleus. The 
calculation of M,“(m) from Eqs. (14), (8), (5), and 
(12) is straightforward but tedious. We find 


| M,2(m) |*=4ark? (214-1) (21’+1)(27’+1) 
XL7(L+1)7(x+0’)°C2(U'L ; 00) 


XW? (I 717; $L) | Nee(m,1)+N4E(m,2)|*, (16) 


where W (I'j’lj; 4) is a Racah coefficient in the nota- 
tion of I and 1(x) =/(—x). In Eq. (16) 


N.&(m,1) = R.(m)I*(m), (17a) 
and 
R 
veH(m2)= f dx &,"(x)p1(x). (17b) 
0 
In Eqs. (17a) and (17b) 
R 
ru(m)= f dx &,)(x)j1(kx), (18) 
0 
Rim)= f dy hy (ky) (F.Ge+G.F), (19) 
0 


AND 
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and 


Vi(x)=h, (kx) f dy ju(ky) (F.GutGFv) 
0 


— jr (kx) f dy hy (ky) (F.Ge+G,F). (20) 
0 


The function #,” is defined by Eq. (13) and the 
functions F,(y) and G,(y) are equal, respectively, to y 
times the Dirac radial functions f,(y) and g,(y) which 
are defined in Eq. (5.8) of I. 

The introduction in Eq. (16) of two terms V,“(m,1) 
and N,“(m,2) separates the conversion coefficient into 
a part in which only the static effect of nuclear structure 
plays a role and a part arising from the dynamic effect. 
This latter term also contains factors whose numerical 
values are influenced by the static effect. Only the 
static effect is involved in the case of V,“(m,1) because, 
according to Eq. (17a), N,”“(m,1) is the product of the 
nuclear integral 74(m) for gamma-ray emission [see 
Eqs. (15) ] and an integral R,(m) which involves the 
nucleus only through its effect on the electron wave 
functions. The nuclear integral cancels out of this part 
of the conversion coefficient. The second term V,“(m,2), 
it will be apparent, represents the dynamic effect of 
nuclear structure. 

An explicit formula for the conversion coefficient is 
readily obtained from Eqs. (15) through (18). The 
result is 


mock (2j’ +1) (21 +1) 
= _ ¥-(2j+1)(2l+1) 
L(L+1)(2L+1) “*« 


xC2(U'L; 00)W2(jlj'V’5 AL) (x+«’)? 


| N*(m,2)|? 
X | R.(m)-+————|. (21) 

I*(m) | 
The corresponding formula for a point nucleus is given 
on page 69 of I. Acomparison of this equation with Eq. 
(21) above shows that in the theory of a point nucleus 
the ratio V,“(m,2)/I"(m) is set equal to zero. The only 
other difference between the two formulas is that in Eq. 
(21) the electron integral, R,(m) (Ri+R2 in Rose’s 
notation), is to be evaluated for a nucleus of finite 
extent whereas for a point nucleus Coulomb wave 
functions are used. Further analysis of the structure- 
dependent term V,“(m,2)/I"(m) will be carried out in 
Sec. IIIb. 

We shall conclude this section by presenting the 
formulas which apply to electric 2”-pole conversion. 
As can be seen from Eq. (15) the principal task is the 
evaluation of the reduced matrix element M,“(e) which 
can be obtained from Eqs. (9) and (11) in the same way 
that M,”“(m) is obtained from Eq. (8). As in the mag- 
netic case it is convenient to extend the y integrations 
for which xSy<@ in such a way that 0Sy<o. 

















Compensating terms are then added to the expression 


for M,“(e). We find 


| M,/(e) |*= dark? (214-1) (20 +1) (27’+1) 
XL (2L41)-1C*(U'L ; 00)W2(57'l'; 4L) 


« |N,4(e,1)+N,4(e,2)|2, (22) 
where 
R an 
NH(e)= f dx P,, ’(x) jr (bx) f dy NL (y) 
0 ‘ 0 
+(L/L+1)! f dx Py y"(x) jry1(kx) 
0 
x f dy n*(y), (23) 
0 


and 


R 
R.H(e2)= f dx &,_1"(x)Wr (x) 
0 


R 
+(L, L+1) f dx Pri s"(x)Wrt(x). (247 
0 


The functions #,4;"(x) are defined by Eq. (13), and 
the functions ¥,*(«) are defined by the relations 


Wi* (x) =Aras" ex) f dy t1*(y) 


—jrastks) [dy m*y), (25) 
0 

where 

Ex~ (y) = (x —x) (F.Ge+G.F 


Ve) IL-1 
—L(P.Gy—GFv) jist LFF +GGe) ji, 


Ext (y) = (K’ —K) (F.Ge+G Fe) jis 
+ (L+1)(F, On! —G,F,) fits 
+ (L+1)(FyFe+G.Gy)jr. (27) 


(26) 


The functions n,* are obtained from the functions §,* 
by replacing the Bessel functions by the corresponding 
Hankel functions. 

As in the magnetic case, it is possible to isolate a 
term in which the only effect of nuclear structure is of 
the static type. In order to see this, however, it is 
necessary to employ a theorem which is proved in Ap- 
pendix A and stated as Eq. (A.5). 
ticular case of this theorem that 


It follows as a par- 


Dn 


f dy nit(0)=— f dy nu (y) 
0 0 


2L+1 
+— lim [(F,(a)G,-(a) 
k a0 


— Fy (a)G,(a))ht™ (ka) J, (28) 
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and consequently that 


L \i p*® 
RH) = ROH +(— ) f dx ®,,1"(x) 
L+1 0 


2L+1 
X jryi(kx) a - lim {LF,(a@)Gy (a) 
a0 
~F,(a)G,(a) Yor (ka)}, (29) 

where 
Rio) f dy ni (y) 

0 

= (x’—x)(Rs+Re)+L(Re—Rst+Rz+R,), (30) 


R 
rH(o)= f dx} Bassa) jab) 
° L \3 
-( — ) east(a) juss ° (31) 
L+1 


The radial integrals R; to Re are defined on page 70 of I. 

The important result exhibited by Eq. (29) is that 
the first term of N,“(e,1) is the product of the same 
nuclear integral /“(e) which enters into the gamma-ray 
lifetime [ Eqs. (15) ], and an integral R, (e) which involves 
only the static effect of nuclear structure. The sum, 
NA(e,1)+N,“(e,2), can thus be regrouped to form an 
equal sum N,“(e,1)+N,“(e,2), in which the contribution 
of the first term to the conversion coefficient is inde- 
pendent of the dynamic effect of nuclear structure. It 
is sufficient to define N,(e,1) and N,“(e,2) by the 
equations 


V,+(e,1)=R,(e)I*(e), 


eeg ei ah : 32 
N,¥(e,2)=N,"(e,2)+N,“(e,1)—N,“(e,1). ao 


It will be seen in Sec. III that the contribution of 
N,£(e,2) depends on dynamic effects. 

By making use of Eqs. (15), (22), and (32) it is easy 
to obtain a formula for the conversion coefficient. One 
finds 


mock (2 7’+-1) (21’+1) 


ay =——_—_—_—_———- ¥ (2j-+1) (+1) C2’; 00) 
“L(L+1)(2L+1) x 
| N,*(e,2)|? 
XW?(jlj'l’; 4L)|Re(e)+———| . (33) 
| I¥(e) 


Although the formulas are more complicated, the result 
contained in Eqs. (24)-(33) is quite similar to that 
obtained in the magnetic case. The electric conversion 
coefficient, calculated for a finite nucleus, differs from 
that given on page 70 of I for a point nucleus in two 
respects. First of all, for a point nucleus, Coulomb wave 
functions are used in the radial integrals. Secondly, for 
a point nucleus, the structure dependent ratio 
N,"(e,2)/I"(e) is set equal to zero. Further analysis of 
the structure dependence is carried out in Sec. IIIc. 
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III. FURTHER ANALYSIS OF THE STRUCTURE- 
DEPENDENT CONTRIBUTIONS TO THE 
CONVERSION COEFFICENTS 


a. Introductory Remarks 


A study of Eqs. (17)—(21) and (23)-(33) shows that 
the nucleus affects the internal conversion coefficients, 
(a) through the nuclear functions ®,” and #;,,", and 
(b) through the electron wave functions which are 
affected by the nuclear charge distribution. The wave 
functions enter into the radial integrals R,(e) and R,(m) 
and into the electronic functions ~z(x) and w,*(x). As 
stated in the introduction, a basic assumption of the 
present work is that while a detailed nuclear model may 
be necessary for the evaluation of the nuclear functions 
@," and @,4,;", such a model is not necessary for an 
accurate evaluation of the radial integrals and the elec- 
tronic functions. It is our aim therefore to choose a 
reasonable nuclear charge distribution and do once and 
for all as much of the calculation as can be done without 
specifying the nuclear functions. The problem, then, is 
basically one of storing information about the electronic 
aspects of the conversion process. We have chosen to do 
this by expanding the electronic functions in rather 
rapidly convergent power series whose coefficients can 
be tabulated as functions of atomic number Z, photon 
energy k, and multipole order L. The necessary infor- 
mation is stored in these coefficients. 

The nuclear charge distribution adopted in the 
present work is that of a sphere of constant charge 
density and radius R= 1.2A'X 10™ cm. Sliv has shown*’ 
that various physically reasonably variations from this 
distribution lead to changes of less than a few percent 
in the radial integrals. The effect of reasonable changes 
in the nuclear charge distribution on the functions 
¥z(x), etc. is larger but still less than about 10% in 
most cases. This point is discussed in greater detail in 
Sec. IVb. 

In concluding the general remarks, let us mention 
that, as can be seen from Eqs. (21) and (33), it is 
necessary to know the radial integrals R,(e) and R,(m). 
At present, the only tables of these integrals which are 
available are those calculated by Rose" for the K shell, 
using a point nucleus and no screening.” 

The use of an extended nuclear charge distribution 
leads to rather different K-shell radial integrals for 
large values of Z, and screening also changes the K-shell 
radial integrals by a few percent. For this reason it is 
necessary to apply correction factors to the tabulated 
radial integrals in order to obtain the ones which are 
required for the present work. The determination of 
these correction factors was carried out in part by 

27See the introduction to the tables of internal conversion 
coefficients by Sliv and Band (reference 1). 

28 For purposes of obtaining information about nuclear struc- 
ture, the restriction to the K shell is not serious except for transi- 
tions for which K conversion is energetically impossible. In order 
to treat these cases it is necessary to have an analysis of the 


L-shell conversion coefficients. Plans to carry out such a program 
are now being formulated by one of us (M. E. R.). 
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methods which were of necessity mathematically crude 
and which may introduce errors of several percent in the 
final expressions. These correction factors will be 
discussed briefly in Sec. IVc where a more precise 
statement about the errors in the calculation will also 
be given. 

No radial integrals have been tabulated for the L 
and M shells. For this reason we are obliged to restrict 
our analysis to the K shell. 


b. Further Analysis of the Magnetic 
Conversion Coefficient 


We now turn to the details of the calculation and 
start with the magnetic conversion coefficient. Our 
basic concern is the transformation of the structure- 
dependent ratios V,“(m,2)/I“(m) which appear in Eq. 
(21). As the first step, all the functions which appear in 
the definition of Yz(x) [Eq. (20)] are expanded in ab- 
solutely and uniformly convergent power series. In this 
way a uniformly convergent power series for ~z(x) is 
obtained. It then follows from Eq. (17b) that if @,4(x) 


is bounded, 
R 


N,&(m,2) => ay (x) dx Bp" (x)(x/R)¥*?+2", (34) 


n=(Q 0 


where a@,(x) is the coefficient of (#/R)"****" in’ the ex- 
pansion of ~z(x). 

It is also possibie to expand the Bessel function 
which appears in J“(m) [see Eq. (18) ]in powers of «/R. 
In this way one immediately obtains the result that 


e (—)*(RR) 
Fifa) Kh ace 
n=02"(2L+2n+1)!!n! 


R x L+2n 
xf ax.4a)(—) , & 
0 R 


where (2/+1)!!=1X3X5X---X(2/+1). 

Now, (R&R)? is less than 2 10~ for almost all transi- 
tions of interest in internal conversion, Hence under 
almost all physically conceivable conditions the first 
term in the expansion of J“(m) will be an excellent 
approximation. This is true, for example, even if 








R R 
f di by (4/RY~108 f dx ?,"(x/R)". (36) 


For this reason we shall henceforth set 


Pe ee fa 14(x) =) (37) 
Tv nan a(; 


Equations (34) and (37) show that V,“(m,2)/I¥(m) 
can be expressed as a sum of ratios of nuclear matrix 
elements. If this result is inserted into Eq. (21) it is 
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easy to show that 8, can be written in the form 


Br=C1{\1—p 


t2—1 exp(ip_z) |? 


+y1\1~—pryir41 exp(idrys)|7}, (38) 
where 
_ o(x)(2L+1)1! 
px Exp(id,) = ——, p,>O, (39) 
(RR)”“R,(m) 
© Oy(K 
z= > - R(L+2+2n; L), (40) 
0 do(K) . 
and 
Ls! Rryi(m)\? 


L+1 |R 1(m)\? 
The nuclear ratios R(a; 6) are defined by the relation 


R(a; b) 


R 
f dx &,"(x/R)* f d*x Jy-Ty, .™*(x/R)* 
0 VN 


R od i 
f dx "(x ‘R)’ f d®x Jv:T. iu * (x R)? 
0 VN 
(42) 


The last equality in Eq. (42) follows from Eq. (13). 


TABLE I. p_x. Multiply each entry by 10 to the 
number in parentheses. 
L=1 2 L=3 L fi 


Z ek L L=5 
9 50 7.76(- 2) ~ 4.87( 2) 3.58(-2) 3.12( 2) 2.87(-2) 
1.8 5.50(-2) 3.55(-2) 2.97(-2) 2.72(-2) 2.58(-2) 
0.5 4.46(-2) 3.21(-2) 2.95(-2) 2.91(-2) 2.97(-2) 
78 50 3.96(-2) 2.42(-2) 1.94(-2) 1.69(-2) 1.57(-2) 
1.8 2.77(-2) 1.86(-2) 1.58(-2) 1.46(-2)  1.39(-2) 
0.5 2.21(-2) 1.64(-2) 1.50(-2) 1.45(-2) 1.44(-2) 
64 §.0 2.13(-2) 1.41(-2) 1.15(-2) 1.03(-2) 9.48(-3) 
1.8 1.54(-2) 1.09(-2) 9.44(-3) 8.76(-3)  8.35(-3) 
0.5 1.23(-2) 9.58(-3) 8.80(-3) 8&.50(-3) 8.35(-3) 
30 5.0 3.34(-3) 2.68(-3) 2.39(-3) 2.20(-3) 2.09(-3) 
1.8 2.72(-3) 2.23(-3) 2.04(-3) 1.95(-3)  1.89(-3) 
0.5 2.31(-3) 2.00(-3) 1.91(-3) 1.84(-3)  1.81(-3) 
0.3 2.23(-3) 1.97(-3) 1.89(-3) 1.84(-3)  1.82(-3) 


A formula for the parameter Cz is readily obtained 
from a comparison of Eqs. (38) and (21). C, does not 
involve any nuclear matrix elements. 

Equation (38) is suitable for application in connection 
with specific nuclear models since all of the quantities 
in it except the ratios R(a; 6) can be tabulated once 
and for all. Hence, given a nuclear model it is possible 
to evaluate the ratios R(L+2+2n; L) of Eq. (40) and 
obtain a predicted value for 8, 

For practical purposes Eq. (38) can be further sim- 
plified, for it turns out that yz and the ratio pr41/p_z 
are generally so small that for photon energies, & less 
than 2, and atomic numbers Z greater than 60 the 
terms containing pz4; in Eq. (38) are less than 1.5% 
of those containing p_, for almost any conceivable 
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Taste II. yz. Multiply each entry by 10 to the 
number in parentheses. 

Z k L "7 L=2 L=3 L=4 L=5 
96 5.0 654(-2) 5.11(-2) 4.92(-2) 4.69(-2) 4.46(—2) 
1.8 1.72(-2) 1.69(-2) 1.63(-2) 1.51(--2) 1.38(-2) 
0.5 1.92(-3) 1.27(-3) 1.01(-3) 8.06(-4) 6.55(-4) 

78 5.0 1.27(-1) 1.04(-1) 9.89(-2) 9.44(-2) 8.93(-2) 
1.8 4.38(-2) 4.19(-2) 4.02(-2) 3.76(-2) 3.48(-2) 

0.5 8.23(-3) 645(-3) 5.52(-3) 4.67(-3)  3.96(-3) 

64 5.0 1.87(-1) 1.65(-1) 1.57(-1) 1.51(-1)  1.43(-1) 
1.8 7.92(-2) 7.70(-2) 742(-2) 7.03(-2) 6.53(-2) 

0.5 2.00(-2) 1.74(-2) 1.53(-2) 1.34(-2)  1.16(-2) 

30 5.0 3.60(-1) 3.95(-1) 4.05(-1) 3.99(-1) 3.96(-1) 
1.8 2.46(-1) 2.69(-1) 2.74(-1) 2.72(-1)  2.68(-1) 

0.5 1.21(-1) 1.290(-1) 1.28(-1) 1.19(-t) 1.11(-1) 

0.3 8.27(-2) 8.41(-2) 8.03(-2) 7.32(-2) 6.69(-2) 





nuclear model.” For this reason we shall henceforth 
drop the terms in pz4, entirely. 

Let 61(2) and 8,(2°) designate the conversion coef- 
ficients for two muciear modes for which the structure- 
dependent sums are =, and 2,°, respectively. It follows 


from Eq. (38) that 
81(2) [pi w-1 exp(ig- -t)| ++ yz 


= lll <a 


81(°) livg, w- 1% exp( ip | they 


Equation (43) is the final result and it is used as follows. 
The parameters p_z, yz, and @_, are tabulated as 
functions of Z, k, and L in Tables I, II, and III and 
hence their values for any given nuclear transition can 
be determined by interpolation and extrapolation. (For 
most practical purposes ¢_, can be set equal to zero.) 
>~_, and Y_;° are determined from Eqs. (40) and (42). 

The purpose of introducing a reference model is to 
provide a calculated value of the conversion coefficient 
8(=°) without resorting to the complications which a 
realistic model would entail. Then 8,(2) is the magnetic 
conversion coefficient for the realistic model. Accord- 
ingly, for 2° one adopts a simple model which permits 
the evaluation of 2_;° in a trivial way. In this case the 
dynamic effects in the reference model will be relatively 
small and the comparison of the observations with the 
reference model will indicate the presence or absence 
of strong dynamic effects. 


TABLE ITT. ¢_1. For given values of Z and k cos@_1 
isa } REECE function of L. 








cos@.1 Zz k cos¢.1 

06 5.0 0.986 64 5.0 0.968 
1.8 0.999 1.8 0.998 

0.5 1.000 0.5 1.000 

78 5.0 0.973 30 5.0 0.982 
1.8 0.999 1.8 0.998 

0.5 1.000 0.5 1.000 





® This point is discussed in greater detail by T. A. Green and 
M. E. Rose, Oak Ridge National Laboratory Report ORNL-2395 
(unpublished), Sec. III. We shall henceforth designate - 
reference by the symbol II. 
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TABLE IV. —ai(—L)/ao(—L). Multiply each entry by 10 to 
the number in parentheses. Linear interpolation in & is accurate 
to 1% or better. 








£128 L=1 L=2 L=3 L=4 L= 

96 5.0 1.87(-1) 1.83(-1) 180-1) 1.77(--1)_ 1.75(-1) 
0.5 1.80(-1) 1.79(--1) 1.76--1) 1.741) 1.73(--1) 

78 5.0 1.48(-1) 1.49(-1) 1.49(-1) 1.48(-1)  1.48(-1) 
05 144(-1) 147(--1) 147(--1) 147-1) 1.46(-1) 

64 5.0 1.22(-1) 1.27(-1) 1.29(-1) 1.30(-1)  1.30(-1) 
0.5 1.20(-1) 1.26(-1) 1.28(-1) 1.29(-1)  1.30(-1) 

30 5.0 7.84(-2) 8.91(-2) 9.45(-2) 9.76(-2) 9.95(-2) 
1.8 8.09(-2) 9.15(-2) 9.67(-2) 9.95(-2) 


1.01 (-1) 








Two procedures have been adopted for the reference 
model calculations. These are: (1) “No penetration’ 
model. Here one assumes all dynamic effects are absent ; 
i.e., 2,°=0. This model has been used by Rose to obtain 
the coefficients referred to in reference 2. (2) Surface 
current model. This is the basis of Sliv’s results.! One 
takes 
x- J°=0, 


Jv=J°($,9)5(x—R), (44) 


for both electric and magnetic transitions. For Sliv’s 
model the pertinent result here is that R(L+2+2n; L) 
=1. As indicated, the difference in results provided by 
these two models is small. It is at most 13% for large 
Z and k and in the large majority of cases is of order 1 
or 2%. 

Of the coefficients a,(x)/ao(x) which appear in Eq. 
(40), the first is unity and the second is tabulated in 
Table IV. It is expected that the use of just two terms 
in the sum of Eq. (40) will usually be a good approxi- 
mation since it can be shown that the third coefficient 
which is positive, is less than 0.05 for Z less than 96, 
less than 0.03 for Z less than 80 and less than 0.02 for Z 
less than 60. 


c. Further Analysis of the Electric 
Conversion Coefficient 


The analogous formulas for electric conversion will 
now be developed. As in the magnetic case, the results 


TABLE V. w_1-1. Multiply each entry by 10 to the 
number in parentheses. 





Z k L=1 L =2 L=3 L=4 L=5 

96 5.0 1.03(-2) 5.63(-3) 3.92(-3) 3.01(-3)  2.48(-3) 
1.8 4.37(-3) 2.59(-3) 1.88(-3) 1.53(-3) —1.32/-3) 
0.5 2.08(-3) 1.42(-3) 1.17(-3) 1.07(-3)  1.04(-3) 

78 5.0 4.69(-3) 2.60(-3) 1.79(-3) 1.39(-3) 1.14(-3) 
1.8 1.87(-3) 1.11(-3) 8.06(-4) 6.48(-4)  5.52(-4) 
0.5 8.16(-4) 5.22(-4) 4.14(-4) 3.63(-4) 3.35(-4) 
0.3 6.39(-4) 434-4) 3.70(-4) 3.45(-4) 3.33(-4) 

64 5.0 2.51(-3) 1.42(-3) 9.91(-4) 7.63(-4)  6.24(-4) 
1.8 9.82(-4) 5.81(-4) 4.21(-4) 3.37(-4)  2.85(-4) 
0.5 3.99(-4) 2.52(-4) 1.96(-4) 1.68(-4) _1.52(-4) 
0.3 3.02(-4) 1.99(-4) 1.62(-4) 1.45(-4)  1.35(-4) 

30 5.0 5.26(-4) 3.11(--4) 2.18(-4) 1.69(-4) 1.38(-4) 
1.8 1.95(-4) 1.17(-4) 8.47(-5) 6.69(-5)  5.58(-5) 
0.5 6.81(--5) 4.09(-5) 3.07(-5) 2.52(-5) 2.17(-5) 
0.3 4.53(-5) 2.86(-5) 2.20(-5)  1.84(-5) 


1.62(—5) 
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are expressed in terms of sums, >, of nuclear ratios. 
However, as can be seen from Eqs. (24) and (31) there 
are two nuclear functions ®,_;”“ and ®,,,” which enter 
into the basic formulas. Consequently the results 
involve two types of nuclear ratios. These will be seen 
to be 


S(a; b) 


K 
f dx ®,_1"(x/R)* f d*x Jy-Ty, p-1™@*(«/R)* 
0 VN 


R ‘pee ie : 
f dx &;_;"(x/R)* f d*x Jy-Ty, 1-1"*(x/R)® 
VN 
y (45) 
and 


T (a; b) 


f dx Iy-Tr, y1"*(x/R)® 


VN 


kK 
f dx &,,,"(x/R)* 
0 


R - . 
f dx &,_,"(x/R)° f dx Jy: Tr, 1-1"*(x/R)? 

0 VN 
(46) 


It is simplest to begin the analysis by considering the 
nuclear integral J“(e). The Bessel functions which 
appear in Eq. (31) can be expanded in the usual uni- 
formly convergent power series. Moreover, just as in 
the magnetic case, the smallness of (RR)? shows that 
it will almost certainly be a very good approximation 
to use only the term of lowest order in (RR)*. Thus we 
set 
(kR)* 


R x L-1 
(2L—1) 1! R 


This is, of course, the “long-wavelength” approximation 
usually made in the theory of gamma-ray emission. 


TABLE VI. w;. Multiply each entry by 10 to the 
number in parentheses. 


Z k L=3 L=5 


L=1 L=2 L=4 
96 5.0 6.79(-2) 6.81(-2) 6.72(-2) 6.70(-2) 6.81(-2) 
1.8 6.79(-2) 6.24(-2) 6.28(-2) 6.56(-2)  6.94(-2) 
0.5 6.27(-2) 5.73(-2) 6.30(-2) 7.37(-2) 8.73(-2) 
78 5.0 2.61(-2) 2.61(-2) 2.62(-2) 2.64(-2)  2.68(-2) 
1.8 2.18(-2) 2.16(-2) 2.23(-2) 2.33(-2)  2.45(-2) 
0.5 1.66(-2) 1.63(-2) 1.81(-2) 2.05(-2)  2.33(-2) 
0.3 1.48(-2) 1.51(-2) 1.78(-2) 2.14(-2)  2.53(-2) 
64 5.0 1.18(-2) 1.23(-2) 1.25(-2) 1.26(-2)  1.28(-2) 
1.8 9.22(-3) 9.55(-3) 9.97(-3) 1.05(-2)  1.09(-2) 
0.5 6.18(-3) 6.51(-3) 7.21(-3)  8.07(-3)  9.01(-3) 
0.3 5.24(-3) 5.65(-3) 6.54(-3) 7.61(-3)  8.78(-3) 
30 5.0 1.42(-3) 1.59(-3) 1.65(-3) 1.69(-3) 1.73(-3) 
1.8 9.83(-4) 1.11(-3) 1.19(-3) 1.24(-3)  1.29(-3) 
0.5 5.15(-4) 5.94(-4) 6.55(-4) 7.13(-4) 7.65(-4) 
0.3 3.86(-4) 4.54(-4) 5.68 (—4) 


5.12(-4) 6.20(—4) 
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Now consider the model-dependent ratio 
N,4(e,2)/T" (e) 


which appears in Eq. (33). From Eqs. (23)—(33) and 
Eq. (47), it is not hard to see that the above ratio can 
be expressed in the form 


N.W(e,2) 
———= © [ba(x)S(L+1+2n; L—1) 


T*(e) n=O 3 
+6n(x)T(L+1+2n;L—1)], (48) 


where the coefficients b,,(x) and c,,(x) can be determined 
from the series expansions of the Bessel functions, the 
Hankel functions, and the electron wave functions. 

The next step in the analysis is the use of Eq. (48) 
for the further reduction of Eq. (33). In treating the 
magnetic case at this point, we factored out the radial 
integrals R,(m). In the electric case for x=L,® this 
factorization is not appropriate because R;(e) vanishes 
at certain photon energies. For this reason we factor 
out R,(e) only for x= —L—1 and write Eq. (33) in the 
form 


ay= Df |1—e_1-12—1-1 exp(i7_1-1) |? 


+ |U,—w121 exp(irz)|?). (49) 
The nuclear structure dependence of a, is entirely 


contained in the sums 2,, which are defined by the 


TaBLe VII. U,. The number in parentheses is the estimated 
absolute value of the percent error in the tabulated value of U,. 
Additional values which are useful for plotting U1, as a function 
of k or as a function of Z are given below the main group of values. 


Zz k L=1 L=2 L=3 L=5 
96 $0  0.51(13) 1.09(4) 1.52(4) 1.81(3) 2.05(3) 
1.8 0.28(35) 0.96(5) 1.37(4) 1.69(3) 1.97 (3) 
10 0.14(50)  0.77(6) 1.15(4) 1.48 (4) 1.81(3) 
0.5 0.12(50)  0.49(7) 0.86(5) 1.25(4)  1.65(4) 
78 5.0 0.58(7) 0.87 (5) 1.13(4) 1.33(3) 1.48(3) 
1.8 0.25(10) 0.62(6) 0.86(4) 1.05(4) 1.21(4) 
_ 10 0.05(40) 0.39(6) 0.59(4) 0.77 (4) 0.94(4) 
0.5 0.22(7) 0.09(10)  0.28(5) 0.47(3) —0.67(3) 
0.3 0.36(8) 0.10(7) 0.09(5) 0.28 (3) 0.48 (3) 
64 5.0 0.60(5) 0.77 (4) 0.94(3) 1.07(3) = 1.17(3) 
18 0.24(5) 0.46(4) 0.60(3) 0.72(3)  0.82(4) 
1.0 0.02(70)  0.20(3) 0.33(3) 0.43(3) 0.534) 
0.5 0.23(7) 0.09(7) 0.02(20) 0.12(3)  0.24(3) 
0.3 0.37 (4) 0.27(4) 0.17 (4) 0.05(5) 0.06(5) 
30. «=5.0——0..72(3) 0.67 (3) 0.69(3) 0.71(3) = 0.733) 
1.8 0.26(2) 0).24(2) 0.25(2) 0.27(2)  0.28(2) 
1.0 0.00 0.04(2) 0.04(2) 0.02 (2) 0.01(2) 
0.5 0.26(2) 0.32 (2) 0.32(2) 0.32(2)  0.30(2) 
0.3 0.41(2) 0.47 (2) 0.48 (2) 0.48(2)  0.46(2) 
zZ k L UL Zz k £ UL 
96 0.3 1 0.32(40) 64 0.65 2 <0.02 
= G3 2 <0.03 64 045 3 <0.02 
78 0.8 1 0.05 (40) 64 0.35 4 <0.01 
78 O4 2 <0.62 G4 023. 5 <0.02 
4:03 3 .<002 oe O88 5 0.12(30) 
mune «68 <0.03 oO 05 4 <0.02 
68 0.3 4 <0.02 60 0.3 5 <0.02 
4 09 1 5 <0.02 


0.02 (70) % 5 








® The allowed values of « are L and —L—1. 
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TABLE VIII. Cosr, and cost_y-1 for L=1 and L=2. Wherever 
the estimated error in the tabulated values is particularly large it 
is stated. For L>3, cosr_z_: is practically unity. Cosr, changes 
value rapidly from —1 to +1 in the neighborhood of k=k. 
Values, k, of k for which cosr, =0 are also listed. (The estimated 
error in k is +0.05 in all cases.) 











cosrTi Ccosr?2 COST 2 COsrTr-—s 
96 5.0 0.56_0.147°"4 0.997 0.92 0.97 
1.8 0.92_6.11 79-5 0.998 0.96 0.99 
0.5 —0.88_» 977°” 0.997 0.99 1.00 
78 5.0 0.66_0.957°™ 0.994 0.94 0.98 
1.8 0.926 927° 0.998 0.98 0.99 
0.5 —0.98 0.960 0.99 1.00 
0.3 —0.991 
64 5.0 0.74_6.927°@ 0.992 0.95 0.98 
; 0.93_6.917°- 0.998 0.98 0.99 
0.5 —0).99 —0.975 0.99 1.00 
7 —0.999 
30 5.0 0.94 0.998 0.99 0.99 
1.8 0.98 0.999 1.00 1.00 
0.5 —0.99 — 1.000 
0.3 —1.0 — 1.000 
Z L k Z L k 
96 1 0.65 64 5 0.22 
78 1 0.90 30 1 1.00 
78 2 0.40 30 2 1.10 
end 1 0.95 30 3 1.10 
64 2 0.65 30 4 1.05 
64 3 0.45 30 5 1.00 
64 4 0.35 
equation 


>.= > [6,.(x)S(L+1+2n; L—1) 


n=(0 


+é,(«)T(L+1+2n;L—1)], (50) 
where S and T are the matrix element ratios of Eqs. 
(45) and (46). Equations (49) and (50) involve the 
parameters D,, Uz, ox, 7, b,(x), and 2, (x). Formulas 
for these parameters are given in II and they will 
therefore not be reproduced here. The parameters 
wp1, wr, Ux, cosrz, and cosr_z_; are tabulated in 
Tables V-VIII. The parameter 6)(—Z—1) is unity by 
definition and the parameters @o(—Z—1), 6,(—Z—1), 
and ¢,(—L—1) are given in Tables [X-XI. Finally, 
bo(L), @o(L), 6:(L), and @,(L) are given in Tables 
XII-XV. 

From the information contained in Tables [IX—XV, 
>,can be approximated by the first two terms in each 
of the sums in Eq. (50). This approximation is expected 
to be a good one in most cases for as is shown in II the 
third coefficient in each series is generally less than a 
few percent of the first. 


TABLE IX. —%@(—Z—1). This quantity is 
independent of Z and k. 


L=2 L=5 


0.350 0.257 0.203 0.169 





L=3 L=4 
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As in the magnetic case it is convenient to make use of a reference model 2° with which to compare any 
other given nuclear model 2. For such a pair of models it follows from Eq. (49) that 


ax(Z) | 1—w_pa2_1-1 exp(ir_z_-1) |?+ | Ut—w2 1 exp(irz)|* 


(51) 





ap(Z%) | 1—w_p12_1-1° exp(ir_1_1) |?+| Urz—wr 21 exp(irz) |* : 


where 2, and 2,° are the appropriately calculated sums 
of matrix element ratios. 

If Sliv’s surface current model is used for reference 
the values of 2,° can be obtained from Eqs. (44), (12), 
(45), and (46) from which it follows that 


S(a;b) =1, 


T(a;b) =(L/L+1)!. (Surface current model.) (52a) 
Of course, for the “no penetration” model, 
S(a;b)=T(a; b)=0. (52b) 


Equations (50), (51), and (52), together with Tables 
V-XV and the tables! of conversion coefficients, thus 
afford a straightforward means of calculating the pre- 
dicted electric conversion coefficient for any nuclear 
model. The conclusions which can be drawn from the 
numerical results are discussed in Secs. Vb and Vc. A 
low-energy approximation which simplifies 2, is pre- 


sented in Sec. IIId. 


d. A Low-Energy Approximation in which the =, 
for Electric Conversion are Expressed in Terms 
of the Nuclear Charge Density Rather than 
the Nuclear Current Density 


It is well known that in the usual long-wavelength 
limit the matrix element for electric 2“-pole gamma 
radiation can be expressed in terms of the nuclear charge 
density. We shall now show that for sufficiently low 
photon energies an analogous result can be obtained 
for the electron ejection matrix elements which appear 
in the 2, of Eq. (50). 

In Eq. (50) let S and T be expressed as the appro- 
priate ratios of integrals according to Eqs. (45) and 
(46). In these integrals the Tz, 14: can be expressed 
in terms of Y,™ according to Eq. (12) and for each n 
the terms from S and T can be combined. It is then 


Taste X. —b5,(—ZL—1). Linear interpolation in k is accurate 
to 1% or better. Multiply each entry by 10 to the number in 
parentheses. 





easy to deduce that 
x\ 47,71 
2,.= | fox Jy-gradl ¥.*(—) | 
R 
is 4 
dx Jy ’ | [5+ ( —) | 
L+1 
x L+2+2n x 
xeradl rie(—) t+ Sa  (2n296, 
R R 


Linh 
+(2L+2n+3)( a ) ef. (53) 
L+1 


4 


x 


n=0 


Now let 6,(x) be defined in such a way that 


L+1\! 2n+2 
e=—( -) ———$,[1+8,(0)} 
'é 2L+2n+3 


(54) 





It then follows immediately as the result of integration 
by parts and the use of Eq. (4) that =, can be expressed 
in the form 


fox prV L™*(x R)i++2n 
2 2L+1 
—§,—-—- -+Az,, 


DS o- 


a 


02 tet43 
fox pn V,™*(x/R)# 


(55) 


where AX, is the part of 2, in which the terms are pro- 
portional to 6,(x). 

A study of the formulas for 2, («) and 6,(«) [Eqs. (81), 
(82), (84), and (85) of II] shows that as kR approaches 
zero, 6,(k) approaches zero and hence Ad, approaches 
zero. This clearly suggests that for small &R it will be a 
good approximation to set AX, equal to zero in Eq. (55). 

For x=—L—1 it can be shown that 59(x) =0. For 
x=L, 6(x) decreases with decreasing k, increasing Z 


TasLe XI. ¢:(—L—1). Linear interpolation in k is accurate 
to 1% or better. Multiply each entry by 10 to the number in 
parentheses. 








Z A L=1 L=2 L=3 L=5 
5.0 1.29(-1) 1.19(-1) 1.14(-1) 1.08 (—1) 
0.5 1.16(—1) 1.10(-1) 1.06(—1) 1.03 (—1) 
78 5.0 8.72(—2) 8.03 (—2) 7.64(-2) 7.23(-2) 
0.5 7.75(-2) 7.33 (—2) 7.10(—2) 6.85 (—2) 
64 5.0 6.02 (—2) 5.52 (—2) 5.24(—2) 4.94(-2) 
0.5 5.27 (-2) 4.99 (—2) 4.83 (—2) 4.65 (—2) 
30 5.0 1.49(—2) 1.34(—2) 1.26(—2) 1.17 (—2) 
1.8 1.29(—2) 1.20(—2) 1.15(—2) 1.09(-2) 


L=3 L=5 





Z k L=1 L=2 

96 5.0 9.54(—2) 6.01 (—2) 4.47 (-2) 3.00(—2) 
0.5 9.30(-2) 5.94(—2) 4.44(-2) 2.99 (—2) 

78 5.0 6.38 (—2) 4.01 (-2) 2.98 (—2) 2.00(—2) 
0.5 6.20(-—2) 3.96(—2) 2.96(—2) 1.99(-2) 

64 5.9 4.35(—2) 2.73 (—2) 2.03 (—2) 1.36(—2) 
0.5 4.15(-2) 2.69(—2) 2.01 (—2) 1.35(—2) 

30 5.0 1.01(—2) 6.27 (—3) 4.64 (-3) 3.09 (—3) 
1.8 9.80(-3) 6.19(—3) 4.60(-3) 3.08 (-3) 
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Taste XII. bo(L). Linear interpolation in & is exact. Multiply 
each vemtay by 10 to the number in parentheses. 








L=5 


7,48 (-1) 
7.29(-1) 


= ' 
co 


L=1 


1.49(-1) 
2.97 (-2) 
—1,86(-2) 
1.70(-1) 
3.39(-2) 
— 2.12 (-2) 
1.92(—1) 
3.83 (—2) 
—2.40(-2) 
3.08(—1) 
6.16(-2) 


L=2 
4.62(-1) 


L=3 


6.09(—1) 
5.75(-1) 
5.61(—1) 
6.14(—1) 
5.75(-1) 
5.60(-1) 
6.20(-1) 
5.76(-1) 
5.58(—1) 
6.49(—1) 
5.78(-1) 


L=4 


6.93 (—1) 
6.69(~1) 
6.59(-1) 
6.97 (-1) 
6.69(-1) 
6.57(-1) 
7.01(-1) 
6.69(-1) 
6.56(-1) 
7.21(-1) 
6.70(-1) 








RAS R AS AS en 
oSoOouUnounouncec 





! 
| 
| 
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and increasing L. For L=2 and Z>60 we find that 
5o(x) is of the order of —0.55 for k= 5, —0.20 for k=1.8, 
—0.07 for k=0.5 and —0.04 for k=0.3. For L=4 and 
Z>60 we find that 59(x) is of the order of —0.07 for 
k=1,8, —0.02 for k=0.5, and —0.01 for k=0.3. For 
L=1, 5(x) is not very small compared to unity because 
the normally dominant terms in aZ happen to cancel 
out of the coefficients 6,(1) and @,(1) with the result 
that the dominant term is of the order of R. Compared 
to R, RR is not usually negligible even at threshold, 

We have also evaluated 6;(x) for both values of x and 
shown that |6;(«)| <0.040 for L > 2, k<0.5, and Z>60. 
For L=1, 6;(«) is usually not very small compared to 
unity. 

From what has been said above it is to be expected 
that for L >2 if two terms of the original series (50) are 
a good approximation to 2,, two terms of the series in 
Eq. (53) will be a good approximation for low energies, 

>, being set equal to zero. Evidently the argument 
given above is not mathematically conclusive since it is 
conceivable that the sum in Eq. (45) vanishes, making 
A>, dominant. However, in any doubtful case one can 
always check by calculating A>, explicitly. For many, 
perhaps most, transitions of experimental interest the 
use of Eq. (55) will be adequate for 1 >2. Its use in 
the case of £1 transitions is harder to justify since, for 
L=1, 69(L) is of the order of 0.5 or larger, even at 
threshold, for most values of Z which are large enough 
to be of practical interest. 


TasLe XIII. —¢o(L). Linear interpolation in & is exact. Multiply 
each omy a” 10 to the number in sh esemronene 





L=2 L=3 


8.02(-2) 1.15(-1) 
1.14(-1) 1.33(-1) 
1.27(-1) 1.40(-1) 
7.18(-2) 1.10(-1) 
: 10(-1) 1.31(-1) 

1.25(-1) 1.39(-1) 


L=4 


1.16(-1) 
1.27(-1) 
1.31(-1) 1.20(-1) 
1.13(-1) 1.07(-1) 
1.26(-1) 1.16(-1) 
1.31(-1) 1.19(-1) 
1.05(-1) 1.10(-1) 1.05(--1) 
1.28 (-1) 


1.15(—1) 
1.38(-1) 1.30(-1) 1.19(-1) 
8.00(-2) 9.38(-2) 


9.40 (—2) 
1.17(-1) 1.17(-1) 1.10(-1) 


L=5 


1.09(-1) 
1.17(-1) 


N 
co 


L=1 


—1.52(-1) 
— 6.83 (—2) 
—3,42(-2) 
—1.74(-1) 
—7.79(-2) 
—3.09(—2) 
— 1.97 (-1) 
—8.81(-—2) 
—4,41(-2) 
—3.16(-1) 
—1,42(-1) 





ANS MONS NS mn 
ROoinDnonDonwSe 
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Tasie XIV. —5b,(L). Where only two entries are tabulated for 
a given Z and L, linear interpolation in & is accurate to better 
than in 17%. Multiply each entry by 10 to the number in parentheses. 














Zz k L=1 L=2 L=3 L=5 
96 5.0 2.46(-2) 7.31(-2) 9.63 (—2) 1.18 (-1) 
1.8 4.65 (-3) 
0.5 — 2.84(-3) 5.95 (—2) 8.69(—2) 1.12(-1) 
78 5.0 1.89(-2) 5.94(-2) 7.98(—2) 9.97 (—-2) 
1.8 3.54(—3) 
0.5 —2.15(—3) 4.90(-2) 7.26(-2) 9.51(—2) 
64 5.0 1.47(—2) 5.04(—2) 6.90(—2) 8.78(—2) 
1.8 2.72(-3) 
0.5 — 1.65(-—3) 4.23 (-2) 6.35(-2) 8.43 (—2) 
30 5.0 5.69(-3) 3.46(—2) 5.08 (—2) 6.80(—2) 
1.8 1.02(-—3) 3.24(-2) 4.92 (-2) 6.68 (—2) 
0.3 —8.44(—4) 











| 
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IV. DISCUSSION OF THE POWER SERIES EXPANSIONS 
AND THE CORRECTION FACTORS FOR THE 
COULOMB RADIAL INTEGRALS 


a. Discussion of the Power Series 
Expansions 


As explained in Sec. IIIa, the information about the 
electronic aspects of the conversion process is stored in 
the coefficients of the power series expansions of the 
electron wave functions for the initial and final states. 

In the present application, values of the radial vari- 
able, x, which are less than R are of primary interest 
and for these values the Dirac equation determines the 
coefficients in the power series expansions of F, and G, 
to within a single multiplicative normalization factor. 
It is convenient to express this normalization factor in 
terms of the value of the “large” radial function at the 
nuclear radius R.*! 

For the initial state the determination of the large 
radial function at the nuclear radius can be carried out 
using the method of Brysk and Rose® which includes 
the effect of electron screening on the normalization. 
We departed from this method only in that we deter- 
mined the energy eigenvalue by matching inside and 


TABLE XV. @:(L). Where only two entries are tabulated for a 
given Z and L, linear interpolation in & is accurate to better than 
1%. May each entry by 10 to Gow number in parentheses. 











Z k L=1 L=2 L=3 L=5 
9% 50  —2.67(-2) 2.43(-2) 3.25(-2)  3.12(-2) 
18  —1.21(-2) 
0.5 659-3) 3.10(-2)  3.57(-2)  3.24(-2) 
78 5.0  —2.05(-2)  2.05(-2)  2.74(-2) _2.66(-2) 
18  —9.20(-3) 
0.5  —S.00(-3)  2.56(-2)  2.99(-2)  2.76(-2) 
64 5.0 —1.59(-2)  1.82(-2)  2.43(-2)  2.37(-2) 
18  —7.09(-3) 
0.5 —3.84(-3)  2.22(-2)  2.62(-2) —2.44(-2) 
30 50 —616(-3)  1.53(-2)  1.95(-2) —1.91(-2) 
18  —2.64(-3) 1.65(-2)  2.01(-2)  1.93(-2) 
03- - —1.23(-3) 











4 For «<0, G, is the large function; for «>0, F, is the large 
function. 

# H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830, 1956 (unpublished). 
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outside solutions at the nuclear radius instead of using 
perturbation theory. 

For the final (continuum) state, the value of the 
large radial function was determined by the method of 
Rose and Holmes.* This method does not allow for the 
effect of screening on the normalization factor and for 
this reason the normalization-dependent factors w, and 
p, may be in error by several percent at low energies. 

In the application of the two methods described 
above, the many necessary approximations were intro- 
duced in such a way that (without the aforementioned 
screening error) the product of the initial and final state 
normalization factors is accurate to better than +2%. 
A detailed discussion of the power series expansions, the 
normalization factors, and the errors in the coefficients 
is given in Sec. IV of II. This section also contains for- 
mulas for the coefficients a,(x), 6x(«), @n(x) and other 
quantities of importance in the theory. 


b. Dependence of the Results on the 
Choice of Nuclear Radius 


It may very well turn out that the experimental evi- 
dence from electron scattering, etc., will indicate that 
the electrostatic potential is better approximated within 
the framework of a constant charge density model by 
the use of a different radius R than that used here. For 
this reason it is of some importance to study the sensi- 
tivity of the parameters of the theory to 5 or 10% 
variations in R. The results may be summarized as 
follows. 

With one exception the coefficients, an(«), 6,(«), and 
é, (x) are very insensitive to changes in R, a 10% change 
in R generally leading to changes in the coefficients of 
less than 1%. The exception occurs in the case of the 
coefficients 6,(1) and @,(1) for £1 transitions. In this 
case the normally dominant term in aZ disappears 
through cancellation and as a result the coefficients are 
proportional to R. 

The coefficients w, and p, are more sensitive to vari- 
ations in R since they involve the electron normalization 
factors. It is not hard to show that these coerficients 
depend on R primarily through the factor 

Rutict, 


(56) 


where n= (n?—a?Z*)!. For |x| = the exponent in Eq. 
(56) is of the order of 0.5 for large Z and small L and of 
the order of 1 for small Z and large L. For |x| =L+1 
the exponent varies with L and Z between about 1.5 
and 2. 

The above information can be used to correct all the 
parameters of Eqs. (43) and (51) except the phase 
angles, yz, and U,. However, as was previously stated 
in Sec. IIIa, these quantities are insensitive to changes 
in the nuclear radius. 


33M. E. Rose and D. K. Holmes, Oak Ridge National Labora- 
tory Report ORNL-1022, 1951 (unpublished). 
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c. Correction of the Coulomb Radial Integrals 


The numerical evaluation of p,, «x, vz, Ux, d, and 
7, require a knowledge of the electron radial integrals 
R,(m) and R,(e), calculated for a nucleus of nonzero 
extent and including the effects of electron screening. 
However, as was mentioned in Sec. IIIa, the only 
available radial integrals are the integrals R,‘(e) and 
R,°(m) which were calculated for a point nucleus and 
neglecting electron screening. It is therefore necessary 
to apply correction factors to the Coulomb radial 
integrals in order to get the ones which are needed for 
the present calculation. Briefly, these correction factors 
are obtained as follows. 

It is first demonstrated that the electron wave 
functions for an extended nucleus differ appreciably 
from those for a point nucleus only for values of the 
radial variable x less than 5 or 10 nuclear radii. It is 
then noted [see Eqs. (19) and (26) ] that the real and 
imaginary parts of R,(e) and R,(m) arise from the 
spherical Hankel functions, 4,“ = j,+-in,, which mul- 
tiply various combinations of electron radial functions. 
Since j, vanishes at the origin along with the electron 
wave functions it is clear that contributions from near 
the origin do add much to the real parts of the radial 
integrals unless (as is actually unusual) there is ex- 
tensive cancellation over the rest of the region of 
integration. For this reason it is a good approximation 
to equate the real parts of R, and R,° in both magnetic 
and electric cases. 

This result is used as follows. For each case let modu- 
lus correction factors & be introduced in such a way 
that | R,| =&|R,*|. Also let X, and X,° be the arguments 
of R, and R,*. It then follows from the result of the 
previous paragraph that 


(57) 


Since the X,° are known, Eq. (57) determines the X, 
in terms of the ¢,. Thus for the magnetic case there are 
two real correction factors ¢-,(m) and £74:(m) which 
need to be determined. For the electric case the factors 
are §;(e) and ¢-,-;(e). 

In either case there is one relation between the coef- 
ficients from which one of them can be calculated if 
the other is known. This relation is obtained from the 
expression for the ratio of Sliv’s K-shell conversion 
coefficients which involve the R, to the unscreened 
K-shell conversion coefficients of Rose et al.4 which 
involve the R,°. Thus the problem is reduced to evalu- 
ating one of the correction factors. 

In order to obtain estimates of one of the correction 
factors the following technique can be employed. For 
each radial integral the interval of integration (0, ) is 
divided into the subintervals (0,R) and (R,«), where 
R~10R. It is then assumed that the integrals over the 
region (R,« ) are essentially the same for the Coulomb 


* Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951). 


cosX, = (&)~! cosXx,°. 
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wave functions as for the finite-size wave functions. 
In the interval (0,2) approximate representations of 
the functions can be used to do the Coulomb and finite- 
size integrals analytically. In this way estimates of the 
§, can be obtained whose accuracy depends mainly on 
the accuracy with which the integrations over (0,R) 
are carried out. 

One important result emerges immediately. It is 
readily seen that for |x|=Z the integrands of R,°(e) 
and R,°(m) are singular at the origin and that those of 
R,(e) and R,(m) are not. For this reason the improper 
but convergent integrals R,‘(e) and R,°(m), which 
strongly emphasize the origin, are quite different from 
the proper integrals R,(e) and R,(m) in which the 
origin does not play nearly as important a role. Thus 
for |x| =JZ it is not unusual to find correction factors 
which differ from unity by as much as 40 or 50% for 
very large values of Z. For |«,| =L+1 the situation is 
rather different because in this case the integrands of 
all the integrals tend toward zero near the origin. Thus 
the role played by the origin is less marked and the 
correction factors differ from unity by a few percent or 
less. 

The methods described above were used to obtain 
the necessary correction factors and except for &1(e) 
the factors are accurate to within a few percent. Because 
of the vanishing of R,°(e) at certain energies it turned 
out that near these energies very large errors in the 
determination of & were unavoidable. These are 
reflected in the large errors in l’, and cost; which are 
given in Tables VII and VIII, respectively. 

A much more detailed exposition of the material 
presented in this section is given in Sec. V of II. 


V. DISCUSSION AND CONCLUDING REMARKS 
a. Magnetic Conversion Coefficients 


Although Eq. (43) should be used for quantitative 
evaluations of the nuclear structure effect, a simpler 
approximate form of this equation will usually provide 
reasonably accurate estimates. Let us consider transi- 
tions for which 60<Z<96 and k<0.5. For such transi- 
tions it follows from Tables I-IV that y,<0.02, 
cos@, = 1.000, 0.0084 <p_,<0.045, and for Sliv’s 
surface current model 0.82 <Y_,°<0.88. Furthermore, 
it is readily demonstrated that the matrix element 
ratios R(L+2+2n; L) are real*®® so that Y_, is a real 
number. Hence, provided the nuclear structure effect 
is not too large (say 30% or less), Eq. (43) can be 
reduced to 


Bxr(2)/B1 (2°) =1—2p_1(Z_-L—Z_1") (58) 


with an accuracy of 5% or better. 

From Eq. (58) and Table I it is readily seen that for 
an experimentally observable nuclear structure effect 
(i.e., one which is of the order of 10% or larger) it is 


%5 See, for example, S. P. Lloyd, Phys. Rev. 81, 161 (1951). 
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necessary that the value of Z_, be in the neighborhood 
of 5 or 10. Moreover, from the discussion given in the 
introduction, it is clear that sufficiently large values of 
y_1 actually can occur.‘ It is also seen that for a given 
value of 2_, large structure effects are usually favored 
to a certain extent by large values of Z and & and small 
values of L. 

The basic technique employed in our analysis is 
essentially identical with that used by Church and 
Weneser.* A comparison of our results with theirs is 
most readily carried out by expressing 8,(2)/8 (2°) in 
the form 


B1(2) he . yiC i? (Z_1—Z_1")* 
—=[1—C,(2_,—2_1") P+— ne, 
B1(2°) (1—Z_1"p_z cosp_z)? 
(59) 
where 
p_1 cosp_1(1—Z_1%_1 cosd_z) 
= oe ——-——, (60) 


(1—2_1"p_x cosp_z)*+yz 


Equation (59) follows from Eq. (43) if the very small 
terms of the order of p_,”2_,” sin’@_, are neglected. 

It is readily seen that the error made in neglecting 
the second term in Eq. (59) is of the order of 0.1% in 
most cases and for this reason Church and Weneser drop 
this term in their Eq. (7). They use Sliv’s conversion 
coefficients for reference and make the good approxi- 
mations ¢_,;=0 and 2_,;°=1. They also approximate 2_, 
by what is effectively the first term in its power series 
expansion, for in the long-wavelength limit their 
parameter \ is the same as the ratio R(3;1). The 
tabulated parameter C(Z,k) of Church and Weneser 
should be equal to C; of our Eq. (60). Actually, as the 
result of some computational errors the values of C(Z,k) 
in reference 4 are between 25 and 30% too large. 


b. Conversion Coefficients for E1 Transitions 


Equations (51), (52), (50), (45), and (46) provide the 
necessary formulas for the analysis of £1 transitions. 
Since the exact formulas involve many parameters, it is 
convenient for the purpose of discussion to work with 
a much simpler approximate formula. In Eq. (51) let 
Sliv’s conversion coefficients be used for reference but 
let the small terms containing 2,° be neglected. Further, 
let it be supposed that the nuclear structure effect is 
not too large (say less than 30%). Finally, let the =, 
be approximated by the first terms in their expansions 
and let cost_2 be approximated by unity. Then, with an 
accuracy which should be better than 10% in most 
cases, 


a(Z) 2w_»2 bo(1)U wr COST) 
— m1" | 5(2;0)( 14 a) 
+U! 


W_2 


Co(AwV COST} 
+eo(—2)T (2; 0( 1+. - =) (61) 
Zo( —= 2)w_2 
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In Eq. (61) the terms proportional to cos7; are the 
contributions from the final electron state for which 
«=1. Numerical evaluation shows that in the coefficient 
of S(2;0) the (positive) contribution for x=1 is less 
than 0.40 for k<2; in the coefficient of 7(2;0) the 
contribution decreases with increasing k from about 
0.70 to —0.50 for k<2. It is fortunate that the state 
x=1 does not play a completely dominant role in Eq. 
(61) because it is for precisely this state that the uncer- 
tainties in the tabulated quantities are very large. 

It is easy to see from Eq. (61) that large matrix 
element ratios are required for an observable structure 
effect. For a 20% effect it follows from Tables V and 
VII that the curly bracket in Eq. (61) needs to be of 
the order of 50 for large values of Z and k and of the 
order of 100-300 for the more common small values of k. 
It appears, according to statements made by Nilsson 
in his paper on nuclear structure effects in internal 
conversion,** that in certain greatly hindered 1 transi- 
tions matrix element ratios of the necessary magnitude 
are theoretically possible. 

In the above-mentioned paper Nilsson points out the 
distinct possibility that conventional perturbation 
theory which uses the same electrostatic potential for 
both the initial and final nuclear states may be inade- 
quate for the accurate determination of 6,(1) and 
é,(1). Briefly, the reason is that these coefficients are 
of the form V’(0)—V(0)+2 +terms of order k, where 
V’(0) and V (0) are the values of the electron’s potential 
energy (~—3aZ/2R) at the origin in the initial and 
final states. In the conventional perturbation theory the 
two dominant terms cancel; if even slightly different 
values of the potential are used, the values of 6,(1) and 
é,(1) are considerably altered. The reader is referred to 
Nilsson’s paper for a more complete discussion. In view 
of the possible inaccuracy of 6,(1) and @,(1) it is 
fortunate that they do not play a dominant role in Eqs. 
(51) and (61). 


c. Conversion Coefficients for EL Transitions 
with L>2 


As in the case of F1 transitions let Sliv’s conversion 
coefficients be used for reference but let the small terms 
containing 2,° be neglected in Eq. (51). Furthermore, 
let the discussion be restricted to transitions for which 


36S. G. Nilsson, University of California Radiation Laboratory 
Report UCRL-3803, 1957 (unpublished.) The basic Eq. (39) of 
this paper is incorrect because it was deduced through the use of 
a partial integration formula [his Eq. (13)] which is not valid 
for the integrals to which it is applied. For EL transitions with 
L>2 and low energies this mistake is unimportant because it 
merely changes the coefficients , and @, by amounts of the order 
of kR/aZ. However for L=1 it changes the coefficients b,(1) 
and ¢,(1) appreciably, the relative error incurred being of the 
order of k. We wish to acknowledge that it was the study of Nilsson’s 
Eq. (39) which led to a search for and the establishment of the 
theorem stated as Eq. (55) of our Sec. IIId. See also S. G. Nilsson 
and J. O. Rasmussen, University of California Radiation Labora- 
tory Report UCRL-3889 (unpublished). 
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Z>60 and k<0.5 so that the low-energy approximation 
of Sec. IIId is a good one. For such transitions it should 
be a good approximation to set D,= bo(L)2_1-1. 

Finally let [w—1-1/bo(L)wr ? be neglected in com- 
parison with unity and let cosr_z-; be set equal to 
unity. (See Tables V, VI, VIII, and XII.) It then 
follows that 


ap(2)/ar(Zo)~1+ 7, (62) 
where 
€,= —apx+b 2", (63) 
2 W_L-1 
a=——(U1 cost ,-+—— -), (64) 
1+U;? bo(L)wr 
b,=(14+U/)", (65) 
and 
«= bo(L)wr2_1-1. (66) 


The values of the constants a, and 6; in Eq. (63) 
can be determined from Tables V, VI, VII, and VIII 
from which it follows that —1.1<a,<1.1 and 0.2<6,; 
<1.0, It can also be shown that a, attains its extreme 
values only when U is relatively large and hence when 
b;, is relatively small. When U, is relatively small az 
is also small and 6; is close to unity. It follows from 
this that, for a given value of €,, the smaller of the two 
values of |x| which satisfy Eq. (63) lies to a good 
approximation in the range 


lex| <|a|<ex. (67) 


The upper limit corresponds to a physical situation for 
which U’; and a, are small, and in this case ez, is neces- 
sarily positive; the lower limit corresponds to one in 
which U,, is relatively large. It is thus seen that, for a 
20% nuclear structure effect, it is necessary that 
0.20< |x| <0.45. 

The relation between x and the matrix element ratios 
is given by Eq. (66). The value of bo(L)wz can be 
obtained from Tables VI and XII, from which it can 
be seen that almost without exception bo(L)wz is an 
increasing function of Z, k, and L. Clearly, the larger 
the value of bo(L)wz, the smaller the value of |2_1-1| 
required for a given value of |x|. 

Most of the presently available data are for low 
energies. McGowan and Stelson* find, for example, that 
in the case of the 89 kev, £2, transition in Hf!”®, 
€2=0,20+0.10. Extrapolation indicates that for this 
transition ad2= —0.46 and b,=0.90. If one assumes that 
€2=0.20, it then follows that x=0.28 and Z_3~80. It is 
not at all clear how such a value of _; is to be under- 
stood from the theoretical point of view, particularly 
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since in this case it is known that the gamma-ray 
transition rate is enhanced rather than hindered. 

In addition to the group of enhanced £2 transitions 
to which the Hf!’ transition belongs, there is a con- 
siderable group of £3 transitions in which shell- 
structure effects are apparent.”” In this group there are 
some strongly hindered transitions in odd-proton nuclei 
which are heavy enough to have structure-sensitive 
conversion coefficients. 


d. Remarks About the Accuracy of the 
Computation 


In carrying out the computation, an effort was made 
to keep the resultant errors due to the many necessary 
approximations down to a few percent. This was done 
in most instances, as can be seen from the analysis given 
in Sec. V of II. In the case of U, and cosr, it turned out 
that some really large errors were unavoidable. There- 
fore, in order to warn the user, the errors were indicated 
along with the tabulated values. 

The data in our possession did not permit us to carry 
out calculations below &=0.3, and as a result it is 
necessary to perform some extrapolation in order to 
treat many cases of importance. Examples of such 
extrapolation are given in Figs. 2-8 of II. It will be 
seen that near threshold the extrapolated values may 
be quite inaccurate. The extrapolated values of U, are 
best obtained from the graphical extrapolation of the 
monotonic increasing function of k, Uz cosry. 


e. Remark About the Nuclear Models to which the 
Results of the Present Paper Apply 


Evidently any nuclear model will involve some kind 
of radial wave functions which will, among other things, 
determine the size of the nucleus. It is of some im- 
portance that these wave functions be chosen in such 
a way that in the nuclear matrix elements the main 
contribution to the nuclear radial integrals comes from 
the interval 0<*<R=1.2A!X10-" cm. The reason 
is that the power series which were used for the electron 
wave functions converge to these functions only for 
0<x<R. Thus, strictly speaking, one should use the 
power series expansion only for that part of the radial 
integrals for which «<R. If it is necessary to integrate 
far beyond R, a different representation of the electron 
wave functions is required in principle. However, we 
expect that at present it should be consistent with 
most nuclear models to use radial functions which are 
so small for r>R that integration from zero to R is a 
good approximation. 





37 See, for example, M. Goldhaber and A. W. Sunyar, in Beta- 
and Gamma-Ray Spectroscopy, edited by Kai Siegbahn (North 
Holland Publishing Company, Amsterdam, 1955), p. 465. 
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APPENDIX A. PROOF OF A THEOREM 
USED IN SECTION II 


Let 


b b 
=f dy F Ghia” and =f dy GFehips™. 


We first transform J and J by replacing hz41% by 


i 2L+11 dh,” 
hpi 
L+1 








Lt+ik dy 





We then integrate by parts, an operation which is per- 
missible since F, G, and their first derivatives are con- 
tinuous. We thus obtain 


Lf 
I= f dy F.Gehy a 
L+14, 


2+ p> hi” d 
+—— [ dy——G.) 
(L+1) J," k dy 


2L+1 
Retype sig hy“ PGe| ’ 


(LED 
: : (Al) 
Fatinnes J arheGin® 
L+1¥, 
2L+1 fe? hyd 
af ay <8.) 
(L+1) J, k dy 
2L+1 ’ 
a 41°F] 
(L+1)k Ja 


Next we carry out the differentiations in the second 
term of J and J using the radial equations on page 66 
of I. Finally we replace [(22+1)/kyJix® by hia” 
+hr41%. There results the equations 
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T(L+1—x«+k’) 
h 
= (Lta—«) f dy F.Gehy 
b hy 
+(2L+1) f dy ——F,F,.(W'+1—V) 
e k 
b hy 
-(an+1) f dy —G.G,(W-1-V) 
. k 
2L+1 P 
_ in FG | . 
k a 
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J(L+1—«'+x) 
b 
=(L+K'—*) f dy FG hy? 


b hy 

+(2L+1) f dy ——F,F,(W+1—V) 

a} k 
b hy 

- (2+) f dy —G,-G,(W'—1-V) 
. k 
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Now according to Eq. (27) 9,* is given by 


nit =[(e —KtL+1)F.Get (x! —K— L— 1) FG Vans 
+(L+1)(FeFe+GGeyhy™. (A3) 


Consequently it follows from Eq. (A2) that 


b 
f dy nu* me -f 


+ (ne! —Kt+L)Fy GA 
+L(F.Fet+G.Ge)hy } 


2L+1 p 
-— (Ge FeG.hs(by)| . (A4) 
k . 


b 
dyl (x —K—L)F.Gehp a 


However, from Eq. (26) it is seen that the term in the 
square brackets is just n,~. Hence 


b b 


a 


f on=-f dy 
a 


2L+1 , 
—— (FG FeGhi | . (AS) 
k a 


The theorem can be extended to &;* and £,~ by replac- 
ing h, by jx on the right-hand side of Eq. (AS5). 
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When As” is irradiated with the gamma rays from a gaseous source of Se”, strong resonance fluorescence 
from the 265-kev excited state is observed. The angular distribution of the resonance radiation has the form 
W (6) =1+ (0.154-0.02) P2(cos@), indicating that the spin of the 265-kev level is larger than }. If one assumes 
a spin value of }, the measured self-absorption of the resonance fluorescence leads to a mean life of 
(1.6+0.2) X10™ second for the 265-kev transition to the ground state of As”. 

Resonance fluorescence from the 280-kev excited state was found to be at least one order of magnitude 
smaller than that from the 265-kev state. From this one concludes that the mean life of the 280-kev transition 


is longer than 10°” second. 


No resonance scattering from the 402-kev level was observed. On the basis of the source strength and 
of the geometry, the absence of an appreciable resonance effect establishes a lower limit of 10~ second 
for the mean life of the 402-kev state, and of 7.10” second for the partial mean life of the 402-kev transition 


to the ground state. 


INTRODUCTION 


TUDIES' of the radioactive decay of Se”® established 

five excited states in As” at excitation energies of 
199, 265, 280, 305, and 402 kev. The 305-kev state was 
found? to be isomeric with a mean life of 17 milliseconds. 
Delayed coincidence experiments! showed that the 
265- and 280-kev transitions have mean lives shorter 
than 1.1X10~* second. A 199-kev transition and a 
line corresponding probably to a combination of 265- 
and 280-kev gamma rays have been observed in 
Coulomb excitation.’ From the observed yields a partial 
E2 mean life of 6X10~* second is calculated for the 
199-kev transition while the yield at 280 kev, if 
attributed to a single line, corresponds to a mean life 
of ~10~* second. Little is known about the 402-kev 
level which is deexcited by 97-, 121-, and 137-kev 


transitions competing successfully with the 402-kev | 


F1 transition’ to the ground state. 

The short lifetime limits for the 265- and 280-kev 
transitions encouraged this study of As’® with the 
resonance fluorescence technique. Other favorable 
factors were the property of selenium to form many 
volatile compounds, the fact that arsenic is a mono- 
isotopic element, the longevity of Se’® (127 days), and 
the low Z value of arsenic which promised little inter- 
ference from nonresonant elastic scattering. 

As far as the 199-, 280-, and 402-kev levels are 
concerned, the information obtained from the resonance 
experiments was fragmentary because the resonance 
effects were too small to be studied. The resonance 
fluorescence from the 265-kev level, on the other hand, 
was very strong indeed. For this level it was, therefore, 
possible to study, aside from the simple scattering, 
the self-absorption of the resonance radiation and its 
angular distribution. 

t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1A. W. Schardt and J. P. Welker, Phys. Rev. 99, 810 (1955). 

2 A. W. Schardt, Phys. Rev. 108, 398 (1957). 


3 See, e.g., Alder, Bohr, Huus, Mottelson, and Winther, Revs. 
Modern Phys. 28, 432 (1956). 





GENERAL CONSIDERATIONS 


The equations necessary for the analysis of the 
resonance fluorescence experiments have been developed 
in previous papers*’® for a single level decaying only by 
gamma-ray emission directly to the ground state. If, as 
in the case for As”, gamma-ray branching occurs and 
if the internal conversion is not negligible, the expres- 
sions are slightly modified.6 For convenience, the 
pertinent relations are repeated here for the case 
where the natural width I’ is small compared with the 
Doppler width A=(E,/c)(2kT/M)! of the thermal 
agitation. I’ shall denote the total width of the level, 
ie., [=o (l'y,+T ay) where I’,, is the partial width of 
the vth gamma-ray transition and where I,, is the 
partial width due to internal conversion of the vth 
transition. [',o refers to the direct transition to the 
ground state. 

The effective cross section for resonance scattering 
has the pure Doppler form 


op(E)= (gX20'502/4gir'T'A) exp{—[(E—E,)/A}}. (1) 


Here ge and g; are the statistical weights of excited 
state and ground state, respectively, A is the wavelength 
of the gamma radiation, /, is the resonance energy, 
and £ is the actual energy. 

For a thick scatterer, the number of gamma rays 
scattered at a depth X out of an element dX by res- 
onance fluorescence is 


s(xyax=ndx f op(E)N(E)n.(E,X) 


0 
Xexp[—-nXop'(E) dE, (2) 
where V(E) is the number of incident gamma rays 
(at X¥=0) in the interval dé, n the number of nuclei 
per cm* of the isotope under study, ».= exp(— )n,0;:X) 
‘F. R. Metzger, Phys. Rev. 101, 286 (1956); and 103, 983 
(1956). 
5C. P. Swann and F. R. Metzger, Phys. Rev. 108, 982 (1957). 
6 J. D. Jackson, Can. J. Phys. 33, 575 (1955). 
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the electronic attenuation, and ¢p’=¢p(I'/I'yo) the 
effective cross section for resonance absorption of the 
radiation of energy E. By expanding the exponential 
in (2) and making use of the slow variation with £ of 
N(E) and 7.(£,X), the integration over E can be 
carried out with the result 





ET ye? 
S(X)dX = (Enc EX) ) 





4. 
2 (—1)™(nK’X)™ 
x (14 3 ax, (3) 
m=1 m!(m+1)! 
where 
K'= (goT',0/4gi3 1A). (4) 


The series in the brackets represents the effect of 
selective absorption within the scatterer. The integra- 
tion over the scatterer is usually done numerically. 

For the self-absorption experiment, an absorber of 
thickness D is placed between the source and the 
scatterer. The contribution from the element dX of 
the scatterer is then obtained by replacing X in (3) 
by X+D. 

If both a scattering experiment and a self-absorption 
experiment have been performed, it is usually advan- 
tageous to first analyze the self-absorption experiment. 
This determines K’ which then can be used to take 
into account the self-absorption within the scatterer. 


CHOICE OF COMPENSATION METHOD 


In order to observe resonance fluorescence, when 
using radioactive isotopes as the sources of the exciting 
radiation, it is necessary to compensate for the recoil 
energy losses suffered in the emission and absorption 
processes.’ This compensation could be realized by 
using the Doppler broadening form thermal agitation 
at high temperatures,*® the Doppler shift produced by 
mechanical motion,’ or the Doppler broadening arising 
in gaseous sources from the preceding radiation.* Of 
these methods, the last one appeared to be the most 
promising for the study of As’ using Se’ sources. 
The thermal method, although experimentally very 
simple, was rejected because, for the energies involved, 
it would give rise to rather small effects. Moreover, 
at the temperatures necessary for the thermal method 
(1000°C), all commonly available selenium compounds 
are in the gaseous phase. This means that, even with a 
low specific activity source, the recoils from the 
preceding radiation would alter the Maxwellian line 
shape and would render the interpretation difficult. 
The mechanical method was not considered because, 
oa e.g., E. Pollard and D. E. Alburger, Phys. Rev. 74, 926 
' °K. G. Malmfors, Arkiv Fysik 6, 49 (1952); F. R. Metzger 
and W. B. Todd, Phys. Rev. 95, 853 (1954); F. R. Metzger, 
Phys. Rev. 97, 1258 (1955) and J. Franklin Inst. 261, 219 (1956). 

*P. B. Moon, Proc. Phys. Soc. (London) A64, 76 (1951); 
P. B. Moon and A. Storruste, Proc. Phys. Soc. (London) A66, 


585 (1953); W. G. Davey and P. B. Moon, Proc. Phys. Soc. 
(London) A66, 956 (1953). 
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even for the 265-kev transition, the peripheral speed 
of the centrifuge would have to be 1.2 10° cm/sec, 
i.e., very close to the limit set by the tensile strength 
of commonly available materials. 

In the case of Se” the conditions for the method 
utilizing the recoil from the preceding radiation in a 
gaseous source are very favorable. The energy of the 
neutrino accompanying the K-capture decay of Se” 
is 455 kev, i.e., it is larger than the energy of the most 
energetic gamma ray present in the disintegration of 
Se’®. Therefore, for selenium compounds of low molec- 
ular weight (M<90), one will have an appreciable 
overlap of the absorption lines and the incident 
spectrum, and one can expect to observe resonance 
fluorescence from all those levels of As”® which have 
strong transitions to the ground state. 

Elemental selenium is probably the simplest source 
to prepare, but the interpretation of the data is compli- 
cated by the presence of Ses and Sez molecules and of 
Se atoms in strongly temperature-dependent equilibria. 
For the study of the 265-kev transition, SeO, is another 
convenient source. Both the elemental Se source and 
the SeO, sources have to be kept at elevated tempera- 
tures in order to have all the activity in the gaseous 
phase. 

For most of the experiments reported here, the 
radioactive selenium was used in the form of hydrogen 
selenide gas. It combines the convenience of being 
gaseous at room temperature with the low molecular 
weight of 77. It represents the closest approximation to 
monatomic selenium vapor which could be obtained 
with the available specific activity. 


SOURCE PREPARATION 


Selenium, enriched in Se” (14.1%),!° was irradiated 
for one month in the Materials Testing Reactor at 
Arco, Idaho. The specific activity of Se’® obtained in 
this way was twenty millicuries per milligram of 
enriched selenium. 

For the preparation of the H.Se sources, the selenium 
was distilled into a quartz ampoule, hydrogen gas in 
excess was added and the ampoule sealed off. The 
elements were then combined into H,Se by heating the 
ampoule to 550°C. The gas decomposed at room 
temperature at a rate of less than one percent per day. 
Short heating to 550°C recombined the decay products 
again to H.Se. 

Sources with Se contents varying from 0.03 mg/ml 
to 0.5 mg/ml were prepared. The initial hydrogen 
pressure was chosen so as to leave approximately 
one tenth of atmospheric pressure of H» after formation 
of the H,Se. 


SCATTERING EXPERIMENT 


A survey of the resonance fluorescence from arsenic 
was carried out in the usual ring geometry‘ with a 


Obtained from the Stable Isotopes Division of the U. S. 
Atomic Energy Commission, Oak Ridge, Tennessee. 














NUCLEAR RESONANCE FLUORESCENCE IN 


source of H»Se. A source of solid, elemental Se’ of 
equal strength was used for comparison purposes. 
Above 200-kev gamma-ray energy, the only sizable 
resonance effect was that from the 265- and 280-kev 
levels. Figure 1 shows the pulse-height distributions of 
the scattered radiation for the two selenium sources in 
the region of the (265+-280)-kev full energy peak. 
The difference curve is compared in Fig. 2 with the 
pulse-height distribution obtained by exposing the 
scintillation counter to the direct gamma radiation 
from a source of Se’®. Contributions from the 402-, 
305-, and 199-kev gamma rays were subtracted from 
the direct beam curve before it was normalized to the 
same area as the pulse-height distribution of the 
resonance radiation. The direct beam distribution is 
considerably wider than that expected for a single 
gamma ray. Using the 279-kev transition in Tl* as a 
standard, the expected line shapes for the 265- and 
280-kev transitions were obtained and the composite 
peak was analyzed into the contributions from the 
265- and 280-kev transitions. With 3; in. of cadmium 
and 5 in. of lead surrounding the detector, the peak 
height of the 280-kev line amounted to 36% of the 
peak height of the 265-kev transition. This is in 
reasonable agreement with the 45.7% reported by 
Schardt and Welker' for the intensity of the 280-kev 
gamma ray relative to the 265-kev transition. 

When the pulse-height distribution of the resonance 
scattered radiation was analyzed in the same manner, 
the peak height of the 280-kev line was found to 
amount only to (2+2)% of the peak height of the 
265-kev line. This means that the 280-kev radiation is 
at least nine times less efficient in exciting resonance 
fluorescence than is the 265-kev transition. Considering 
the spins of the two levels and the fact that some of the 
280-kev transitions are unable to cause resonance 
scattering because they are preceded by the 17 milli- 
second 305-kev state, the 265- and 280-kev transitions 


1400 


1200 


800 


600 


200 





——* COUNTS PER MINUTE 


iY) 


32 36 40 a4 48 
——* PULSE HEIGHT (VOLTS) 


Fic. 1. Pulse-height distributions of Se’® radiation scattered 


from arsenic. Full circles were measured with H,Se source, 
triangles with solid selenium source of equal strength. Arrow 
indicates expected position of 265-kev full energy peak. 
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Fic. 2. Comparison of the pulse-height distributions of the 
resonance radiation and of the direct radiation from a Se’® source. 
Full circles represent the difference of the two curves of Fig. 1, 
i.e., the resonance radiation. Triangles refer to the direct beam 
after subtraction of the contributions from the 199-, 305-, and 
402-kev transitions. Arrows indicate the expected positions of 
the 265- and 280-kev full energy peaks. 


in As’® should, for a given lifetime, be approximately 
equally efficient in producing resonance fluorescence. 
Thus the small relative intensity of the 280-kev line 
in the resonance scattered radiation has to be attributed 
to a lifetime at least nine times longer than that of 
the 265-kev transition. 

A study of the contribution from the 199-kev level 
was not attempted in view of the low intensity of the 
199-kev line and because Compton scattering and 
resonance scattering from the other lines gave rise to 
large counting rates in the pulse-height region corre- 
sponding to the 199-kev full energy peak. Moreover, 
the excitation of the 265-kev level was expected to 
produce some 199-kev transitions via the 66-kev 
transition connecting the 265- and the 199-kev states. 

Increasing the density of H2Se in the source ampoules 
resulted in a reduction of the resonance fluorescence 
effect from the 265-kev level. For the lifetime of the 
265-kev transition and the densities used, such a 
collision effect should not be noticeable. If, however, 
a much longer lifetime is postulated for the 402-kev 
level, then collisions will reduce the resonance effect 
because the 137-kev transition following the 402-kev 
level does not provide sufficient momentum to compen- 
sate for the recoil energy losses. 

It is difficult to arrive at a reliable estimate of the 
lifetime of the 402-kev level on the basis of collision 
effects because of the complexity of the processes 
involved. A rough estimate placed the mean life of the 
402-kev level between 3X 10~" and 3X 10~ second. 

An attempt was made to measure the lifetime of 
the 402-kev level with the resonance fluorescence 
method. This method is not very sensitive for this 
particular level because the 402-kev ground-state 
transition, which can easily be detected, accounts only 
for 14% of the de-excitations. According to Eq. (3) 
the resonance scattering is proportional to I',?/I’. 
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Fic. 3. Experimental arrangement used for the self-absorption 
experiment. Shielding on top of apparatus is omitted. 


With I'goo~I'/7, the effect is about fifty times smaller 
than it would be if the level, with the same total width, 
deexcited exclusively to the ground state. 

With a strong source of H.Se (~20 millicuries) the 
counting rate in the 402-kev full energy peak did not 
exceed the background counting rate by a significant 
amount. From this, a lower limit of 10~° second could 
be set for the mean life of the level, and a lower limit 
of 7X 10~” second for the partial lifetime of the 402-kev 
transition. Recently," Day has shown that the half- 
life of the level is shorter than 2X10~* second. It is 
thus possible to bracket the lifetime of the 402-kev 
state between 10~ and 3X 10~ second. 

Preliminary experiments!* had indicated an approxi- 
mately isotropic distribution of the 265-kev resonance 
radiation. However, the design of the scatterer used for 
these studies gave rise, for the low-energy gamma rays 
of Se”, to appreciable attenuation of the incoming 
and outgoing gamma rays in the material containing 
the arsenic. It was, therefore, considered probable 
that the first angular distribution data had been 
somewhat distorted. Consequently, a new scatterer 
was built and the angular distribution measurements 
were repeated. The arsenic of the new scatterer was 
contained in 1/64 in. aluminum on all sides, the 
different parts being butt-jointed with Araldite cement. 
The experiments performed with this improved scatterer 
gave the following angular distribution of the 265-kev 
resonance radiation: W(@)=1+(0.15+0.02) P2(cos@). 
The probable error of 0.02, estimated on the basis of 
the consistency of data taken with different sources, 
is considerably larger than the statistical uncertainty. 
The main difficulty seemed to arise from differences in 
the distribution of the activity in the gaseous sources 
and in the solid Se’® comparison sources. 


SELF-ABSORPTION EXPERIMENTS 


The magnitude of the resonance fluorescence from 
the 265-kev level made it possible to forego the use of 
the ring geometry for the self-absorption studies and 
to use the arrangement shown in Fig. 3. The scatterer 


" R. B. Day (private communication). 
2 F.R. Metzger, J. Franklin Inst. 262, 229 (1956). 
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was a cylinder of arsenic, 1.5 in. in diameter and 5/16 
in. long, contained in 7-mil aluminum. Absorbers of up 
to 16 g/cm? of arsenic could be inserted between 
source and scatterer. Zinc was used for the comparison 
absorbers which were matched with the arsenic 
absorbers as far as the electronic absorption was 
concerned. 

The absorption curve is shown in Fig. 4. The best 
fit to the experimental points, using Eq. (3), was 
obtained with K’=5.25X10-* cm*. Upon assuming 
spin 3 for the 265-kev level and using an effective 
temperature of 318° K, a mean life, r,, of 1.64 107"! 
second was calculated. The probable error is estimated 
to be +0.2X10-" second. Because of the low Debye 
temperature of arsenic (@= 285°)" the effective tempera- 
ture, calculated according to Lamb," is not much 
different from the actual temperature (300° K). The 
uncertainty introduced through the Doppler width A 
should, therefore, be rather small. 

At the time these self-absorption experiments were 
carried out, it was felt that it might be possible to 
test Lambs correction in the case of arsenic. For this 
purpose, further self-absorption experiments were 
carried out with both the absorbers and the scatterer 
being held at liquid nitrogen temperature. The same 
apparatus (Fig. 3) was used, the scatterer and absorbers 
being contained in Styrofoam! vessels which could be 
filled with liquid nitregen. Because of the space required 
for these containers, the absorber thickness had to be 
restricted to 8 g/cm’. 

On the basis of the actual temperatures—room 
temperature and liquid nitrogen temperature—a ratio 
of 1.93 was expected for the corresponding widths. 
With the effective temperatures calculated according 
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Fic. 4. Attenuation of the resonance scattering from 1.63-gram/ 
cm? arsenic scatterer by arsenic absorbers inserted between source 
and scatterer. The almost straight line represents the best fit to 
the experimental points using Eq. (3). 


18 J. de Launay, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, 
p. 233. 

4 W. E. Lamb, Phys. Rev. 55, 190 (1939). 

15 Trade mark of the Dow Chemical Company. 
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to Lamb the expected ratio was 1.59. The experimental 
value, 1.71+0.20, seems to favor the value predicted 
by Lamb, but the large uncertainty prevents one from 
drawing any further conclusions. 


RESULTS AND DISCUSSION 


The results of the resonance fluorescence experiments, 
as far as the lifetimes of the transitions in As’ are 
concerned, are summarized in Table I. 

Some of the consequences of the lifetime limits on the 
spin and parity assignments have already been discussed 
by Schardt.? The value for the lifetime of the 265-kev 
transition is that obtained from the self-absorption 
studies assuming spin §. The scattering experiments 
with the low-density sources led to a mean life of 
2.5X10-" second for the 265-kev transition, using a 
value I',o/I'=0.96. The discrepancy between the two 
values of +, indicates that collisions in the 402-kev 
state are effective in reducing N(E,) even for the 
low-density sources. 

In arriving at the lifetime limits of Table I, the 
reduction of the resonance effects by collisions was 
assumed to be the same for all transitions. 

From a comparison of the actual mean life of the 
265-kev transition with the lower limit for the partial 
E2 lifetime (10~ second) it is evident that the 265-kev 
transition is almost pure M1, ie., E2/M1<0.02. 
This is in accord with the angular distribution data 
which, independant of whether the spin of the 265-kev 
level is 3 or §, call for an intensity ratio £2/M1<0.001. 
The reported conversion coefficient! is considerably 
larger than the theoretical coefficient for a pure M1. 
If the theoretical M1 coefficient is accepted for the 
265-kev transition, and preliminary conversion measure- 
ments with a lens spectrometer justify this, the experi- 
mental conversion coefficient! for the 280-kev transition 
can be corrected using the correction factor from the 
265-kev transition. The corrected conversion coefficient 
of the 280-kev gamma-ray transition corresponds to an 
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Tase I. Information on the mean lives of transitions in As’* 
obtained from the resonance fluorescence studies. 
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intensity mixing ratio E2/M1~0.2. Such a ratio can 
be accommodated within the upper and lower limits 
established for the lifetime of the 280-kev level without 
contradicting the partial £2 lifetime established in 
the Coulomb excitation experiments.’ The ratio would 
also fit the (121, 280) angular correlation data! for 
a spin sequence $-3-} using an almost pure 121-kev 
E1 transition. 

The small quadrupole to dipole ratio suggested by 
the angular distribution measurements might tempt 
one to assume that the 265-kev transition is £1. 
However, this possibility seems to be ruled out by the 
small ft-value of the beta-ray spectrum feeding the 
265-kev level in the decay of Ge”®. 

If the reported conversion coefficient! of the 136-kev 
transition is also assumed to be too large, the angular 
correlation! of the 136- and 265-kev gamma rays is 
no longer in disagreement? with the small £2/M1 
ratio of the 265-kev transition expected on the basis of 
the resonance fluorescence experiments. 

From a survey of the information available it appears 
that accurate conversion data are at present the 
experimental evidence which is most necessary for a 
reliable classification of the levels of As’® and which is 
still not available. 
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The polarization of proton groups corresponding to the ground and first excited states in the reactions 
B"(d,p)B" and C#(d,p)C™ have been measured for an incident deuteron energy of 7.8 Mev. With the 
exception of the first excited state of B", the sign of the polarization for six known cases is consistent with 
the relation P= (+) when j,=/,F4, the axis of quantization being defined by n=kpXk,. The anomalous 
polarization of the first excited state of B™ is interpreted as evidence for a spin-flip exchange process in 


the stripping reaction. 





I. INTRODUCTION 


HE deuteron stripping reaction, since the formula- 
tion of the Butler theory, has proved to be a 
valuable tool for the nuclear spectroscopist because it 
usually allows the determination of the orbital angular 
momentum /, carried into the nucleus by the captured 
nucleon. The total angular momentum transfer j,=/, 
+4, however, remains indeterminate within +} unit. 
A measurement of the polarization of the protons (or 
neutrons) can provide the additional information 
necessary to specify the value of j,. 

Calculations of the polarization have been reported 
by Newns,! Messiah and Horowitz,’ and Cheston® with 
refinements added by Hittmair* and Sawicki.® Since 
the polarization vanishes in the simple Born approxima- 
tion in which plane waves are assumed for the incoming 
deuterons and outgoing protons, the distinguishing 
feature of these calculations with respect to the sign 
and magnitude of the polarization is the choice of 
proton scattering potential. In the semiclassical model 
of Newns, which assumes a nucleus opaque to protons, 
and the hard-sphere nuclear model of Messiah and 
Horowitz, the polarization is a direct consequence of 
the proton alignment by the stripping process and has 
as its maximum value | P|=4. The sign predicted by 
both models is P=(+) when j,=/,+}3 for capture 
into a unique orbital. The sign is here defined relative 
to the axis of quantization n=k,Xk, where k, and 
ka are the wave vectors of outgoing protons and 
incoming deuterons, respectively. 

In the calculation of Cheston the incoming deuterons 
are assumed to be scattered by a hard-sphere potential 
and the outgoing protons by an attractive optical- 
model potential plus a spin-orbit potential. Explicit 
calculations have been made only for the reaction 
C#(d,p)C%> at a deuteron energy of 3.29 Mev, where 
the subscript 0 indicates that the residual nucleus is 
left in its ground state. For this particular case the 
sign is opposite that predicted by Newns and by 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1H. C. Newns, Proc. Phys. Soc. (London) B66, 477 (1953). 

—e and A. M. L. Messiah, J. phys. radium 14, 731 
OW.B. Cheston, Phys. Rev. 96, 1590 (1954). 


40. Hittmair, Z. Physik 144, 449 (1956). 
5 J. Sawicki, Phys. Rev. 106, 172 (1957). 


Messiah and Horowitz and the magnitude remains 
below 4 for the angular range calculated (0° to 40°). 
In general, however, even though the sign and limiting 
value are not evident, the spin-orbit potential can 
presumably give rise to a polarization greater than }. 

Measurements of polarization in stripping have been 
reported for the reaction C"(d,p)C™o at a deuteron 
energy of 4.0 Mev by Hillman® and for the groups 
from Co, C¥\3.86 Mev), Si®(4.93 Mev, and Si*(6.38 Mev) 
(the subscript referring to the energy of excitation in 
Mev of the residual nucleus) at a deuteron energy of 
11.9 Mev by Juveland and Jentschke.’ The polarization 
from C%) was measured at several angles and the 
results indicate an angular dependence which increases 
to |P|~0.5 near 70°. Such a large polarization is 
significant in that it cannot be produced by a spin- 
independent scattering potential alone. 

The purpose of the present investigation was to 
determine the polarization of several proton groups 
from the reactions B(d,p)B" and C"(d,p)C® and in 
particular to determine the sign of the polarization 
with respect to the sign of coupling j,=/,+4 of the 
captured nucleon. Should a definite relationship exist, 
polarization measurements would then permit the 
determination of the total angular momentum transfer 
jn. Further, it is to be hoped that as additional data 
become available, the nature of the nuclear interactions 
will become more evident and a successful theory of 
polarization in stripping will evolve. 

The polarization measurements for the first excited 
state of B", of particular interest because of their 
implications with regard to the exchange and spin-flip 
processes in the stripping reaction, are discussed in 
Sec. V. 


Il. EXPERIMENTAL METHOD AND APPARATUS 


The polarization of the protons was determined by an 
He* analyzer,* the protons being elastically scattered 
at an energy near the p, resonance of Li®. 


* P. Hillman, Phys. Rev. 104, 176 (1956). 
7A. C. Juveland and W. Jentschke, Bull. Am. Phys. Soc. 
Ser. II, 1, 193 (1956). The values quoted in this reference have 
been superseded by those nT by Juveland [thesis, University 
of Lg 1956 (unpublished) }. 
Heusinkveld and G. Freier, Phys. Rev. 85, 80 (1952); 
M. r Scott and R. E. Segel, Phys. Rev. 100, 1244 (1955) ; A.C 
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POLARIZATION OF PROTONS 


Fic. 1. The differential cross 
section ,(6) and polarization 
P,(0) for p—a scattering cal- 
culated from experimental 

- phase shifts up to and including 
d waves. 
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The differential cross section o(6,@) for the elastic 
scattering of a proton beam of polarization P, is’ 


o(0,6) =00(0)[1+P, -mP2(6) ], (1) 


where o0(@) is the cross section for a nonpolarized 
beam and n2P2(@) is the polarization produced in the 
outgoing beam by the scattering of a nonpolarized 
beam. The unit vector nm, representing the plane of the 
second scattering is defined by 


n, sind = kp: X kp, (2) 


where kp; and kp: are unit vectors in the direction of 
the incoming and outgoing proton momenta. If the 
polarization P, is normal to kp;, then both its magnitude 
and direction are determined by a measurement of 
the asymmetry 


e=P,-n.P,(0) = P,P2(8) sing, (3) 


provided P;(@) is known, and where the azimuthal 
angle ¢ is referred to an axis parallel to P;. 

The differential cross section (6) and P,(@) for the 
p—a scattering, computed using the method of Lepore® 
and the phase shifts compiled by Juveland and 
Jentschke,® are plotted in Fig. 1 for a number of scatter- 
ing angles @\., over the energy range Eyas»)=1 to 
10 Mev. The scattering angle 9;.,=50° used in the 
measurements is a compromise between a high cross 
section at low angles and a high polarization at angles 
near 90°. An incident proton energy of 7.0 Mev was 
selected since at that energy the polarization curve is 
relatively flat. The scattering angle and energy chosen 
determine the parameter P,= +0.48 

The over-all experimental arrangement is shown in 
Fig. 2. The 7.8-Mev deuteron beam from the cyclotron 
was focused through a ?-in. circular stop onto the 
target in the first scattering chamber. Protons from 
the (d,p) reaction scattered at an angle 6, were defined 
by a second #-in. circular stop and slowed to an energy 


Juveland and W. Seateshhea, Z. Physik 144, 521 (1956); L. Rosen 
and J. E. poomndg , Phys. Rev. 107, 1454 (1957). 
J. V. Lepore, Phys. Rev. 79, 137 (1950). 
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of 8.5 Mev by lead and aluminum absorbers before 
entering the quadrupole lenses. The lead foils were 
used at the small scattering angles to stop the deuterons 
and prevent reactions in the aluminum. The protons 
focused by the lenses passed through a 3}-in. diam. 
aperture in a paraffin shield and were bent by the 
field of the low resolution analyzer magnet through an 
angle of 17°. The proton beam was further collimated 
by a 4-in. circular stop and slowed by foils to a mean 
energy of 7.0 Mev before entering the second scattering 
chamber which contained helium at a pressure of 20 
atmospheres. Those protons elastically scattered from 
the helium into a solid angle of 0.04 steradian at the 
angle 6), = 50° were detected in eight nuclear emulsions 
arranged azimuthally around the direction of the 
incoming beam at regular intervals of 45°. Since the 
protons from the stripping reaction are polarized normal 
to the scattering plane, the vector n,=k,Xk, for 
positive 0, has been chosen as a “vertical” direction to 
which the azimuthal angle ¢ in the second scattering 
is always referred. The nonscattered protons were 
collected in a proportional counter telescope which 
served as a monitor. 

The first scattering chamber, constructed with a 
number of exit ports for measurements at different 
scattering angles, carried a proportional counter 
telescope mounted at 90° to the deuteron beam to 
assist in alignment of the system and adjustment of 
the focusing and analyzer magnets. 

The enriched boron target (92% B") was prepared 
by painting a slurry of finely powdered boron suspended 
in acetone on a backing of 0.0001-in. thick gold foil. 
The target thickness of 13 mg/cm? corresponded to 
500 kev deuteron energy loss at 7.8 Mev. The carbon 
target was prepared by spraying Aquadag suspended 
in alcohol onto a 0.0001-in. gold foil to a thickness of 
8 mg/cm? corresponding to 300 kev deuteron energy 
loss. The targets were mounted in the scattering 
chamber with their plane inclined at 20° with respect 
to the deuteron beam. 

To determine whether proton groups due to impurities 
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Fic. 2. The geometrical arrangement of the apparatus shown in cross section in the plane of the first scattering. 
The x axis of the coordinate system at the second scattering is directed perpendicularly out of the paper. 


might be present to interfere with the weak group 
(which we call B",) from the first excited state of B", 
a thin target of enriched boron was prepared by 
evaporation onto gold leaf, and the proton spectra 
obtained at 15° using the medium resolution magnetic 
analyzer. With 30 kev resolution no groups were 
found within the energy region covered, 1000 kev 
below to 400 kev above the peak, that could be assigned 
to impurities except for a group 800 kev below with an 
intensity of 5% of the B", group which was identified 
as the ground state-of Si**. 

The strong-focusing quadrupole lenses between the 
first and second scattering chamber permitted a large 
amount of shielding to be used between the two 
chambers with minimum loss of solid angle, the effective 
solid angle being increased by a factor of 50. Their 
design and operation was conventional except that the 
current through the second section was adjusted to 
permit focusing with unequal object and image 
distances. A small object distance affords maximum 
solid angle for the given (3 in.) lens aperture, but is 
limited by the onset of astigmatism at small object 
distances, the astigmatism preventing uniform illumina- 
tion of the entrance slit at the second scattering 
chamber. 

The magnet used as a low resolution analyzer was 
a 1/7 scale model of the 42-in. cyclotron and was 
altered to produce a uniform field of 700° gauss in the 
12-in gap. In passing through the magnet the proton 
beam was deflected through 17°. The resolution of the 
combined focusing and analyzer magnet system was 
about 1 Mev, sufficient to separate the low-lying 
states of C" and B". Because of the energy spread due 


1 Bach, Childs, Hockney, Hough, and Parkinson, Rev. Sci. 
Instr. 27, 516 (1956). 


to the thick targets, no advantage was to be gained in 
using a higher resolution. 

The entrance and exit windows of the helium 
scattering chamber which contained helium at 20 atmos. 
pressure were 0.001-in. nickel foils 4 in. in diameter. 
A series of circular slits at the entrance and within the 
chamber prevented multiple scattering of protons into 
the detectors from the windows, chamber walls, and 
slit edges. To minimize possible instrumental asym- 
metry due to misalignment of the beam, the nuclear 
plates were mounted as far from the helium chamber 
as was consistent with a reasonable solid angle. The 
space between the helium volume and the plates was 
evacuated to minimize the proton energy loss after 
the second scattering. The entire polarimeter was 
surrounded by a thick paraffin shield to reduce the 
neutron background and a lead shield to prevent 
fogging of the emulsions by gamma rays. The use of 
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Fic. 3. The proton spectrum for C#(d,p)C™ with 
focusing magnets off. 
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nuclear emulsions (1004 Kodak NTB) afforded addi- 
tional discrimination against the neutron background 
and was found necessary for weak proton groups. 
For strong groups, however, counters proved satis- 
factory. Two proportional counter telescopes were 
mounted 180° apart in azimuth and at a polar angle 
Ais» =50° on a scattering chamber (not illustrated) 
constructed so as to allow rotation in angle @ about 
the axis of the incoming protons, thus permitting data 
to be taken simultaneously at two angles. By rotating 
the scattering chamber in steps of 45° an angular 
distribution, rather than just a “left-right” ratio, was 
obtained. 

To reduce geometrical asymmetries the apparatus 
was carefully aligned using x-ray film to determine 
the beam pattern and position. Calculations show that 
under the most adverse conditions the maximum 
asymmetry from geometrical misalignment could be 
eo=0.05 but with reasonably good alignment should 
be é9 < 0.01 P 

In taking the data several runs were usually made 
without disturbing the geometry except for the neces- 
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Fic. 5, The azimuthal asymmetry in the second scattering of 
protons from C!*(d,p)C™%> at Oiap = 45°. 
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sary changes in targets, foils, and nuclear plates. 
The fact that no systematic skewness was observed 
in any series of runs indicates good stability of _the 
apparatus. 

Geometrical asymmetries were further minimized 
by measuring the polarization at both (+) and (—) 
scattering angles. The asymmetry due to polarization 
reverses with the sign of @; since the axis of quantization 
n,=k,Xk, reverses. Geometrical asymmetries, on the 
other hand, are in general independent of the sign of 
6, and are essentially removed by making measurements 
at both plus and minus angles. 

After development the entire areas of the plates were 
scanned in 0.5-mm wide strips using an 8-mm oil 
immersion objective and 10X eyepieces. The tracks 
were judged carefully with regard to length, angle, and 
density. Background plates, exposed under identical 
conditions but with the helium chamber evacuated, 
were scanned in the same manner. The background 
was found to be negligible for all but the longest runs 
(30 hours) for which it approached 5% of the total 
count. 

Using the method of least squares the resulting 
angular distribution was fitted by a curve VN=a+6 sing 
from which the asymmetry amplitude e9>=b/a was 
determined. The uncertainty associated with the data 
represents the standard deviation for counting errors 
only. By collecting the data at the eight angles the 
standard deviation in é) is improved by only slightly 
more than 1/V2 compared to a “left-right” measurement 
but does provide additional information in the form 
of the phase of the sine curve. The lack of phase shift 
indicates a negligible amount of polarization rotation 
by magnetic fields or spurious asymmetries. 


Ill. EXPERIMENTAL RESULTS 


The spectrum of Fig. 3, obtained by varying the 
analyzer field with the focusing magnets turned off, 
shows the proton groups C™) and C™, from thefground 
and first excited states in the reaction C"(d,p)C™. 
The particles were detected by the double-proportional 
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monitor counter at the end of the helium scattering 
chamber. The scattering angle was 6:;=15°, and the 
spectrum was taken with 65 mg/cm?® of aluminum 
absorber in front of the counter to cut out the proton 
groups from the second and higher excited states and 
the scattering deuterons. 

In measuring é for the group from Co, three steps 
were taken. First, the absorber foils were transferred 
from the test position in front of the monitor counter to 
a point preceding the helium chamber and adjusted to 
reduce the proton energy to 7.0 Mev at the second 
scattering. Second, the analyzer magnet was peaked 
on the proton group C". Finaily, the focusing magnets 
were turned on and adjusted to their optimum operating 
point. 

The data obtained at the angles, ¢;= +15°, are shown 
in Fig. 4 and those obtained at the scattering angle 
6:=+45°, under similar conditions except for a 
reduction of absorbers and adjustment of magnets 
owing to the kinematic decrease of energy at the larger 
angle, are shown in Fig. 5. 

An identical procedure was employed for the proton 
group from C",. However, the resolution of the analyzer 
did not permit the separation of C™, from C™,;. All 
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three groups were admitted into the helium scattering 
chamber and the resolution was effected at the detectors. 
At 6,;=—15°, the two counter telescopes were used as 
detectors, and absorbers were placed in front of the 
counters to cut off the lower energy C23 groups. 
Photographic plates were used at 6:= +15° and +45°; 
and since the C,; protons could not be removed by 
absorbers and still leave the C", protons with sufficient 
energy to traverse the full thickness of the emulsion, 
the groups were resolved by track-length analysis. 
The spectrum in histogram form is shown in Fig. 6. 
The results of the measurement of eo for the C; proton 
group at 6,=-+15° are shown in Fig. 7 and at +45° 
in Fig. 8. No asymmetry measurements were obtained 
for the unresolved C™, and C™; groups because the 
shortness of the tracks did not permit reliable scanning. 

The proton spectrum for the enriched boron target, 
Fig. 9, was obtained as for the carbon target and shows the 
groups from B"o, B",, and the unresolved B", ; levels. 
The results of the measurements of eo for the B" 
protons at 6;=-+15° are shown in Fig. 10. 

The spectrum obtained when the absorbers and 
magnets were adjusted to discriminate in favor of the 
B", group is shown in Fig. 11. The higher excited 
states were cut off by absorbers in front of the helium 
chamber. The admixture of ground state protons was 
reduced considerably by setting the analyzer on the 
low-energy side of the B", peak. This procedure, 
however, results in a nonuniform illumination of the 
entrance slit of the polarimeter. The edges of the 
entrance slit lie at the points labelled a and d in Fig. 11, 
and the proton distribution function corrected for the 
finite slit width is plotted as a dashed line under the 
spectrum. Because the proton intensity varies almost 
linearly between a and b the correction factor was 
easily calculated and found to be e9=+0.03. Since the 
protons were deflected to the “left” by the analyzer 
for both angles 6,=+15°, the sign of the correction 
term does not change and is to be subtracted from the 
measured asymmetries. Any uncertainty in the correc- 
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Fic. 8. The azimuthal asymmetry in the second scattering of 
protons from C"(d,p)C™; at Oa» =45°. 


tion tends to cancel when the two measurements are 
averaged. In view of the somewhat uncertain nature of 
the correction, however, a higher standard deviation 
has been assigned to the final result. The uncorrected 
data for the asymmetry measurement from the group 
B"; are plotted in Fig. 12. 

The results of our measurements are summarized in 
Table I. The polarization was calculated from the 
asymmetry amplitude e¢o using Eq. (2) and the value 
P= +0.48. 


IV. DISCUSSION 


A striking feature of the results summarized in 
Table I is the correlation of the sign of the polarization 
in column 6 with the coupling sign of /, and s, in 
forming the total angular momentum j, of the captured 
neutron. The values for /, and j, listed in columns 3 
and 4 are taken from experimental results." With 
the exception of B";, an anomalous state discussed in 
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Fic. 9. The proton spectrum for B¥(d,p)B™" with 
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TABLE I. Summary of present polarization measurements. 
Subscripts indicate the energy of excitation. Ez=7.8 Mev. 








Asymmetry 
e 





Final ° Polarization Average 
nucleus la jn Oxisb) (corrected) P polarization 
Ch 1 4 +15° +40,0840.02 +0.17+40.04 
—15° —0.10+0.02 +0.20+0.04/ +09.18+0.03 
' +45° +0.2040.03 +0.4140.05 +0.41 4.0.05 
Cs.00 Mev 0 +15°  0,0040.02  0.00-40.04 
satis “15° 0.004002 0.00 ryt} 0.00 +0.03 
‘ , +452 -0.1040.02 -0.2140.04 -0.21 40.04 
Mg 1 +15° 0.094003 -01840.05) _ 
=152 $0.0640.03 —0.12 20.03) 0.15 £0.04 
M0914 Mev) 1 +1 +0.0240.03 +0.04+0.0 
15° —0.0440.03 +0,08+0.05; +9.06+0.05 








detail below, the signs are consistent with the relation 
P=(+) when j,=/,+4, the axis of quantization being 
defined by n=k,Xkz. 

For an /,=0 capture there can be no proton align- 
ment from the “direct”’ stripping process, consequently, 
near the peak of the angular distribution the polariza- 
tion might be expected to be small. The result P=0.00 
+0.02 for the protons from C", at 6=15° supports 
this conjecture. 

The results of all published measurements of polariza- 
tion in stripping are summarized in Table II. Each 
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uF, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 
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Fic. 11. The proton spectrum for B”(d,p)B" with focusing 
magnets on is shown as a solid curve. The dashed curve is the 
proton distribution corrected for finite slit width with the points a 
and b marking the location of the edges of the entrance slit to 
the helium scattering chamber. 


of the six “normal” states in B", C™, and Si®® is con- 
sistent, near the stripping peak, with the sign rule 
suggested. While it is quite possible that the observed 
correlation is coincidental, should it prove to be a 
general rule, a measurement of the polarization in a 
stripping reaction would reduce the ambiguity in 
assigning a spin to the final nuclear state. 

A knowledge of the angular dependence of the 
polarization should yield further specific information 
about the nuclear interactions in a (d,p) reaction. The 
polarization probably contains contributions from 
spin-independent interaction of the deuterons and 
protons with the initial and final nucleus, respectively, 
in addition to spin-dependent forces, exchange effects, 
and interference terms. Near the peak of the angular 
distribution where the “direct” stripping process 
usually predominates, a substantial contribution to 
the polarization would be expected from the alignment. 
Far from the peak, however, other polarization processes 
probably become significant and perhaps dominant. 
Further, at larger angles admixtures of other / values 
can result in the opposite sign of coupling and, conse- 
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Taste IT. Summary of all polarization measurements referred 
to the quantization axis n=k,Xkg. Subscripts indicate energy of 
excitation. 











Final Ea Polarization Refer- 
nucleus (Mev) In jn Oi(o.m.) P ence 
Buy 78 1 16.3° —0.15+0.04 
Bo 14 Mev) 7.8 1 16.4° +0.0640.05 -:- 
135 4.05 1 32.5° +0.58+0.13 ® 
C4, 7.8 ce 16.5° +0.18+0.03 --- 
C4, 7.8 1 49° +0.41+0.05 --- 
C, 11.9 1 15.5° +0.20+0.04 b 
C8, 11.9 1 18.5° +0.17+0.04 b 
C4, 11.9 1 22.5° +0.1340.04 b 
Cc, 11.9 1 36.5° +0.05+0.06 b 
C¥, 11.9 1 68.8° +0.49+0.13 b 
C3. 09 Mev) 7.8 0 16.8° 0.00+0.03 «> 
C¥(3.09 Mev) 7.8 0 50° —0.2140.04 --- 
Cs 66 Mev) tk Ee 37.0° 0.044005 » 
Si?*<4.93 Mev) 11.9 1 14.5° —0.10+0.03 b 
Si?*6.38 Mev) 11.9 1 14.5° +0.06+0.04 b 











* See reference 6, 
» See reference 7. 


quently, reverse the sign of the stripping alignment 
contribution. The fact that at 45° the polarization for 
C™, is larger than $ and the polarization for C™ 5.09 Mev) 
is not zero presumably indicates the existence of 
processes other than “direct” stripping. 

The observed sign of the polarization for C™p is in 
agreement with the calculation of Cheston, and for 
all the data it is opposite that predicted by Newns! 
and by Messiah and Horowitz.? This suggests that an 
attractive scattering potential similar to that employed 
by Cheston rather than the repulsive potential assumed 
by the other authors is the more likely. Such an 
attractive spin-independent potential alone, however, 
cannot account for the observed polarization magni- 
tudes greater than 4. Since Cheston’s calculations for 
C%, have not as yet been extended to angles as large 
as 6,=45°, nor to energies as high as 7.8 Mev, they 
cannot be compared directly with experiment. 

The results obtained for Co at 6,=15° would appear 
to agree with the data of Jentschke and Juveland, 
although such agreement may not be significant in 


Fic. 12. The azimuthal 
asymmetry in the second scat- 
tering of protons from B"°(d,p)- 
B"; at Oi9p = 15°. 
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view of the difference in deuteron energy. The large 
polarization measured for Cy at 6,;=45° is also con- 
sistent with the large values obtained by Hillman at 
30° and Jentschke and Juveland at 68.5°. 


V. SPIN-FLIP STRIPPING 


Of the measurements reported here the only level 
whose spin and parity are uncertain is the first excited 
state of B", a fact which motivated its study. The 
conflict in the interpretation of the large amount of 
data available on this state has already been discussed 
by Wilkinson.” Briefly, the only conflicting evidence 
to the assignment of J =}~ is the interpretation of the 
angular distributions from the reactions B'(d,p)B"™ 
and B'(d,n)C". The angular distribution obtained by 
Evans and Parkinson” for B°(d,p)B", can be inter- 
preted as a capture of a neutron with /,=1. Since the 
spin of B” is known to be J/=3*, the direct stripping 
process restricts the spin of the final state to 3/2-<J 
<9/2-. The interpretation of the angular distribution 
as 1,=1 was originally subject to some doubt due to 
the unusual shape of the curves. Recent high resolution 
measurements reproduce the shape of these curves. 
Further, measurements of the mirror reaction B'°(d,n)- 
C", by Cerineo’® and by Maslin, Calvert, and 
Jaffe!* yield neutron angular distributions characteristic 
of 1,=1. 

Although a direct Butler-type stripping process is 
forbidden, the conflicting evidence can be explained 
plausibly by assuming an exchange process!’ in which 
the spin orientation of the outgoing (observed) particle 
is reversed imparting an angular momentum change 
AS=1 to the residual nucleus thus extending the range 


22D. H. Wilkinson, Phys. Rev. 105, 666 (1957). 

WN. T. S. Evans and W. C. Parkinson, Proc. Phys. Soc. 
(London) A67, 684 (1954). 

4, Bilaniuk and J. C. Hensel (to be published). 

6M. Cerineo, Nuclear Phys. 2, 113 (1956). 

16 Maslin, Calvert, and Jaffe, Proc. Phys. Soc. (London) A69, 
754 (1956). 

17 A. P. French, Phys. Rev. 107, 1655 (1957) ; N. T. S. Evans and 
A. P. French, Phys. Rev. 109, 1272 (1958); J. C. Hensel and 
W. C. Parkinson, Bull. Am. Phys. Soc. Ser. IT, 2, 228 (1957). 
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of possible character for the final states B", or C", to 
4~<J<11/2-. None of the existing data are con- 
tradicted by this assumption, even though the exact 
nature of the mechanism responsible for the spin-flip 
is not clear. If the spin of B", is indeed }-, then the 
stripping reaction must proceed either by an /,=3 
capture or by the spin-flip process with zero contribu- 
tion from the direct (nonexchange) process. The angular 
distribution certainly suggests capture with /,=1 and 
only a small amount of f-shell admixture (/,=3). 
Additional support of the idea is supplied by the 
calculations of Evans and French,' for a spin-flip 
process with /,=1, which predict an angular distribution 
not greatly different from that measured.“ If the 
reaction does proceed via the spin-flip process the sign of 
the polarization of the outgoing protons should be just 
opposite that for the direct process. 

The measured sign for the proton group from B",; 
(Table I) is, in fact, just opposite that of B"o, thus 
supporting the spin-flip hypothesis and the assignment 
of 4~. The magnitude is significantly smaller than 
for Bo or C> at the same scattering angle. This may 
be due to the incomplete separation in the experimental 
arrangement of the proton groups from the ground 
and first excited states, but it also suggests an inter- 
ference between the polarization contributions from 
pure potential scattering which will reverse sign with 
spin-flip and from spin-dependent scattering which 
would not change sign. It might also be observed that 
for any reactiun which can proceed by both the direct 
and the exchange spin-flip processes the magnitude of 
the polarization will be reduced. 
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Elastic Scattering of 40-Mev Protons by Deuterons* 


Joun H. WritraMs AND Morton K. Brussett 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received December 9, 1957) 


Measurements of the differential cross section for elastic scattering of 40-Mev protons by deuterons 
over the range of proton laboratory angles from 4° to 164° are reported. The results for angles greater 
than 90° were obtained by observing the recoil deuterons emitted in the forward direction. The cross section 
exhibits a sharp minimum at 7° and a broad minimum at approximately 110°. 





I. INTRODUCTION 


HE proton-deuteron elastic scattering process 
presents one of the simplest “many-body” 
problems of nuclear physics which should be soluble by 
a detailed theory. Some of the basic information 
required by such theories in attacking this problem 
in the energy region here investigated exists from 
our earlier knowledge of the elastic scattering of 40-Mev 
protons by protons! and of 40-Mev neutrons by protons.” 
On the other hand, the question as to whether precise 
descriptions of such “many-body” problems can be 
given on the basis of two-body forces has occupied a 
great deal of attention.* The measurements reported 
here on the differential cross section for elastic scattering 
of 40-Mev protons by deuterons, on which there 
existed no previous observations, were undertaken in 
the hope that they might stimulate and serve to check 
theoretical interpretations of the three-body problem. 
Earlier observations on the elastic scattering of 
protons by deuterons have been made at equivalent 
proton energies (laboratory) of from 0.25 to 5.25 Mev 
by several workers," at 9.7 Mev by Allred ef al.,” at 
20.6 Mev by Caldwell and Richardson,” and at 32 Mev 
by Ashby.” Only for the case of 20.6-Mev protons was 
a sufficiently large range of angles investigated to 
reveal all the details of the behavior of the differential 
cross section as a function of angle. 


* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

+ Present address: Brookhaven National Laboratory, Upton, 
New York. 
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II. APPARATUS 


The second section of the three-stage Minnesota 
proton linear accelerator provides a beam of 39.85+0.20 
Mev protons. For observations of the protons scattered 
in the angular range 20° to 90° the apparatus employed 
was similar to that described in detail in an earlier 
report by us,'® except that the scattering chamber 
containing the deuterium gas target was only five inches 
in diameter. For observations in the angular range 4° 
to 20° the incident protons, after coasting through 
the unexcited third section of the accelerator, were 
magnetically deflected through 20°, collimated to a 
beam of }-inch diameter and entered a deuterium-filled 
chamber specifically designed to investigate scattering 
at such small angles. This apparatus will be described 
in a forthcoming paper by L. H. Johnston and D. A. 
Swenson on the scattering of 40-Mev protons by 
protons. 

NalI(T1) detectors mounted behind collimating slits 
and antiscattering baffles served to detect the scattered 
protons and recoil deuterons. The over-all angular 
definition was approximately +2° in the range 50° to 
90°, +1° in the range 20° to 50°, +0.5° in the range 
4° to 20°. 

Conventional electronic circuits amplified the output 
of these detectors and the resulting signals were recorded 
on a twenty-channel pulse-height analyzer. 

Appropriate attention was given to the other 
experimental details of importance in measurements of 
differential cross sections with a gaseous target. For 
example, gas pressure, temperature, and purity were 
accurately determined, tests of efficiency of current 
collection in a well-designed Faraday cup were made, 
the calibration of the current integrator was established 
to within an accuracy of less than one percent, and 
geometry factors such as the zero of the angular scale, 


‘slit sizes, thicknesses, and distance were accurately 


known. 


Ill. EXPERIMENTAL PROCEDURE 


To obtain information on the D(p,p)D elastic 
scattering cross section, it is possible to observe both 
the scattered proton and the recoil deuteron. Such 
observations are complicated by the concurrent process 


* M. K. Brussel and J. H. Williams, Phys. Rev. 106, 286 (1957). 
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ELASTIC SCATTERING OF 40-MEV PROTONS 


of deuteron breakup resulting in a continuous spectrum 
of protons with energies up to within 2.2 Mev of the 
elastically-scattered proton group. If, as in the present 
experiments, the particles are detected by a thick 
Nal(Tl) crystal and distinguished only by the total 
energy absorbed by that crystal, a further complication 
arises from the fact that a small percentage of the 
protons suffer neutron-producing nuclear reactions in 
the crystal. These few protons are consequently 
recorded as lower energy pulses than are truly represen- 
tative of the energy of the incoming particle. The 
correction to the measured elastic scattering cross 
section due to this latter effect is small, decreasing from 
1.9% for 40-Mev protons to approximately 0.5% for 
10-Mev protons,'* which is approximately one tenth of 
the number of truly inelastic protons observed at an 
angle of 16°. 

A typical number vs pulse-height spectrum of the 
particles recorded with the instrumentation described 
above (the observations were made at 16° with respect 
to the direction of the incident beam) is shown in 
Fig. 1. At this angle the recoil-deuteron peak is clearly 
separated from the elastically-scattered protons and 
can be seen to lie on a background of protons arising 
from the two processes of deuteron breakup and 
nuclear reactions in the scintillation detector. The 
curve of Fig. 1 shows that the D(p,pn)H process 
contributes appreciably to the total cross section for 
40-Mev protons incident on deuterons but no attempt 
will be made in this paper to report on the details of 
this reaction. Rather, we wish to extract information 
from experimental data of the type shown in Fig. 1 on 
the elastic D(p,p)D process by measuring both the 
numbers of recoil deuterons and elastically scattered 
protons. Further work on the breakup reaction is 
planned. 

The procedure employed in determining the number 
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Fic. 1. Number of recorded pulses per half-volt interval of 
pulse height as a function of pulse height for observations at 
16° with respect to the direction of the 40-Mev protons bombard- 
ing deuterium. 


16, H. Johnston and D. A. Swenson (private communication). 
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Tasie I. The differential cross section (in millibarns per 
steradian) for elastic scattering as a function of the angle of the 
scattered proton, in the laboratory system. For angles greater 
than 90° the figures given are calculated from observations on 
the recoil deuterons. 











Oia (do/dQ) ia» Oiab (do/dQ)is» 
4° 325 +4 50° 16.2 +0.4 
s” 135 +2 55° 13.3 +0.4 
6° 96 +2 60° 9.0 +0.3 
ib 92 +2 65° 7.1 +0.2 
8° 93 +2 70° 5.4 +0.2 
9° 100 +2 Ya 4.5 +0.2 
10° 104 +2 80° 3.8 +0.3 
43° 109 +2 90° 1.9 +0.7 
13° 109 +1 117°44’ 1.42+0.07 
13° 108 +2 120°28’ 1.68+0.06 
14° 108 +2 123°18’ 1.96+0.04 
15° 106 +1 126°12’ 2.11+0.05 
16° 102 +1 129°12’ 2.42+0.07 
od 102.542 132°18’ 2.55+0.07 
18° 98 +2 135°29’ 2.87+0.05 
20° 93 +3 138°45’ 3.50+0.07 
25° 74 +2 142°6’ 4.07 +0.08 
274° 65 +2 145°35’ 4.24+0.08 
P 56 +1 149°8’ 4.62+0.08 
35° 45 +1 152°7’ 4.62+0.09 
r 32 +1 156°30’ 5.2340.10 
45° 23.940.7 160°18’ 5.18+0.10 
164°10’ 5.47+0.11 








of elastically scattered protons and recoil deuterons is 
illustrated in Fig. 1. The dashed curve represents the 
background that was subtracted from the total number 
of events recorded. A single curve of the nature shown 
in Fig. 1 is not very convincing as to the correctness 
of this procedure but the nature of the background 
curve is made more reasonable by an examination of 
the many such curves recorded at many other angies 
of observation where the energy and relative magnitude 
of the deuteron recoil peak changes with angle in a 
monotonic fashion. In any case the contribution of 
errors by this procedure is essentially negligible for the 
elastically-scattered proton peak and cannot exceed 
more than approximately five percent for the most 
ambiguous deuteron recoil peak. 

The elastically scattered proton peak could be 
identified and its magnitude determined with accuracy 
over the range of angles from 4° to 90°. At larger angles 
the cross section for scattering is small and the energy 
of the scattered protons reaching our detectors was 
reduced to less than 10 Mev. These two factors make it 
difficult to distinguish the peak over the background of 
piled-up pulses of lesser magnitude and render it 
difficult to extend observations into the backward 
hemisphere. 

However, our ability to observe the recoil deuterons 
at the laboratory angles of from 4° to 18° served to 
provide the desired information since these deuterons 
correspond to protons scattered through the laboratory 
angle range from 164° to 118°. The intermediate angular 
region, 90° to 118°, has not been explored by these 
experiments. 
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Fic. 2. Differential elastic scattering cross sections of 40-Mev 
protons by deuterons as a function of angle in the center-of-mass 
system. Dotted section of curve from 100° to 140° is uncertain. 


IV. RESULTS 


The results of our observations are listed in Table I. 
The probable errors shown include estimates of the 
ambiguity in background subtraction discussed above 
as well as the statistical uncertainty arising from the 
limited number of particles observed. The absolute 
value for the cross sections is estimated to be uncertain 
by not more than three percent as a consequence of 
errors in measuring geometric factors, number of 
target nuclei, contamination, and incident proton 
current. No corrections have been made for second-order 
geometry effects which should be negligible. 

The data, after conversion to the center-of-mass 
system, are presented in Fig. 2. The probable errors 
shown are those converted from the errors given in 
Table I. The dotted line between 100° and 140° is 
simply a guess as to the variation of cross section in 
this angular range. 

The variation of cross section in the center-of-mass 
angular range 7° to 60° is also presented in Fig. 3 to 
illustrate more clearly the sharp minimum which occurs 
in the neighborhood of 11°. 


V. DISCUSSION 


The present data are typical of those observed by 
scattering protons from other very light nuclei in that 
the cross section exhibits a minimum in the neighbor- 
hood of angles slightly in excess of 90° and increases at 
backward angles. A detailed theory of this general 
behavior is not presently available. 





H. WILLIAMS AND M. K. 


BRUSSEL 


The other feature of a sharp minimum at a small 
angle is also common to observations on the elastic 
scattering of protons by He*.'® It undoubtedly arises 
from the destructive interference between the repulsive 
Coulomb potential and an attractive nuclear potential. 
Detailed analysis of this phenomenon is under con- 
sideration in this laboratory. 

Comparison of these observations with those in 
other laboratories, over the angular range which shows 
both of the above features, can only be made with the 
20.6-Mev experiments of Caldwell and Richardson,” 
where the same general features were exhibited by their 
results. The measurements of Ashby“ at 32 Mev 
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Fic. 3. Differential elastic scattering cross sections of 40-Mev 
protons by deuterons over a range of small angles in the center-of- 
mass system. 


covered the limited center-of-mass angular range of 
22° to 150° and demonstrated a broad minimum at 
approximately 125°. 
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Activation Cross Section for the Reaction Na” (n,p)Ne*t 


Craupe F. Wituiamson, Emmett L. Hupspetu, I. L. Morcan,* anp R. G. Mooret 
Department of Physics, University of Texas, Austin, Texas 
(Received December 9, 1957) 


The absolute reaction cross section for Na*(n,p)Ne* has been measured in the range of neutron energies 
from 3.3 Mev to 8.2 Mev by use of neutrons from the reactions H?(d,n)He? and N“(d,n)O". The cross 
section rises from a threshold at about 3.7 Mev to 12 mb at the highest energy studied. Twelve resonances 
are observed corresponding to excited levels in Na*. The region of energy overlap between the neutrons 
from H*(d,n)He* and N'*(d,n)O"* gives values of the N“(d,n)O"* cross section which are in rough agreement 
with those previously measured elsewhere. Over-all accuracy is estimated to be +20% for H*(d,n)He? data, 


and +:50% for N“(d,n)O" data. 


INTRODUCTION 


RELIMINARY results on the reaction Na™(n,p)- 

Ne” have been previously reported! from this 
laboratory. Although no other work on the activation 
curve for this reaction has been reported, the reaction 
itself has been observed by numerous investigators.” 
The predominant activity of Ne* is a direct beta decay 
to the ground state of Na” (67%) and a decay to the 
first excited level of Na* (32%) followed by transition 
to the ground state with the emission of a 434-kev 
gamma ray. The end points of the two resulting beta 
spectra are about 4.4 Mev and 4.0 Mev.’ 


EXPERIMENTAL PROCEDURE 


Neutrons in the energy region studied were obtained 
by using the Van de Graaff generator at the University 
of Texas to produce the reactions H*(d,n)He® and 
N*(d,n)O"'. Deuterium and nitrogen gas, contained in 
a gas cell covered with a nickel foil of thickness 0.05 mil, 
were bombarded with deuteron currents up to 1 micro- 
ampere. Target thicknesses were about 40 kev for 
deuterium and 30 kev for nitrogen for 2.0-Mev deu- 
terons. The loss in the nickel foil at this energy is about 
150 kev; straggling in the foil is a few kev. The beam 
was monitored by the leaky integrator arrangement‘ 
which is included in Fig. 1. The RC time constant was 
adjusted to be equal to the reciprocal of the decay 
constant of Na”. The electrometer was calibrated with 
a standard potentiometer at the beginning of each 
day’s run. 

Figure 1 shows the experimental arrangement used in 
obtaining the excitation curves. A NaI(T]) crystal was 


+t Assisted by the U. S. Atomic Energy Commission. 

* Now with the Texas Nuclear Corporation, Austin, Texas. 

t Now with Convair, Fort Worth, Texas. 

1 Bostrom, Moore, and Morgan, Bull. Am. Phys. Soc. Ser. IT, 2, 
104 (1957); see also tentative data in Neutron Cross Sections, 
compiled by D. J. Hughes and J. A. Harvey, Brookhaven National 
Laboratory Report BNL-325, Supplement No. 1 (U. S. Govern- 
ment Printing Office, Washington, D. C., 1955), p. 13. Unfortu- 
nately decimal errors appear in these references, but they were 
corrected when normalizing to the new data reported herein. 

2jJ. V. oly and E. B. Paul, Proc. Phys. Soc. (London) A63, 
112 (1950). 

3 J. R. Pennig and F. H. Schmidt, Phys. Rev. 105, 647 (1957). 

4S. C. Snowden, Phys. Rev. 78, 299 (1950). 
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irradiated by the neutron beam and served as both 
target and 4x counter. The single-channel analyzer was 
used with integral bias setting, the baseline being set to 
reject beta rays of energy less than 1.86 Mev. This 
calibration was checked with Co® and Cs’ after every 
other data run by observing the differential spectrum 
of each of these elements. 

Slightly different procedures were necessary for the 
two neutron-producing reactions. The level of activity 
produced by the H*(d,m)He’® neutrons was sufficiently 
high so that the counting could be delayed by one half- 
life (37.5 seconds).* This allowed the 12-second activity 
from the competing reaction Na™(n,a)F* to decay to a 
negligible amount. A study of the activity recorded on 
the Sanborn tapes revealed that under these conditions 
the activity was a pure 37.5-second half-life. Thus, for 
the H?(d,m) He’ data, the total counts were read directly 
from the scaler register. Runs were also taken with the 
cell pumped out in order to correct for the background 
which is due to deuterium buildup and to long-lived 
extraneous activities. 

Since the N*4(d,n)O" cross section is roughly 1/20 
that of the H*(d,n)He’® cross section and only } as 
great a pressure of nitrogen was used to produce a thin 
target, the activity level was much lower. For this 
reason, the counting was begun about 10 seconds after 
the end of the bombardment. During this interval the 
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Fic. 1. Arrangement of the apparatus. Neutrons generated in 
the gas cell (filled with deuterium or nitrogen) activated the 
NalI(TI) crystal; the Ne® activity was followed with the equip- 
ment shown. 
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Fic. 2. Counting arrangement for obtaining 
y-ray spectrum of Ne*’, 


gas cell was pumped out. In order to separate the Ne” 
activity from activities associated with Na®(n,a)F” and 
N#5(d,p)N"*, the register output of the scaler was fed 
into the Sanborn recorder ; the tapes were then analyzed 
for 37.5-second activity. The NaI crystal was placed 
3 in. from the end of the gas cell when the cell was 
filled with deuterium and 1} in. when it was filled 
with nitrogen. 

It is not possible to calculate the attenuation of 
neutrons in the crystal, since the necessary data on 
neutron interaction with sodium and iodine in the 
energy range studied are not available. It was also 
desirable to check the assumptions of the shape of the 
beta spectrum, and hence it was felt that a check 
point should be taken in a different manner. This was 
done by irradiating a cylindrical sample of NaOH, of 
11.7-g mass and at 3 in. from the target, with H?(d,n) He’ 
neutrons of 5.95-Mev energy. This sample was then 
placed in a standard geometry configuration above a 
13 in.X1} in. NaI(TI) crystal, and the activity of the 
434-kev level in Na™ was observed. The counting 
arrangement is shown in Fig. 2. Twenty-nine such runs 
were taken, each followed by a background run. An 
energy calibration run with Na*® was performed after 
every other data run. The 1} in.X 1} in. NaI(TI) crystal 
used for this part of our work was the only one available 
which had not been previously exposed to neutrons, 
and thus had a background rate sufficiently small to 
allow this procedure. In order to normalize the data to 
a 1} in.X1 in. crystal, for which efficiency data are 
available, a normalizing run was taken with Cs’. The 
same counting geometry and photomultiplier tube were 
used with the 14 in.X1} in. and a 1} in.X1 in. crystal. 
Both runs were carefully checked for background. 


ANALYSIS OF DATA 


Owing to the low-energy background, the bias of the 
pulse-height analyzer could not be set at zero; there- 
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fore, a certain fraction of the beta spectrum was 
rejected. In order to compensate for these rejected 
pulses, the theoretical spectrum was computed.® From 
this information, the fractional part of the counts above 
baseline could be computed as a function of baseline 
energy. This curve is plotted in Fig. 3, and was checked 
experimentally with the H*(d,n)He’ reaction at a bom- 
barding energy of 3.0 Mev. The results were normalized 
to the bias setting for this experiment, and as shown in 
Fig. 3, the agreement is satisfactory. 

Curves were also computed assuming 20%, 40%, and 
60% coincidence rate between the 434-kev gamma ray 
and the beta rays to the ground state. These differed 
from the curve given by a maximum of about 5% at the 
baseline of this experiment. A rough calculation of the 
error due to edge effects in the crystal yielded a value 
of maximum effect of about 8%. Since these effects tend 
to cancel, the beta spectrum for no gamma-ray coin- 
cidences was used. 

Since the gas-cell to crystal distance was only 14 in. or 
3 in., the geometry could not be approximated as 
simple point or line geometry. In order to find the 
effective solid angle of bombardment, a scale drawing 
of the gas cell and crystal was made, and a graphical 
integration was carried out. This yielded a mean solid 
angle of 0.096 steradian for the H*(d,n)He*® bombard- 
ment and 0.421 steradian for the N"(d,n)O"* bombard- 
ments. In the computation, the cross section for yield 
at 5° was used for H*(d,m)He*. According to available 
data,® the N“(d,n)O" cross section does not change 
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Fic. 3. Integral plot of the 6 spectrum. Fraction of 8 rays, f(E) 
exceeding a given energy as a function of energy. The solid line is 
the theoretical curve. Data points are shown for a deuteron bom- 
barding energy of 3 Mev on a deuterium gas target (E,=6.18 
Mev). The dashed vertical line shows the baseline energy used in 
this experiment. 


§ This was done by reference to the tables of Fermi functions Bp 
values in Beta- and Gamma-Ray Spectroscopy, edited by K. Sieg- 
bahn (Interscience Publishers, Inc., New York, 1955), Appendices 
II and VIII. 

* Dr. Keith Jones, Columbia University (personal communica- 
tion with Dr. N. A. Bostrom). (Note added in proof.—Subsequent 
tentative data, recently sent to us by Dr. Jones, indicate that the 
N*(d,n)O"* cross sections are actually nearly twice as great as 
those previously obtained. This would tend to lower our evaluation 
of the Na*(n,p)Ne* cross section by 50% for those cases in which 
nitrogen was used as a source. In the region of neutron energies 
between 6.2 and 6.7 Mev, the cross section changes rapidly and 
the agreement of the data obtained from the two neutron sources 
may be fortuitous. We are now making time-of-flight measure- 
ments on the N"(d,n)O"* cross section). 
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ACTIVATION CROSS SECTION FOR Na?**(n,p)Ne?*# 


radically with angle (over the angle subtended by our 
Nal target-detector) in this energy range, so the values 
for 0° were used. There is an appreciable spread in the 
energy of the neutrons which strike the crystal, since it 
subtends a rather large solid angle. This spread tends 
to flatten out the resonances. This is especially notice- 
able in the region where the H?(d,n) He* and N“*(d,n)O"* 
data overlap. Almost invariably the resonances meas- 
ured with the nitrogen neutrons are sharper, because 
the energy of these neutrons is less sensitively related 
to angle of emission. The energy resolution, however, 
was never poorer than 150 kev in any of the obser- 
vations. 

The region in which the neutron energies from the 
two regions overlap furnishes a good check on the 
N"(d,n)O" cross section. Using the data taken at 
Columbia University,® we were able to get an excellent 
fit of the activation curve taken with N'(d,n)O™ 
neutrons to that of H*(d,n)He*. The Columbia data 
were then used to compute the remainder of the 
activation curve taken with N“(d,n)O™. 

The bombardment and counting of the NaOH sample 
used in taking the gamma-ray data also resulted in 
rather poor geometry. The mean solid angle of neutron 
bombardment was 0.176 steradian and the mean solid 
angle for counting of gamma rays was 0.073 steradian. 
The mean counting efficiency was determined from 
available data on a 1} in.X1 in. Nal crystal and by a 
graphical analysis. The pulse-height spectrum obtained 
from the sum of 29 runs is shown in Fig. 4. The photo- 
peak was fitted to a Gaussian distribution, and this was 
numerically integrated to obtain the total number of 
counts in the photopeak. 

Since a 1} in.X 1} in. crystal was used, normalization 
data were necessary in order to check the efficiency 
difference between this crystal and a ‘“‘standard”’ 14 in. 
X1 in. crystal. The photopeaks of both normalizing 
runs were fitted with Gaussian distribution and in- 
tegrated as described above. Then the total spectra 
were integrated, and the ratios of photopeak counts to 
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Fic. 4. Pulse-height spectrum of the 434-kev level in Na*. The 
data points are the sum of 29 runs, and statistical errors are shown. 
The solid curve is the best-fitted Gaussian distribution. 
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Fic. 5. Excitation curve of Na*(n,p)Ne* near threshold 
using a thick (~200 kev) target. 


total counts were determined. These ratios were found 
to be very nearly the same in both cases. The total 
efficiencies of both crystals at 662 kev were the same to 
within about 5%, which is well within the other errors 
present. Thus, it was assumed that the data for a 
1} in.X1 in. NaI crystal would apply to the 1} in. 
X1} in. crystal at 434 kev, and these data were used 
to determine the cross section. 

The solid curve in Fig. 4 shows the best-fitted 
Gaussian distribution for the 434-kev level in Na™. By 
using the available data for the ratio of photopeak 
counts to total counts,’ the total number of gamma rays 
could be computed. This allowed the computation of an 
absolute cross section, since the ratio of ground state 
transition to first excited state transition has been 
measured 


RESULTS 


Figure 5 shows the results of an investigation of the 
Na™(n,p)Ne™ activation near threshold. A thick Dy, 
gas target was used to obtain a high counting rate. 
The position of the threshold is rather difficult to 
determine because of the slow change of the excitation 
curve in this region, but it appears to be in agreement 
with that computed from mass values. 

Figure 6 shows the activation curve for Na™(n,p)Ne™ 
above 5 Mev. Ten resonances are apparent, correspond- 
ing to excited states in the compound nucleus Na*. 
The computed values of these levels (and of two 
doubtful ones) from available mass data are given in 
Table I. The point computed from the gamma-ray 
observations fell rather accurately on the curve, tending 
to justify our assumptions on the shape of the beta- 
spectrum and on the beta-gamma coincidences. 

The region in which the energies of the neutrons 
from the two reactions overlap is of considerable 
interest. The over-all fit we get using the provisional 
data furnished by the Columbia group® tends to sub- 


7 Reference 5, pp. 138 and 154. 
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Fic. 6. Excitation 
function for Na™(n,p)- 
Ne*. Circles show data 
taken with neutrons 
from H?(dm)He®; X’s 
show data taken with 
neutrons from N"(d,n)- 
O'; +’s show data pre- 
viously reported from 
this laboratory; the tri- 
angle (at 5.9 Mev) is 
the cross section ob- 
tained by observing the 
434-kev level in Na*™. 
Statistical errors are 
shown (see reference 6). 
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Taste I. Energy levels in Na™ (no correction for Coulomb 
barrier). These data are corrected for energy spread in the 
crystal. 








Neutron energy at 


resonance (Mev) Na™ level (Mev) 





5.206 11.876+0.054 
5.599 12.252+0.054 
5.816 12.460+0.054 
6.033 12.667 +0.054 
6.248 12.873+0.054 
6.423 13.041+0.054 
6.575 13.184+0.054 
6.935 13.530+-0.054 
7.137" 13.724+0.054 
7.267 13.848+0.054 
7.450" 14.023+0.054* 
7.760 14.320+0.054 








* Existence doubtful. 


stantiate their measurements of the N*(d,n)O™ cross 
section in this energy range. 

The general trend of the activation cross section is 
what would be expected if there were no important 
competing charged-particle reactions. As the neutron 
energy increases, the proton is lifted higher in the 
nuclear potential well, increasing its probability of 


oun 
7.5 80 8.5 


(Mev) AT O° 


emission. No attempt has been made to fit this activa- 
tion curve to a specific nuclear model. 

A survey of possible neutron-induced reactions in 
Na”, leading to emission of charged particles of Z<2, 
shows that the only ones that are energetically possible 
in the range of bombarding energies studied would be 
Na™(n,a)F?° and Na*(n,d)Ne®® reactions. The F” ac- 
tivity was eliminated as described before and Ne*? is 
stable. The increasing trend with bombarding energy 
of the Na*(n,p)Ne” reaction indicates that neither of 
the above reactions is a strong competitor in the energy 
range studied. 

The over-all absolute accuracy of measurement is 
estimated to be +20% except for the portion of the 
curve between 5.0 Mev and 5.5 Mev, where the error 
may be as great as +30%. The relative accuracies are 
much greater, as indicated in the figures, and are almost 
entirely statistical. 
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The correlation between nuclear deformation and the resonance width of photonuclear reactions is 
discussed. The general trend of the nuclear deformation is in good agreement with the predictions of 
Marumori, Suekane, and Yamamoto, and the existence of the correlation is clarified. The calculation 
assuming the splitting of the resonance and a constant width for spherical nuclei agrees qualitatively with 
experiments, but quantitatively the calculated values are too low, especially for strongly deformed nuclei. 
For light nuclei the quantatitive calculation has little meaning, but a similar correlation is found for them. 
The mass-number dependence of the resonance width is discussed qualitatively; it turns out that the vari- 
ation of this width arises from various causes and is not a simple function of mass number. A discussion of 
the nuclear shape in the highly excited state (~20 Mev) is given, and it is shown that this nuclear shape 
may not be very different from the shape in the ground state. 





I. INTRODUCTION 


HOTONUCLEAR reactions have been studied 

extensively for the past several years. The observed 
mass-number dependence of the resonance energy is in 
agreement with the theoretical predictions!:* of Gold- 
haber and Teller’ (hereafter denoted as GT) or of 
Steinwedel, Jensen, and Jensen‘ (hereafter denoted as 
SJJ). The systematics of the resonance width has also 
been studied experimentally,'? and it has been found 
that the values of the resonance width are small at 
magic numbers and large in the intermediate regions.* 
Since this behavior is quite similar to that of the 
nuclear quadrupole moment, it was proposed by the 
author’ and independently by Danos® that this fluc- 
tuation of the width might be explained by nuclear 
deformation. If we assume that the resonance splits 
into two parts due to the deformation, we can calculate 
the value of this splitting from the quadrupole moment. 
The calculated results® agreed fairly well with experi- 
ments. However, in this calculation we should have 
used intrinsic quadrupole moments obtained from 
Coulomb excitation instead of the quadrupole moment 
from spectroscopic experiments. Therefore the results 
of the previous note® should be taken rather quali- 
tatively. 

Recently, many experiments on Coulomb excitation 
have been performed,’ giving us sufficient data to 
study the systematic variation of nuclear deformation. 
Moreover, the resonance width has now been measured 


* Supported by the Research Corporation. 

t From September, 1957, to August, 1958, at the Department 
of Mathematical Physics, University of Birmingham, Birming- 
ham, England. 

1 ened, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). 

2 R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 

3M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948). 

‘J. H. D. Jensen and P. Jensen, Z. Naturforsch. 5a, 343 (1950) 
Steinwedel, Jensen, and Jensen, Z. Naturforsch. 5a, 413 (1950). 

*K. Okamoto, Progr. Theoret. Phys. (Japan) 15, 75 (1956). 

6M. Danos, Bull. Am. Phys. Soc. Ser. IT, 1, 135 (1956). 

7 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 


for rare-earth nuclei.* These nuclei have very large 
resonance widths and their cross-section curves show 
the possible existence of a splitting into two peaks. 

Therefore we have extended the calculations of our 
previous note® using intrinsic quadrupole moments, 
and the collective model of GT* or SJJ.* This type of 
calculation of splitting has also been performed’ by 
using the independent-particle model as discussed by 
Wilkinson.” 

In Sec. II we summarize the experimental data on 
intrinsic quadrupole moments. Our values agree fairly 
well with the calculations of surface rigidity by 
Marumori, Suekane, and Yamamoto." In Sec. III we 
investigate the correlation between nuclear deformation 
and the resonance width. In Sec. IV the calculation of 
the splitting is carried out and the results are compared 
with experiments. In Sec. V we give a qualitative dis- 
cussion about light nuclei (Z<21), for which the 
quantitative calculation has little meaning. In Sec. VI 
we comment concerning the mass-number dependence 
of the resonance width. In Sec. VII the validity of our 
model_is discussed qualitatively. In the last section we 
summarize our results. 


II. NUCLEAR SHAPE AND INTRINSIC 
QUADRUPOLE MOMENT 


Bohr and Mottelson" showed that the spectroscopic 
quadrupole moment, Q, was given by 


an Q0=Q,+0,, (1) 


§ Petree, Weiss, and Fuller, Bull. Am. Phys. Soc. Ser. II, 2, 16 
(1957), and private communication. The author is very grateful 
to Dr. Weiss for giving him the experimental data before publi- 
cation. 

9M. Soga and J. Fujita, Nuovo cimento 4, 1494 (1957). 

%D. H. Wilkinson, Proceedings of the Glasgow Conference on 
Nuclear and Meson Physics (Pergamon Press, London, 1955), 
p. 161. 

11 Marumori, Suekane, and Yamamoto, Progr. Theoret. Phys. 
(Japan) 15, 582, 584 (1956); 16, 320 (1956). 

124, Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
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where Q, is the quadrupole moment due to the particle 
outside a core and Q, is the quadrupole moment due to 
the surface deformation. Furthermore it was shown!* 


that 
Q.= P(x)Qo, (2) 


where (> is the intrinsic quadrupole moment, which is 
related to the “classical shape” of the nucleus. The 
projection operator P is a function of x, ‘the parameter 
of the coupling strength between particles and the 
surface. P(x) is given by Bohr and Mottleson for weak 
coupling (w), intermediate coupling (i), and strong 
coupling (s). Therefore, if we know Q and the value 
of x, we can calculate Qo. We can also obtain Q» directly 
from the experiments on Coulomb excitation. 

If we do not have any data on Coulomb excitation 
for even-even nuclei, we shall make use of the data on 
the first excited states! of such nuclei to calculate the 
value of Qo. However, it is well known that the value 
of Qo obtained from the energy of the first excited level 
is several times larger than the value of Qo from Cou- 
lomb excitation. Therefore we normalize the former to 
nuclei for which the data on Coulomb excitation are 
known, and determine the approximate value for other 
nuclei. The values obtained in this way are marked 
with a superscript “e”’ in Table I. 

The value of Qo determined from Q depends upon x. 
The coupling strength x can be determined by the 
following method: we introduce a quantity, F(£2), 
defined by the ratio of the observed electric quadrupole 
transition probability, B(Z2)..s, to the single-particle 
value, namely 


F (E2)= B(E2)ovs/B(E2)s.p.. (3) 
For B(E2),.». we use the following estimate’: 
B(E2)s..=3X 10-5A**X 108 cm‘, (4) 
We define the strength of the coupling in the following 
way: 
(1) Weak coupling (w) : 
Qovs=Os.n.; or F(E2)=1. 
(2) Intermediate coupling (i) : 
Qors=2—30s.p., OF Qors=Qoont, or 1<F(E2)<10, 


or 


Mobs*Ms.p. but pobs=eont- 


Here y is the magnetic moment and “conf” means the 
values obtained by configuration mixing.-4.15 
(3) Strong coupling (s): 


Qors>Qs.r., OF Qods*Qoont, or F(E2)>>10, 


13 G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

4A. Arima and H. Horie, Progr. Theoret. Phys. (Japan) 12, 
623 (1954); Phys. Rev. 99, 778 (1955). 

%S. Hayakawa and T. Marumori, Progr. Theoret. Phys. 
(Japan) 17, 43 (1957). 
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or 
Mobs* Meont- 


Of course, these criteria are rather arbitrary. 
Finally, we calculate the nuclear eccentricity, here 
defined by'® 


e= (Ri—R:2)/Ro, (5) 


where R; and R; are the longer and shorter axes of a 
spheroidal nucleus, respectively, and Ro is the radius 
of a spherical nucleus with the same volume. The 
relation between Q» and é¢ is 


c= 5Qo/ (4Z Ro?) ° (6) 


Throughout this paper we shall take Ro=(1.5)4A! 
X10-" cm. 

The results for stable nuclei (2221) are listed in 
Table I. Light nuclei will be discussed in Sec. V. 


Ill. CORRELATION BETWEEN NUCLEAR ECCEN- 
TRICITY AND RESONANCE WIDTH OF 
PHOTONUCLEAR REACTIONS 


In order to show that there exists a correlation 
between the nuclear eccentricity and the experimental 
resonance full width at half-maximum of the cross 
section for photon absorption, we plot these two 
quantities in Fig. 1. 

Since the deformation of the nucleus seems to be 
affected more strongly by neutrons than by protons,” 
we draw the graph as a function of neutron number. 

It was shown by Morinaga’’ and Johansson'* that 
the (y,p) reaction was sometimes several times to ten 
times larger than the (y,m) reaction for nuclei of A $40. 
Therefore, for such light nuclei the approximation of 
taking only the width of the reaction which emits 
neutrons might not be good. However, for the heavier 
nuclei shown in Fig. 1, this approximation is expected 
to be fairly good. 

The experimental uncertainty of the width is assumed 
to be +1 Mev; while the uncertainty in e is estimated 
to be from 20 to 30% of its value. 


IV. SPLITTING OF THE RESONANCE 
DUE TO DEFORMATION 


(a) Approximate Calculation 


Figure 1 clearly shows that a correlation exists 
between Q and the resonance width I’. The discrep- 
ancies at neutron number NV <50 might be due to the 
contribution of the (7,p) reaction. 

This correlation can be explained by the splitting of 
the resonance. The resonance energy of dipole vibration 
(hereafter denoted as Eo) decreases with increasing 


16 This definition of eccentricity is different from the previous 
one (reference 5). In reference 5, «= (Ri?—R2*)*/R:. The relation 
between these two definitions is: e¢ = e(6+e)/(3+-4¢). 

17H. Morinaga, Phys. Rev. 97, 1185 (1955). 

18S, A. E. Johansson, Phys. Rev. 97, 1186 (1955). 
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TABLE I. Various quantities related to nuclear deformation. Items enclosed in parentheses represent assumed or uncertain values. 
Column 1: Nucleus studied. Column 2: ground state spin, 7. Column 3: observed value Qobs of the spectroscopic quadrupole moment. 
The data are taken from the review article of Blin-Stoyle,* unless otherwise stated. Column 4: single-particle value Q, ». of the spectro- 
scopic quadrupole moment. Column 5: the value Qcons calculated from configuration mixing.» © Column 6: intrinsic quadrupole moment 
Qo calculated from Qos for the case of intermediate coupling. Column 7: intrinsic quadrupole moment Qo calculated from Qops for the 
case of strong coupling. Column 8: intrinsic quadrupole moment Q» from experiments on Coulomb excitation. Column 9: enhancement 
factor F(E2) defined by Eqs. (3) and (4). Column 10: single-particle value us... of magnetic moment. Column 11: calculated value 
Meont Of magnetic moment using configuration mixing.* Column 12: observed value ops of magnetic moment taken from the table of 
Blin-Stoyle.* Column 13: coupling strength between extra particles and the surface determined as weak (w), intermediate (i), or strong 
(s) by the criteria in the text. Column 14: nuclear eccentricity e calculated by Eq. (6). Qo is taken from the Coulomb excitation measure- 
ments, if available. Otherwise Qo is taken from the spectroscopic value Qo». with the coupling strength listed in column 13. 














(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) 
Q(10-™ cm?) Qo(10~* cm?) “ 
Nucleus I obs 8.p. conf inter. strong Coul. F(E2) 8.p. conf obs Coupling ’ 
2Scr 7/2 5.79 4.74 4.76 s 
22 Tina** 0 0,754 11 ‘is s 0.23 
Tiss? 5/2 ( >0.924) 210 —0.8 s ( >0.28) 
Tise** 0 0.564 6.0 A ‘ (0.17) 
Tin 7/2 tot <@86 <4 s 
Tiss 0 (0.52*) (4.9) i (0.16) 
uVn (6) 27 s 
Vist 7/2 0.3+0.2 —0.02 —0.03 0.42 0.68 (>0.39) 34 5.79 5.02 5.15 fors (0.18) (s) 
Cra” 0 
Cres® 0 (0.76*) (13) , é (0.19) 
Cras® 3/2 —-1.91 -0.49 —0.47 i 
Crao™ 0 (1.00°) (16) s (0.23) 
2eMngo®* 5/2 0.3 40,15! 0.08 0.35 0.76 1.264 320 4.13 3.47 $s 0.29 
wF eo" 0 (0,77¢) (12) (0.16) 
Feso* 0 1,004 15 ; $s 0.21 
Fen’ 1/2« >1,004 15 ~1.91 +04 0.05 s 0.21 
Fes:* 0 (1,029) (15) s (0.21) 
Con” 7/2 0.5 40.2 0.08 0.19 0.55 0.99 5.79 4.10 4.65 tors 0.10 (i) 
(0.30) 0.19 (s) 
ea iso®* 0 (0.73*) (11) i (0.15) 
Nisa 0 (0.77¢) (12) : i (0.16) 
Niss® (3/2) —1.91 -0.03 ~~” a 
Niu® 0 (0.76*) (11) i (0.16) 
Nig™ 0 ad va - (0.78) (13) : aan iors (0.16) 
wCun® 3/2 —0.16 —0.06 —0.11 —0,17 —0.90 (—1.034) 6.5 3.79 2.17 2.23 i (0.03) 
Cun 3/2 —0.15 —0.06 —O11 ~—0.15 ~ 0.84 ( —0.964) 5.5 3.79 2.30 2.38 i 0.03 
wZna™ 0 1.044 14 s 0.19 
Zune 0 0.934 il , . $s 0.16 
Zno" 5/2 18 1.37 0.81 0.88 s 
Zna®* 0 (1.00°) (14) s 0.17 
Znw” 0 4 ; ' 
Gas 3/2 0.23 0.05 0.15 0.25 0.98 3.79 1.58 2.02 s 0.16 
[0.20 }» 
Gaw" 3/2 0.15 0.05 0.15 0.13 0.50 3.79 1.82 2.56 s 0.08 
[0.14] 
a1Gens”? 0 —0,994 10 s 0.15 
Gew™ 0 wks —1,264 18 on cae nal s 0.19 
Gea” 9/2 —0,2 —0.43 —0.22 —0.37 > —1,494 450 —-1.91 —1.72 —0.88 s >0.21 
Gea™ 0 1,584 27 s 0.23 
Gea’? 0 , i> —1,524 24 er inne Paya s 0.23 
ssAsar™® 3/2 0.32 0.06 0.18 0.36 1.46 (>1.20)4 90 3.79 2.21 1.44 s >0.17 
1.54 
24Seao74 0 1.454 23 , s 0.17 
Sea27# 0 2.074 44 , veh s 0.27 
Sea’ 1/2 ( >2.08)4 43 0.64 0.53 s >0.27 
Sea 0 1,894 36 s 0.24 
Sew™ 0 1,524 22 s 0.20 
Seaw™ 0 , in an 0.754 5.2 hale ewe bt ee é 0.09 
aBra™ 3/2 0.33 0.06 0.19 0.41 1,92 (>1.62)! 3.79 2.55 2.11 s 0.16 
1.91 
Bro®™ 3/2 0.28 0.06 0.19 0.34 1.62 (>1.81)! 3.79 2.52 2.27 s 0.13 
1.91 
wKra"* 0 2.91 83 5 0.36 
Krau® 0 1,7) 29 s 0.21 
Kre® 0 o> ee 0,93 8.8 nee — — ‘ <0.12 
Kre® 9/2 0.15 0.28 0.19 0.28 —-1.91 —0.83 —0.97 s 0.02 
Kroes 0 0.75) 5.6 é <0.08 
Kroo® 0 es one 
oRboe* 5/2 0.31" 0.07 ck 0.34 0.66 0.86 1,32 1.35 i 0.04 
Rbso®” 3/2 0.15* 0.05 (0.17) (0.14) 0.38 3.79 2.79 2.75 ‘ 0.02 
eSra™ 0 ie 
Sras®* 0 nai (0.76*) (S.1) ae ine uae ‘ ( <0,08) 
Sree” 9/2 (0.14}> —1.91 -0.68 —1,1 
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TABLE I.—Continued. 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) 
Q(10-* cm?) Qo(10-* cm?) o 
Nucleus I obs 8.p. conf inter. strong Coul F(E2) 8.p conf obs 
Srso%* 0 (0,58¢) (3.0) es ; 
2 Y 50% 1/2 —0,26 —0,14 
«0Zr 50% 0 . (0.55¢) (2.8) ina ~? . 
Zrsi™ 5/2 [ —0,083 }» —-1,91 -08 —1,9! 
Zr2” 0 0.9" 6.0 
Zrss™ 0 
Zrse%? 0 : ite , bas 
aNbse® 9/2 —0,28 —0.13 —0.33 (0.12) —0.24 6.79 6.60 6.16 
5.71 
42Moso* 0 (0.7 1¢) (4,1) 
Mos:™ 0 1.704 23 = ie : 
Mos; 5/2 ( >1,434) 95 —-1,.91 -—0,35 —0.91 
—1.08 
Mose 0 1.764 23 . o- 
Moss*? 5/2 —1,.91 +0.05 —0,93 
-0.65 
Mose®* 0 1.644 20 
Moss! 0 2.574 47 
4sRus2® 0 
Ruse 0 
Russ® $/2 (1.45)4 70 —1,91 
Ruse’ 0 1.734 22 
Rus7'# 5/2 ( >1,94)4 (23) —1,91 
Russ! 0 2.514 44 
Rueo!™ 0 3.224 71 
asRhgs' 1/2 2.30 0.26 0.10 
«6Pdse!? 0 ; 
Pdss'™ 0 2.14 31 
Pdsg!® 5/2 (2.0)e —1.91 —0.45 —0.57 
Pdeo'® 0 2.44 39 
Pde2!®* 0 2.84 51 
Pdea'® 0 3.24 60 
«7Ageo!®” 1/2 2.00 24 —0.26 —O.11 
Age2'” 1/2 2.24 28 —0.26 0.13 
asCdgs!* 0 
Cadeot®* 0 
Cde2"# 0 2.024 31 
Cdes!1 1/2 2.24 30 -1.91 -049 -0.59 
Cade"? 0 2.144 28 
Cdes"8 1/2 2.94 70 —1.91 —0,77 —0.62 
Cdes'"4 0 2.354 33 
Cdest!* 0 ee ; Se 2.494 36 
4] nea!!8 9/2 1,14 0.16 0.41 1.10 1.93 6.79 5.62 5.49 
T nee! ® 9/2 1.16 0.16 0.42 1.12 1,97 6.79 5.59 5.50 
soSne2!!2 0 
Sneq"4 0 
Snes'!5 1/2 —1.91 0,73 —0.92 
Sree?! 6 0 1,32™ 10 . : 
Sne7"!? 1/2 —1.91 —1.18 —1,00 
—0,50 
Snnes!!® 0 1,37™ il ‘ 
Sree"? 1/2 —1.91 -—0.95 —1.05 
Snzo! 0 1.41™ 11 
Snz2!22 0 1.42™ 11 
Sn7 0 aoe ine 1,38" 10 ; 
siSbro!#! 5/2 —0.5 —0.13 —0.26 —0.58 —1,27 3.49 3.36 
Sbr2!% 7/2 —0.7 —0.15 —0.39 —0.73 —1.35 2.49 2.55 
s2T ess! 0 2.354 31 
Tezo!2? 0 2.174 26 ace ; 
Tern! 1/2 (0.7)4 —-1,91 —0.82 —0.74 
Ter2'* 0 1,974 21 6s nae aye 
Ters!*5 1/2 2,14 —-1.91 —0.60 —0.89 
Tera 0 1,794 17 
Teze!28 0 1.674 15 
Tezs'# 0 1.614 13 pina _ ote 
salrg!?? 5/2 —0.69 —0.14 —0.31 —0.97 —1.80 4.79 3.04 2.81 
saXerol™ 0 
Xe72!26 0 (2.489) (32) 
Xer<28 0 (2.33¢) (28) ne ae . 
Xers'® 1/2 —1.91 +0,14 —0,78 
—1.10 


—0.46 


(13 


= me mm me, 


“%*s % & & @& 





) (14) 


Coupling e 


( <0.05) 


( <0,05) 


<0.09 


w) 20.01 


( <0,06) 
0.17 
(>0,13) 


0.17 


0.15 
0.16 
0.16 
0.21 
0.17 
0.19 
0.14 
0.14 


<0,09 
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TABLE I.—Continued. 


MOMENT 








(1) 
Nucleus 


Xere'* 
Xen's! 


Xer'# 

Xeso'™ 

Xess! 
ssCore™ 


«Bar 
Baze!#® 
Bar'™ 
Bary!#4 
Bago!¥# 
Bagi!#? 
Bag:!39 

wLan'* 
Lag:!** 


ssCere** 
Ces! 
Cen 
Cex 


wo Pres! 


ooN dex! 
Nds:'# 
Ndga'™ 
Ndos!#4 


Ndgs!#@ 
Ndw'* 
Ndoo' 
o2Smar!“ 
Sms!” 


Sma'4# 
Smn'* 


Sma! 
Smigo! 
Smg2!** 
osu! a 
Fuso! 
Gdes! 
Gdgo'™ 
Gado? ®* 
Gdo2'** 
Gdor'” 
Gados'** 
Gage'®® 
os Toe” 
aDyoo!® 
Dyo:z!** 
Dyoe® 
I dy os! 61 


I dy oe 02 
Dyo'* 


Dyo!'™ 
oe Hoos! ®* 
ores’? 
Erge! “ 
Eros! * 


Erge!®? 


Er 1908 
Erio2!7@ 
@ Tmioo'® 
70 Y bos! ®* 

Ybioo!? 


- 
nN 


N 


~ 
~aomonmocsd 


~ 
~ooceo = 


w 
nN 


r 


(3) (4) 
Q(10°™ cm?) 
obs 8.p. 
—0,12 
—0,003 0.11 
(0,7 )* 
0,23! 0.16 
0.01! --O.14 
~1 
~1 
0.72 
0.72 
1.2 0.16 
2.5 0.16 
1.iv 
1,0" 
2 0.18 
10.2 
(3.5)! 


(S) (6) 
conf inter, 
—0.26 —0.20 

0.44 

0.30 

0.35) 
1.4 
1.4 
1.03 
1,03 

0.36 

0.70 


(7) 
Qo(10-™ cm?) 
strong 


—0,72 


nm 


tw 
= 


6.3 


4.2 


21.9 
(7.5) 


(8) 


Coul. 


(2.07¢) 


(1.84¢) 
(1,499) 
(1,299) 


(1.52¢ 
(1,70") 


(1.60°) 


(1,199) 


2.24! 


3.13! 
5.57! 
6.71! 


7.1% 
(4.0°) 
6.5" 
6.8" 
7.19 
6,2" 
7.78 
9,78 
8.7" 


(7,557)* 
(6,.16)* 


7.1% 


(9) (10) 
F(E2) 8.p. 
(22) 

1.15 

(17) 

(11) 

(8) 

1,72 

(11) 

(14) 

1.15 

(12) " 

1.15 

(7) 

1,72 

(6 

4.79 

3.4 
—1,91 

7.7 
—1.91 

il 

29 
96 

—1,91 

27 , 

—1.91 

41 
127 
182 

4.79 
4.79 
(110) 
179 
200 
231 
361 a. 
0.12 
193 
236 eve 
315 ace 
213 
198 eee 
(195) oa 
—1.91 
(208 } 
2.79 
(178) 


(11) 


1.88 
2.19 


4.53 
3.95 


—0.84 


—1.05 
—0.64 


—1.01 
—0.60 


—1,21 
—0.81 


3.6 
1.6 





(12) (13) (14) 
obs Coupling e 
s 0.12 
0.70 $s (0.11) 
assumed 
5 0.11 
$ 0.08 
i 0.07 
2.58 (w) A” 
s 0.09 
s 0.11 
0.83 (s) 0.12 
; s 0.09 
0.94 iors 
i 0.08 
(0.05) 
2.78 w ~~ 
i 0.07 
4.0 (w) (~0) 
i 0.04 
—1.0 i 0.08 
i 0.07 
—0.65 i 0.08 
i 0.08 
Ss. 0.13 
s 0.24 
—0.76 (s) 0.08 
° $ 0.11 
—0.64 5 0.08 
s 0.15 
$ 0.27 
- s 0.32 
3.6 s 0.15 
s 0.32 
$ 0.17 
sks s 0.29 
—0.31 s 0.29 
ake s 0.32 
—0.38 s 0.28 
s 0.35 
. s 0.44 
1.5+0.4 s 0.37 
Ss 
. s 
° 5 0,29 
s 
eee 5 0.34 
s 
e s 0.39 
s 0.31 
e s 
° s 0.29 
eee Ss 0,29 
—0.5 s (0.29) 
s (0,.29)7 
aes s 
—0,2 s (0.24) 
s 
s 0.27 
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TABLE I.—Continued. 











(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) 
Q(10-* cm?) Qo(10-* cm?) » 
Nucleus I obs &.p. conf inter, strong Coul. F(E2) 8.p. conf obs _ Coupling e 
Ybior!™ 1/2 0.64 0.5 0.45 $s 
Ybuios!”? 0 Swe ; 5 
Ybuios'™ 5/2 3.9 10.9 1.37 —0.7 s 
Ybioa'™* 0 (6.93¥)* + $ (0.25 )9 
Ybios!?¢ 0 ; ; : _— $ 
mLuiod?§ 7/2 3.98 0.18 0.74 8.1 8.54 1.72 2.4 2.9 s 0,32 
Lunos!76 27 8.0 (~10) 4.2 s (0,37) 
72H f 102!" 0 s 
Hf 10478 0 a 7.9e8 s 0.29 
Hfios!7? 7/2 3.0 6.4 8.94 —1,91 s 0.33 
Hf w6'7* 0 oe 7,.Qbb s 0.29 
Hf 07!” 9/2 3.0 5.5 8,38 5 0.31 
Hf i08'* 0 bie on es 7.9ee eee s 0,29 
73 Tasos! 7/2 2.7 0.20 0.65 5.6 6,7>> 1,72 2.6 2.1 s 0.22 
74W 106! 8 0 (8,0°) 210 s (0,28) 
W 10s! 0 7,.6* s 0.27 
Wis! 1/2 (6.9>b, 00) 0.64 0.1 5 (0.24) 
Wu! 0 6.7% s 0.24 
Wii! 0 ce en _ 5.9% 109 ' : § 0.21 
7sReir0! 8 5/2 2.8 0.18 0.39 5.0 7.7 4,7bb 4.79 3.19 3,17 s 0.16 
Reii2!87 5/2 2.6 0.18 0.40 4.6 71 4,3bb 4.79 3.17 3.20 s 0.15 
7608108! 0 s 
Osii0!¢ 0 (5.6*) (104) s 0.19 
Osi!” 1/2 $ 
Osi12!88 0 ibs (5.3¢) s 0.18 
Osiis'® 3/2 0.68 1.0 3.7 0.7 s 0.12 
Osi 0 (5.0°) s 0.17 
Osii6!®? 0 be : . (3.98) (45) , —— s 0.13 
niriue™ 3/2 1.0+0.5 0.14 0.40 1.5 5.9 5.344 0.12 0.44 0.17 s 0.17 
Irise’™® 3/2 1,.0+0.5 0.14 0.40 1.5 5.9 3.444 0.12 0.44 0.17 s O11 
mePtii2! 0 
Ptie® 0 (2.52¢) (19) iors 0.08 
Pts "0 2.4bb 17 i 0.08 
Ptis7'®5 1/2 3.2bb 0.64 0.61 i O11 
Ptiss'®* 0 1,7bb 8.7 ; i 0.05 
Ptizo!®8 0 pats c ners 1,4bb 5.8 nen i 0.03 
meAuiie!®? 3/2 0.6 0.14 0.29 0.8 3.5 2.698 18 0.12 0.45 0.14 iors 0.08 
0,29 
soHigiis'®* 0 (2.2¢) i 0.07 
Hgiis'®8 0 2.244 14 , i 0.07 
Hgis'” 1/2 1,644 0.64 0.50 ‘ 0.05 
Hgi20% 0 =e 2.444 “me : - i 0.08 
Hgi2i™ 3/2 0.45 0.75 2.7 —1.91 -0.51 —0.56 iors 0.07 
Hgi22™ 0 2.244 i 0.07 
Hg 0 dct ay ; i 
si T1122? 1/2 1.6%8 2.79 1.44 1.61 i 0.04 
Thies 1/2 1,458 2.79 1.43 1.63 i 0.04 
aiPbi22™™ 0 1,500 i 0.04 
Pbiza?* 0 1.026 es ‘ é 0,03 
Pies? 1/2 0.6988 0.64 0.59 w 0.01 
Pbi2e?8 0 hs ae paz (-~) San ich : ~~ 
ss Birze?™ 9/2 —0.4 —0.30 —0.53 2.62 3.30 4.08 w A” 
C—0.55]}> 
90 T hia2™? 0 5,744 76 s 0.13 
92U 1424 0 = (6.3°) (91) sag s 0.15 
Uias™5 7/2 (+8) (8.45) (17) 9.78 —0.8 s 0.23 
Uie™* 0 6.9dd 108 s 0.16 








*R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956), 
b See reference 11. 
© See reference 14. 





4G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 (1956). 
¢ Data calculated from the first excited states. See reference 13. 

‘K, Murakawa (private communication). 
« G. Trumpy, Nature 176, 507 (1955). 

b Values enclosed in square brackets are taken from peference 11. 


i Wolicki, Fagg, and Geer, Phys. Rev. 105, 238 (1957) 
iG. F. Pieper and N. P. Heydenburg, Bull. 


(1957). 


k Senitzky, Rabi, and Perl, Phys. Rev. 98, 1537 (1955). 


1K. Murakawa, Phys. Rev. 100, 1369 (1955). 


m P, H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 


(1957). 


» K, Murakawa, Phys. Rev. 98, 1285 (1955). 
°N. P. Heydenburg and G. M. Temmer, Phys. Rev. 95, 861 (1954). 

» G. M. Temmer and N. P. Heydenburg, Phys. Rev. 98, 1308 (1955). 

@ Snyder, Fagg, Wolicki, Bondelid, and Dunning, Phys. Rev. 100, 1299 


(1955). 


Am. Phys. ‘Soc. Ser. II, 2, 69 


Ser. II, 2, 69 


rP. B. aes and C, D, Jeffries, Shee, Rev, 99, 613 3 (1955), meni they 
obtained the ratio of 0 between La’*8 and La™ and, assuming that O(La™) 
=0.9 X10-™ cm?, they reported Q(La'*) =2.7 K10-* cm*, Here we take 
the recent data for 0(La') (reference f); therefore Q(La™*) =0,7 X10-™" 
cm?, 

* See reference 7. 

t Simmons, Van Patter, Famularo, and Stuart, Phys. Rev. 97, 89 (1955), 

oN. P. Heydenburg and G. M, Temmer, Phys, Rev. 104, 981 (1956), 

¥ D. R, Speck, Phys. Rev. 101, 1725 (1956). 

~ H. Mark and G, T. Paulissen, Phys. Rev. 100, 813 (1955). 

x E. D. Klema and R. K. Osborn, Phys. Rev. 103, 833 (1956). 

¥ Values for natural isotopes. 

* K. Murakawa and T. Kamei, Phys. Rev. 105, 671 (1957); Gerold Luhrs, 
Z. Physik 141, 486 (1955). 

se P. H. Stelson and F, K. McGowan, Phys. Rev. 99, 112 (1955). 

bb McClelland, Mark, and Goodman, Phys. Rev. 97, 1191 (1955), 

ee Value taken from reference bb and normalized to W!# 

dd Davis, Divatia, Lind, and Moffat, Phys. Rev. 103, 1801 (1956). 
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Fic. 1. Correlation between the nuclear eccentricity e and the photonuclear resonance width I’. Crosses are eccentricities listed in 
Table I. Open circles are observed resonance widths for nonmagic nuclei; closed circles are for magic nuclei. (See Table IV.) Dashed 
and solid curves are for eccentricity and for resonance width respectively. Arrows indicate the magic numbers: the solid one is for 
neutrons and the dashed one is for protons. The dotted straight line indicates the intrinsic width, 9, which is taken in this paper as 
4.2 Mev. The uncertainty of the resonance width is assumed to be 1 Mev; the uncertainty of the eccentricity is from 20 to 30% of its 


value. 


mass number, and its dependence is 


Ey oa Ro a An, 


n=4, GT model* (7) 
=1, SJJ model‘ 
=4—1, experiments.'?” 


If the nucleus is a spheroid, the resonance splits into 
two parts; we apply the GT model’ to a prolate” 
nucleus. The two frequencies FE, and £2, corresponding 
to oscillations along the longer and shorter axes re- 
spectively, are 





\29 Rep ch* ‘ 
E\= ( ) —40R,-4, 
e(2/3)R,\R2pm 
2rRi Raph’ 
E,= ( 
€(22/3)R\R2pm 


(8) 





4 
) ~40R-1, 


where all notations except R, and R;z are the same as 
those in reference 3. 
The value of the splitting, AZ, is given by 


AE= E,— E£,= 40Ro4(4e) = deE. (9) 


Equation (9) holds for the GT model, if the deformation 
is not very large. 
More generally, if we assume Hox Ro", we might 
expect approximately 
AE/Eo= ne. (10) 
1” E. G. Fuller and E. Hayward, Phys. Rev. 101, 692 (1956). 


® The calculation for an oblate nucleus is quite similar to that 
described here. 


(b) Hydrodynamical Calculation 


We now examine whether Eq. (10) is exact in the 
SJJ model.* According to the SJJ model,‘ the density 
of nucleons is 

Po= pp +n(r,1), 
Pa=pn’—7(r,1). 


(11) 


Here, p,° (pn°) is the original density of protons 
(neutrons) and 7 is the change in the density. If we put 
n=no(r)e!, no satisfies the Helmholtz equation 


Anot+kn=0. (12) 


Here, & is the wave number of dipole vibration. For a 
spherical nucleus, SJJ use the boundary condition 
(Ano/ dr) Ro= 0. 

For a spheroidal nucleus, we write Eq. (12) in 
spheroidal coordinates™ and take the radial part 


m 





d dj 
{(e-—]-[4-#e+ p-o, (13) 
dé dé 1 
where ¢ is a variable which is related to the shape of 
the spheroid. A and m are constants, and h= 4ak, where 
a is the distance between foci of the spheroid, given by 
a= 2(5Q)/2Z)!. 

The boundary condition for J is 


(dJ/dé).~2=0, (14) 


where z= 1/e. (¢ is the eccentricity used in the previous 
note.!) 


21 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
og Book Company, Inc., New York, 1953), pp. 
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TABLE IT. Results of hydrodynamical calculation of the splitting 
of the resonance. The second column is the value calculated from 
Eq. (10) by putting »=1. The third column is the value obtained 
from hydrodynamical calculation. The fourth column is the ratio 
of these two values. 











Nucleus e (ASE/Eo)a r 
s3l7q2?7 0.10 0.09 0.90 
73 Laips® 0.22 0.18 0.82 
2sMngo* 0.29 0.24 0.81 








The solution of Eq. (13) is given by 


(I—m) 12-1)" 
=7 = h, = ——— 
1(8)= jemn(h,2) se : ) 





(n+2m) ! 


‘ p its gre“. (h | done (hé), 


(15) 


where the prime over the summation indicates that 
only even values of m are included if (/—m) is even and 
only odd values of m are included if (/—m) is odd. The 
quantity d,,(h| ml) is the coefficient of expansion and is 
tabulated by Stratton ef al.** The difference of eigen- 
values between jeyo(#,z) and jei(h,z) gives the value 
of the splitting. 

Numerical calculations for three nuclei are shown in 
Table II. 

The ratio of the value of the hydrodynamical 
calculation of AE/E» to that of Eq. (10) with n=1 is 
about 1—e ; therefore we shall use the following formula: 


(AE/Eo)ss3=e(1—e). (16) 


(c) Comparison with Experiments 


In Eqs. (9) and (16), we use the experimental values 
e and E£, to obtain the value of AE. If we further assume 
that the widths of the two split resonances remain the 
same as Io for a spherical nucleus, we find the value of 
the width I of a deformed nucleus: 


r=Fo+ar. (17) 


AT is the increase of the width due to deformation and 
is now approximated by AT=AE. 

We determine I’) from the observed resonance widths 
for spherical nuclei. Table III shows that these widths 
for spherical nuclei are about 4 to 5 Mev. Therefore we 
tentatively assume that 


I'p=4.2 Mev. (18) 


This we shall call the intrinsic width. Using Table I 
and Eqs. (9), (16), (17), and (18), we calculate the 
value of the width I’. The results are listed in Table 


2 Stratton, Morse, Chu, and Hutner, Elliptic Cylinder and 
Spheroidal W ave Functions (John Wiley and Sons, Inc., New York, 
1941); Stratton, Morse, Chu, Little, and Corbaté6, Spheroidal 
W ave Functions (The Technology Press of Massachusetts Institute 
of Technology and John Wiley and Sons, Inc., New York, 1956). 
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TABLE III. The widths of spherically symmetric nuclei. 











Nucleus Zz N e Tobe (Mev) 
Ca® 20 20 ~~ 4.2 
Sri8 38 50 (0.05) * 4.0 
y* 39 50 3.8 
Zr™ 40 50 A” 4.3 
Zr™ 40 51 5.0° 
Zr® 40 52 <0.09» 5.5 
Pb™8 82 126 ~~ 4.54 
Bi®™ 83 126 ~~ 4.1 








* This value is obtained from the first excited level; therefore, it should 
not be considered accurate. 

> Average value for Zr® and Zr™, The value for Zr® may be less than this. 

© The value of Qo for this isotope is unknown, but a recent experiment 
shows that the magnetic moment is very close to the single-particle value. 
This nae to indicate that the deformation is very small (see Table I, refer- 
ence 1). 

4 The value for the natural isotopes. The main contribution is supposed 
to be from Pb, Pb®?, and Pb®* and the eccentricities are 0.02, 0.01, and 
about 0, respectively. 





IV. The quantity ¢,, is the maximum cross section for 
neutron emission. 

As seen in Table IV, the agreement with experiment 
is fair, if we consider the uncertainties of Isai. and Tots. 
(For the former it would be about +0.5 Mev and for 
the latter it is usually about +1 Mev.) The experi- 
mental variation of ¢,,/A is also suggestive, because 
the narrower width I'.}, usually corresponds to the 
larger om/A. [Sometimes, however, we find disagree- 
ments, which might be due to the effects of (y,p) 
reactions, or of neutron multiplicity.] The relation 
between I’, and o»,/A can be explained by the sum 
rule* that the integrated cross section is proportional 
to A. Since fodE~¢,.’, small I corresponds to large 
On/A. 

Table IV shows that for most of the nuclei, I'oatr < Tons. 
For some strongly deformed nuclei the disagreement is 
outside the uncertainties estimated above. Therefore 
we arrive at the following conclusion. 

If the nucleus is not deformed strongly, we might 
expect that our present calculation assuming the 
splitting of the resonance can explain the experimental 
results. However, at least for strongly deformed nuclei, 
we cannot explain the experimental data by using only 
the idea of splitting. We must take into account the 
broadening of the intrinsic width I’ itself. 

From Table IV the fluctuation of Io might be about 
0.5—1 Mev if the nuclei are not so strongly deformed. 
Note added in proof.—New measurements of I are in 
good agreement with our calculation: e.g., Eu’ has a 
larger width than Eu'® and their cross sections have 
different shapes (cf. their deformations in Table I). The 
author is indebted to Dr. Katz and Dr. Cook for sending 
him their experimental data. 


V. LIGHT NUCLEI (Z<21) 


In the above discussion we omitted light nuclei, since 
the collective model may not apply so well to them and 
the contribution of the (y,p) reaction is usually sig- 


% J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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TaBLE IV. Comparison of calculated value of the width and experiments. (The intrinsic width, I’, is assumed to be 4.2 Mev.) 











ar Toate om/A 
Nucleus e Eo(obs) GT SJJ GT SJJ Tobe (mb) Reference 
20C a2” ~~0 19.3 ~~ ~~ (4.2) (4.2) 4.2 (0.4) a 
23 V 29" 0.11 (¢) 18.7 1.0 1.8 5.2 6.0 5.8 Br b 
0.18 (s) 1.7 2.8 5.9 7.0 
2sCrog™ (<0.19°) 17.5 (<1.7) (<2.7) (<5.9) (<6.9) 5.8 2.0 d 
2eMngo** 0.29 18.4 2.7 3.8 6.9 8.0 8.8 1.8 b 
2 F e2g" (0.16°) 18.7 (1.5) (2.5) (5.7) (6.7) 6.3 or 6.9 1.2 aore 
Fego** 0.21 18.0 1.9 3.0 6.1 7.2 6.1 1.3 a 
Cos. 0.10 (4) 16.9 0.8 1.4 5.0 5.6 54 2.2 a 
0.19 (s) 17.3 1.6 2.6 5.8 6.8 8.4 1.3 b 
wsNigo®* (<0.15*) 18.5 (<1.4) (<2.4) (<5.6) (<6.6) 5.6 0.9 a 
Niz2” (<0.16°) 16.0 (<1.3) (<2.2) (<5.5) (<6.4) 4.0 1.6 d 
~wCuy,y® 0.03 18.1 0.5 1.0 4.7 5.2 5.5! 1.6 wee 
Cuge” 0.03 18.6 0.6 1.1 4.8 5.3 (6.0) 2.3 d 
20ZNgq™ $0.19 18.7 $18 $2.8 <6.0 S70 7.9 or 6.0 1.9 aorg 
32Gexs” 0.15 20.0 1.5 2.6 5.7 6.8 (26.5)* 1.8 g 
Gea" 0.23 18.9 2.2 3.4 64 7.6 (29.5)® 3.2 g 
ssASq2”* >0.17 17.3 >1.5 >2.4 >5.7 >6.6 9.0 0.8 b 
aBre” 0.16 18.0 1.4 2.4 5.6 6.6 6.0 2.8 a 
Brys™ 0.13 18.0 1.2 2.0 5.4 6.2 8.0 1.6 - a 
Rb 50%? 0.02 17.5 0.2 0.4 4.4 4.6 6.0 2.6 a 
OT as** (<0.08°) 15.9 <0.6 <1.3 <4.8 <5.5 5.0 1.9 i 
Sra” (<0.08) 15.8 <0.6 <1,2 <4.8 <5.4 5.3 a7 i 
Sr5o** (<0.05) 16.3 <04 <0.8 <4.6 <5.0 4.0 y i 
2 Y 50 (~0) 16.3 (~0) (~0) (4.2) (4.2) 3.8 2.2 i 
«Zr so” (~0) 15.8 (~0) (~0) (4.2) (4.2) 43 2.2 i 
Zr5i" (50.06) 16.5 (<0.5) ($1.0) ($4.7) ($5.2) 5.0 2.2 i 
Zr52% (<0.09) 16.9 (<0.8) (<1.5) (<5.0) (<5.7) 5.5 2.1 i 
aNbs™ 0.01 17.0 0.1 0.2 4.3 4.4 6.1 or 6.8 2.1 aorb 
42M 050" <0.06) 18.7 (<0.6) (<1.2) (<4.8) (<5.4) 6.0 1.5 a 
asRhgg! 0.20 16.5 | y 5.9 6.9: 8.9 2.0 b 
wAgeo”? 0.16 16.3 1.3 > | 5.5 6.4 9.2 1.9 a 
Age:!” 0.17 16.5 1.4 2.3 5.6 6.5 9.2 2.9 a 
491 Mge!!® 0.14 15.0 2 1.8 5.3 6.0 5.5 or ~5.0 3.7 aor) 
soSn* <0.10 17.0 <0.9 a <5.1 <5.7 6.0 2.4 ] 
1 Sbro! 0.08 14.8 0.6 1.2 4.8 5.4 (4.8) 5.6 a 
Sbr_!%3 0.08 14.8 0.6 1,2 4.8 5.4 (4.8) 2.9 a 
salz4!? 0.10 16.5 0.8 1.5 5.0 5.7 8.0 3.0 ] 
15.2 6.6 3.5 a 
571sag9!™” A 13.8 ~0 ~~ ~4.2 ~4,2 5.7 ~4.3 b 
15.5 7.0 2.7 ] 
ssCe* (~0.05) 16.0 (0.8) (1.6) (5.0) (5.8) 5.0 3.0 ] 
625g! (~0.10) 17.3 0.9 ~1.6 ~5.1 ~5.8 6.8 (0.9) zg 
«:5m* (~0.15) 16.0 ~1.2 ~2.1 ~5.4 ~6.3 7.5 2.7 ] 
65 T bog? 0.37 16.5 3.1 4.0 7.3 8.2 8.0 2.4 l 
67H Opg!* 0.31 15.0 2.3 3.3 6.5 7.5 13.0 1.9 l 
ssEr* 0.29 17.0 2.5 3.5 6.7 vi 13.5 2.1 l 
7Yb* 0.27 16.0 y 3.2 6.4 7.4 10.0 2.6 ] 
73 1 A1o3!*! 0.22 16.5 1.8 2.8 6.0 7.0 7.0 3.4 ] 
moAuiis!? <0.08 13.0 $0.5 <1.0 $4.7 $5.2 5.0 or 6.3 3.0 lora 
a2Pb* 20 14.0 20 20 24.2 24.2 4.5 3.8 | 
s3Biioe™ ~~ 13.2 ~~ ~~ ~4.2 ~4.2 4.1 3.0 b 
90 hiss 0.13 14.5 0.9 1.6 5.1 5.8 5.6 or 6.0 3.5 m orn 
Uras™* 0.16 13.8 1.1 1.9 5.3 6.1 6.6 4.1 b 
Puig 13.6 1.1 1.9 5.3 6.1 6.3 6.6 n 


(0.17) 














* See reference 1. 

b See reference 2. 

¢ Data calculated from the first excited states. 

4 J. Goldemberg and L. Katz, Can. J. Phys. 32, 49 (1954). 

¢ J. H. Carber and K. H. Lokan, Australian J. Phys. 10, 312 (1957). 

! The average value of the results of several authors, 

edeSonza Santos, Goldemberg, Pierona, Silva, Borello, Villaca, and 
Lopes, Acad. Brasil. Cienc, 27, 437 (1955). 

b These values were not listed in the original paper (reference g), since 
their experiments did not cover high energy and they could not measure 
the half-width. The values listed in the table were obtained by linear 
extrapolation of their cross-section curves, so the actual values of the widths 
would be somewhat larger than these. 


nificant. However, qualitatively the same tendency is 
expected to appear also for light nuclei. 

The cross section of Be® has three peaks and one of 
them is regarded as a giant resonance. The latter has a 
large width (7 to 8 Mev),™ which might be due to the 


* R. Nathans and J. Halpern, Phys. Rev. 92, 940 (1953). 


'P. F. Yergin and B. P. Fabricand, Phys. Rev. 104, 1334 (1956). 

) Bogdankevich, Lazareva, and Nikolaev, Zhur. Eksptl. i Teoret. Fiz. 31, 
405 (1956) (translation: Soviet Phys. JETP 4, 320 (1957)]. 

¥ In reference 8 the experiments were performed for natural isotopes. 

1 See reference 8, 

™ Lazareva, Gavrilov, Valuev, Zatsepina, and Stavinsky, Proceedings of 
the Conference of the Academy of Science of the U. S. S. R. on the Peaceful 
Uses of Alomic Energy, Moscow, July 1-5, 1955, Session of the Division of 
Physical and Mathematical Sciences (Akademiia Nauk, S.S.S.R., Moscow, 
1955) (English translation by Consultants Bureau, New York, 1955], p. 217. 

® Katz, McNeill, LeBlanc, and Brown, Can. J. Phys. 35, 470 (1957). 


nonsphericity of this nucleus. C® has a similar cross 
section,”® which could be explained in the same way. 
The measurement of fine structure in the cross 
26 Cook, Penfold, and Telegdi, Phys. Rev. 104, 554 (1956); 
B. C. Cook, Phys. Rev. 106, 300 (1957). 
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TABLE V. The energies of the first excited states of even-even 
nuclei of A $40 and their resonance widths. 











Nucleus AE; (Mev)* T (Mev) Reference 
Ce? 444 4.2 b 
Os'¢ 6.05 3.4 b 
wNeio” 1.63 6.6 c 
12Mgis™ 1.38 7~8 d 
12Mgi,** 1.84 2.5 (y yn) e,f 
2.5 (y,) e,f 
u4Sirg®® 1.8 3.5 g 
wSic® 2.25 4.5 g 
Sis 2.13 4.0 £ 
Aes” 1.46 8.5 c 
20Caco” 3.8 4.2 4 








: ane is taken from peremonre 
. Ee eer aes © ft Lokes, Australian J. Phys. 10, 312 (1957). 
erence 

‘ R. Nathans and P. F. Yergin, Phys. Rev. 98, 1296 (1955). 

* Katz, Haslam, Goldemberg, and Taylor, Can. J. Phys. 32, 580 (1954), 

t However for Mg* there is another experiment, according to which the 
cross section is quite different. Therefore the values listed here are doubtful 
(P. F. on Phys. Rev. 104, 1340 (1956)]. 

® See reference 1. 


section”® shows that the number of breaks for Li’ or 
F® js less than that for C!? or O'%. This also might be 
due to the nonsphericity of Li’ or F¥. 

11Na2” is a famous exception to the shell model and 
its Q is fairly large. Its I’, 6.0 Mev,’ is also rather large 
for this region. :oNe1:” is also an exception to the shell 
model, which might be related to the large resonance 
width of Ne”. (See the later discussion and Table V.) 
13Al,4”" has a large Q. The width for neutron emission 
from Al is not so large,’ but measurements” of the (7,7) 
cross section show that the total resonance width might 
be large. 

According to the analysis of magnetic moments by 
Bohr and Mottelson,! P® is deformed much more 
strongly than F”. The I of F" is fairly large, 5.6 Mev,?’ 
showing that it is deformed; while for P* I has the 
large value of 10.2 Mev,? which is consistent with the 
prediction of Bohr and Mottelson that P* has about 
the same deformation as rare-earth nuclei. Si” may be 
similar to P*!, 

For even-even nuclei Table V lists the energies of the 
first excited states,” AF,, together with the widths. 
Small values of AZ; correspond to large deformations, 
and therefore to large widths. This relation proves to 
be true except for Mg”® and Si**. For Mg” the dis- 
crepancy is explained in a footnote to Table V. For Si”* 
it may be due to the contribution of the (y,p) reaction. 
It is interesting to compare A® and Ca**. They have the 
same mass number, but the widths are quite different, 
in good agreement with the difference in values of AF. 


VI. COMMENT ON THE MASS-NUMBER DEPENDENCE 
OF THE RESONANCE WIDTH 


The resonance width I’ has been believed!:? to de- 
crease with increasing mass number, A. Several authors 


26 Montalbetti, Katz, Haslam, Horsley, and Cameron, Phys. 
Rev. 95, 464 (1954); J. Goldemberg and L. Katz, Phys. Rev. 95, 
471 (1954). 

27 Ferguson, Halpern, Nathans, and Yergin, Phys. Rev. 95, 776 
(1954). 
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tried to explain this trend, but all of them failed except 
Wildermuth.”*.* However, as we have seen, the actual 
data on the resonance widths are not so simple. Clearly 
a strong fluctuation is observed. For spherical nuclei, 
the width I'y does not decrease with A, but is rather 
constant. I" may even increase with A, as suggested by 
the following argument. 

One of the reasons for damping of the resonance is 
the collision of the particles, as Wildermuth has already 
discussed.*® The probability of collision between par- 
ticles belonging to different levels is, roughly speaking, 
inversely proportional to the level spacing. Therefore, 
the higher the level density the larger is the intrinsic 
width. Using this idea, we could explain the discrepancy — 
between the observed values and the calculated values 
in Table IV, because the level density becomes higher 
for nonmagic nuclei." However, according to this idea 
the intrinsic width must increase with A, because the 
level density increases with A. In fact, the calculations 
of intrinsic widths by Fujii-Takagi®* and Fujita® show 
a tendency to increase with increasing A. 

Another important reason for the damping of the 
resonance is the coupling of dipole vibration to surface 
oscillation. Preliminary calculations of Reifman* and 
Soga et al.** show that this is a decreasing function of 
A. Therefore we arrive at the following conclusion. 

The mass-number dependence of the resonance width 
may be a superposition of two competing tendencies, 
which results in a roughly constant intrinsic width, I’o, 
for spherical nuclei (about 4 to 5 Mev). In addition to 
this, the fluctuation of I’) due to the change of level 
density between closed shells and the increase of the 
apparent width due to the splitting, AI’, are super- 
imposed. The resultant width, I, shows a very com- 
plicated behavior. 


VII. VALIDITY OF THE MODEL 


In the above analysis we always used the value of 
Qo.in the ground state. We now consider whether the 
nuclear shape will be the same in the highly excited 
state reached by photon absorption. 

For this purpose we evaluate the value of the ampli- 
tude of dipole vibration. For the GT model,’ the value 
of the amplitude, é, is 


3A! 





Pe (19) 


4ery 


28K. Wildermuth, Z. Naturforsch. 10a, 447 (1955). 

ad = Wildermuth and H. Wittern, Z. Naturforsch. 12a, 39 
(1957). 

%® The validity of his treatment is not too clear, but if we are 
satisfied with a rough estimate of the intrinsic width, it might be 
justified. (Concerning this point the author is greatly indebted to 
Dr. Wildermuth for private communications.) 

a ns a point is also suggested by J. Fujita (private communi- 
cation 

# S. Fujii and S. Takagi, Progr. Theoret. Phys. (Japan) 14, 405 
(1955). 

% J. Fujita, Progr. Theoret. Phys. (Ja eptidsss 16, 112 (1956). 

4 A. Reifman, Z. Naturforsch. 8a, 50 

36 Sega, lishima, and Nogami (private Soamembiiilaat 


Ey= 3} Mo? ? = 
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Then we find 
§/Ro=1.5A74. (20) 


This is about 1/13 for A=50, 1/23 for A=100, and 
1/35 for A=200. These results agree approximately 
with those of Fujii and Takagi*? using a more exact 
model. 

In the SJJ model,‘ the value of & is obviously zero. 
Both models agree fairly well with experiment, showing 
that the nuclear shape may be about the same in the 
ground state and in the excited state. 

We now compare the combination of high excitation 
energy with small change in nuclear shape, with other 
examples of nuclear deformations, for instance surface 
vibration or fission. In the latter cases the deformation 
is carried out without changing the nucleon density. 
In the former case protons are separated from neutrons, 
which requires a considerable amount of energy. More- 
over, all protons are pushed to one side of the nucleus, 
which is energetically unfavorable. Therefore, in photon 
absorption the energy used for deformation of the 
nucleus may be very small, so that the nuclear shape 
would be conserved approximately. 

However, as seen in Table I, for nuclei of spin 9/2 
(neutron configuration go/2) the situation is somewhat 
different. For Ge”, Qo obtained from the spectroscopic 
Q is quite different from Q» obtained by Coulomb 
excitation. For Kr® and Nb® the same results might be 
expected. For proton configurations this tendency is 
not so strong (see In"*."*), which supports the con- 
clusion that the nuclear shape is determined mainly by 
neutrons.” The value of I for Ge” is very large, and for 
Sr®’ and Nb* it is somewhat larger than the neighboring 
values. 

From the viewpoint of nuclear structure it is expected 
that these nuclei have a small Q in the ground state, 
but that the #2 transition probability is fairly large so 
that Qo obtained from Coulomb excitation is large.** 
In other words, the shape of the excited state is different 
from that of the ground state. This might explain the 
discrepancy between I'.4, and I'sate of Table IV for 
these strongly deformed nuclei which have go/2 con- 
figurations of neutrons. 

Therefore we can say that the nuclear shape may not 
change appreciably even in highly excited states reached 
by photon absorption, in contrast to the large change of 
shape in fission; this is an essential difference between 


~ 8 The author is greatly indebted to K. W. Ford and S. A. 
Moszkowski for their explanation of this point. 
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the usual one-fluid model and the two-fluid model used 
in dipole vibration. However, for special nuclei (such 
as the gy neutron shell) where the surface tension is 
very weak, it might be possible that the nuclear shape 
will change appreciably even in relatively low excitation. 


VII. SUMMARY AND CONCLUSIONS 
Finally, we draw the following conclusions: 


(1) The experimental data on nuclear deformation 
agree fairly well with the calculation of Marumori, 
Suekane, and Yamamoto," with few exceptions. 

(2) There is little doubt as to the existence of a 
strong correlation between the nuclear deformation 
and the resonance width of a photonuclear reaction. 

(3) The calculation assuming splitting of the reso- 
nance and assuming constant intrinsic width, 4.2 Mev, 
gives results which agree qualitatively with experi- 
ments, but quantitatively the calculated values are too 
low. We must take into account also the change (with 
A) of the intrinsic width itself. 

(4) The mass-number dependence of the resonance 
width is very complicated, though for spherical nuclei 
it is roughly constant. 

(5) The nuclear shape may not change seriously 
even in highly excited states. This could be explained 
if we take into account the difference between the one- 
fluid model and the two-fluid model. 

(6) From the above analysis we see that the reso- 
nance width of a photonuclear reaction has a strong 
relation to the nuclear structure. A careful investigation 
of the former in connection with the latter may give 
us some information on the relation of nuclear structure 
to nuclear reactions. 
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Doppler-broadened 4.43-Mev y radiation from the reaction N'(p,«)C%* has been used to measure 
the lifetimes of the 4.43-Mev level of C” and the 4.46-Mev level of B" by the nuclear resonance fluorescence 


technique. 


For C®, the 90° and 126° scattering give mean lives of (6.7_9.4¢*!5)X10™™ sec and (5.5_9.4*!*) X10-™ 
sec, respectively. The self-absorption of the resonance radiation gives (6.6+1.3)X10~" sec. The adopted 


mean value is (6.51.2) X10™™ sec. 


For B", the angular distribution of the resonance-scattered radiation is 1+ (0.1+-0.1)P:(cos@), and the 
cross section corresponds to r= (1.02_o.o7*°**) K 10™* sec if the spin of the excited states is §. Interpretation 
of the self-absorption of the resonance radiation is uncertain because of lack of information as to the Debye 
temperature of B,C. Values of 1250°K and 1860°K give r=1.33X10~ sec and r=1.14X10™ sec. The 


adopted mean value is r=(1.17+0.17) K10~ sec. 





I. INTRODUCTION 


EVERAL previous investigations of the lifetime 

of the first excited state of C!* have been made. 
Thomas and Lauritsen,’ and Mills and Mackin? infer 
from the existence of Doppler broadening of the y 
rays that the mean life is <3X10-" sec. Devons, 
Manning, and Towle,’ by using the diminution in 
the Doppler broadening to measure the extent to which 
excited C” nuclei are slowed down before they radiate, 
find a mean life of (2.6+0.9)X10-" sec. From the 
cross section for inelastic scattering of 187-Mev 
electrons Helm‘ calculates a mean life of 5.3x10~-“ 
sec with a probable error of around 20%. Theoretical 
calculations of this lifetime have been made by 
Ferrell and Vischer’ and by Kurath.* They both find 
that with reasonable values of the parameters involved 
they can match the electron-scattering results. 

The various experimental values for the mean life 
are short enough to suggest its measurement by the 
nuclear resonance fluorescence technique described by 
Swann and Metzger.’ In fact, with Devons’ lifetime 
the effect would be quite large. 

A suitable reaction for producing this 4.43-Mev 
y radiation is N'*(p,a)C!**. At a proton energy of 3.2 
Mev, the observed y rays show a Doppler broadening 
of 110 kev, suggesting that levels near 4.43 Mev in 
other nuclei could also be investigated with this same 


tA preliminary report of this work was given by Swann, 
— and Rasmussen, Bull. Am. Phys. Soc. Ser. II, 2, 29 
(1957). 

* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952). 

2W. R. Mills, Jr., and R. J. Mackin, Jr., Phys. Rev. 95, 
1206 (1954). 

3 Devons, Manning, and Towle, Proc. Phys. Soc. (London) A69, 
173 (1956). 

4 Richard H. Helm, Phys. Rev. 104, 1466 (1956). 

5 R. A. Ferrell and W. M. Visscher, Phys. Rev. 104, 475 (1956). 

6D. Kurath, Phys. Rev. 106, 975 (1957). 

7C. P. Swann and F. R. Metzger, Phys. Rev. 108, 982 (1957), 
subsequently referred to as SM. 


source. One example is the second excited state of 
B" at 4.46 Mev. According to the summary of Ajzenberg 
and Lauritsen,* the decay of this state is predominantly 
to the ground state and the most probable value for 
the spin is §. From this spin, which would allow dipole 
radiation, and from the observation by Jones and 
Wilkinson’ of the full Doppler shift from the reaction 
Li’(a,y)B"*, the lifetime of the level is expected to be 
short enough to make the resonance fluorescence 
easily observable. 


II. METHOD AND EXPERIMENTAL PROCEDURES 


The use of resonance fluorescence for measuring 
y-ray transition probabilities is discussed by Swann 
and Metzger’ (SM) and in the additional references 
given there. It may be repeated here that we are 
concerned with excited levels that decay only by 
emission of a single photon of almost the same energy 
as that incident—i.e., with resonant elastic scattering. 
For convenience, we repeat the relations between the 
number of scattered photons and I’, the width of the 
level. We note that these were developed using the 
approximations that I’ is small compared to the Doppler 
broadening due to thermal motion of the scattering 
nuclei, and that the source strength, V(£)dE, and the 
ordinary electronic absorption, ».(£,x)=exp[—mX 
o;(E)x] vary negligibly over the Doppler width. Then 
the number of photons scattered into a solid angle of 
4m from the lamina x to x+dzx of the scatterer is 


S(x)dx oi N(E,)ne( Ep,x)nooyaT 


o (—1)"(nKx)™ 
[1+ ie (1) 
m=1 m!(m-+-1)! 


Here E, is the energy of the y rays at exact resonance, 


8 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
®G. A. Jones and D. H. Wilkinson, Phil. Mag. 43, 958 (1952). 


154 











4.43-MEV EXCITED STATE OF C!! 


n is the number of nuclei of the resonant variety per 
cm’ of the scatterer, oo=4rk?(2J2+1)/2(2J1+1), 
and K=o9I'r!/(2A), where A= (E/c)(2kT/M)! is the 
thermal width of the absorption line. The sum in the 
square brackets represents the selective absorption of 
the incident spectrum by the resonance scattering. 
By placing an appropriate absorber between the 
source and the scatterer this selective absorption may 
be used to give a value of the lifetime independent of 
the source strength, NV(E,), but dependent on the 
thermal! width, A. 

In general, the experimental procedure was the same 
as that in the O'* measurements, and for details 
reference is made to that paper (SM). Bashkin and 
Carlson’ and Lidofsky e al." have found several 
prolific resonances for 4.43-Mey y rays from the 
reaction N'*(p,a)C'**. Of these, we have used those at 
3.00 and 3.30 Mev, and part of the underlying broad 
3.35-Mev resonance, as shown in the excitation function 
of Fig. 1. The target was one atmosphere of NH;, 
enriched to 60% N**, contained in the gas cell shown 
in Fig. 2. The target thickness for 3.2-Mev protons was 
0.5 Mev. The energy of the protons incident on the 
}-mil tantalum window, about 3.75 Mev, was adjusted 
slightly as required to give maximum y-ray yield. 
Monitoring was by means of a NalI(TI) 7 counter ten 
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Fic. 1. Excitation function for a particles and 4.43-Mev vy 
radiation from N!*(p~,a2)C™*. The proton energy given is not that 
at the N;* target but that of the protons incident on the ~1.4-mg/ 
cm? Al window of the gas cell. For these curves, the counters of 
the variable-angle target chamber of Part III were both at 90° 
to the beam. The target seen by the y-ray counter was a few 
(~10) kev thick and twice as thick as that seen by the a-particle 
counter. The a-particle curve may be distorted somewhat (~10%) 
by uncertainties in the counting efficiency and background. The 
arrows labeled A and B mark the limits of the scans over the 
resonances in Part ITI. 


10S, Bashkin and R. R. Carlson, Phys. Rev. 106, 261 (1957). 
1 Lidofsky, Jones, Bent, Weil, Kruse, Bardon, and Havens, 
Bull. Am. Phys. Soc. Ser. II, 1, 212 (1956). 
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Fic. 2. Gas cell used in the resonance fluoroescence measure- 
ments. The part labeled “heat conductor” was a copper strip 
soft-soldered to the end of the cell. This strip was immersed in 
liquid nitrogen to freeze out NH; when it was desired to fill the 
cell to higher pressure than that prevailing in the storage reservoir. 


feet from the target. To measure the intensity distribu- 
tion along the cell, required for solid-angle calculations 
in parts IV and V, a y counter behind a ;g-inch wide 
lead slit was scanned along the beam direction. The 
3.00- and 3.30-Mev resonances were displayed nicely, 
although not with maximum resolution, and it was 
established that the yield of 4.43-Mev y rays from the 
entrance window and from the end of the cell where the 
beam was stopped was negligible. A conventional ring 
geometry, similar to that described by SM, was used 
for the scattering and self-absorption measurements. 
The extent to which neutrons can interfere with 
resonance scattering experiments is discussed by SM. 
From preliminary measurements of the scattering by 
carbon, it was clear that neutrons would be much 
more troublesome in this experiment than in the O'* 
measurements, mainly because a given neutron flux 
produces more extraneous pulses in the region corre- 
sponding to 4.4-Mev y rays. By various expedients 
this neutron background was reduced to satisfactory 
proportions. The neutron flux was minimized by 
cleaning carbon deposits from the tantalum lining 
of the beam tube, using platinum or gold linings in 
and near the gas cell, and by being quite careful about 
the purity of the NH; in the target. Neutron-producing 
contaminents, except water, were removed by freezing 
the NH; with liquid nitrogen and pumping with a 
mechanical pump. This was done after every few hours 
of running. Water vapor, which could be introduced at 
times by small leaks into the gas-handling system, was 
removed by passing the gas over solid NaOH. A }-inch 
thick boron carbide shield around the counter was 
effective in reducing the counting rate from the remain- 
ing neutrons. Finally, since hydrogen was found to be 
especially suitable for scattering neutrons into the 
counter, nominally nonhydrogenous materials such as 
graphite and anhydrous LiNO; were used as scatterers. 
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The neutron effect remaining was corrected for, 
within limits of uncertainty as to the neutron spectra 
involved, by measuring the counting rates with various 
scatterers when a carbon target on a tantalum disk 
was substituted for the gas cell. This target gave about 
ten times more neutrons (as measured with a modified 
long counter'?), and much less y radiation, than the NH; 
target. The neutrons from the y-ray target were 
monitored continuously by the long counter, placed 
some distance away to avoid extraneous scattering of 
¥ radiation. 


III. MEASUREMENT OF THE y-RAY 
SOURCE STRENGTH 


In resonance scattering experiments one is concerned 
with N(£,), the y-ray source strength at energies in 
the immediate neighborhood of the resonance line, 
rather than the average source strength obtained by 
dividing the number of photons by the Doppler width 
of the line. This may be obtained either from a general 
knowledge of the a—y angular correlations at the 
proton resonances involved or, as discussed in Appendix 
I, from a measurement of the a—vy coincidence rate 
at certain specific angles. Since the complete correlation 
function would be of interest in itself, preliminary 
measurements of it were made. These indicated that the 
correlations were quite complicated, so that fitting them 
by theoretical expressions and then deriving the 
intensity ratios needed would, at best, be laborious. 
Measurements of the a—y coincidence rate with the 
counters at such angles that the photons were of the 
resonant energy were then made. 

A variable-angle target chamber, using thin NaI(T1) 
for counting protons or a particles, was available. 
This counter rotated in a plane inclined at 6° to the 
proton beam, and was so positioned that angles of 
observation from 0° to 168° on either side of the beam 
could be reached. A y-ray counter, mounted on the 
same base, could be moved over a whole hemisphere 
except for certain areas blocked by the particle counter 
and the beam tube. 

The target for this part of the experiment was 
nitrogen gas, enriched to 95% N"*, contained in a gas 
cell that rotated with the particle counter. The beam 
entered and left the cell through 1.4-mg/cm? Al 
windows; reaction particles left through an approxi- 
mately 0.1-mg/cm? Formvar window which was 
supported, for some of the measurements, by three 
8-mil diameter wires. The a-particle counter was so 
collimated that charged particles from the aluminum 
windows could not reach it directly. This meant that 
the counter and the y-ray counter observed different 
target thicknesses. From the cell and collimator 
dimensions the ratio of these target thicknesses was 
found to be 0.505+0.03, independent of the angle of 


12 A.O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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observation. It was found that nitrogen absorption in 
the aluminum windows was negligible. 

Normally, the accessible angle of observation with 
this cell ranged from 35° to 145°, but with the 
N!5(p,a)C!* reaction at E,=3 Mev where the a 
particles gave four to eight times smaller scintillation 
pulses than 3-Mev protons it was somewhat more 
restricted. At forward angles, the number of protons 
elastically scattered into the counter became uncomfort- 
ably large at around 40°, and at back angles, as the 
a-particle pulses decreased in size, the background 
set a practical working limit of ~ 140°. This background, 
consisting mostly of low-energy protons of uncertain 
origin, was also troublesome at intermediate angles 
because it obscured the possible low-energy tail of 
the desired a group, thus introducing an uncertainty in 
the efficiency with which the group was counted. 

The pulse-height spectrum from either the a counter 
or the y counter could be displayed on a 20-channel 
analyzer. The analyzer could be “gated” by conven- 
tional slow discriminators in the a-counter circuit, by 
a fast (~0.01 psec) coincidence circuit, or by coin- 
cidences between the “slow” and “fast” circuits. The 
yield of y rays was monitored by a second y counter 
fixed at 90° to the beam, the excitation function shown 
in Fig. 1 then being used in reducing the data to 
counts per unit incident proton beam. 

The angle between the proton beam and the y 
counter was kept at 24°. When the rather large angle 
(half-angle ~7°) subtended by the y counter is 
considered, this covers the angles of emission of the 
7 rays most frequently used in the resonance scattering 
experiments. The y counter was rotated around the 
beam in increments of azimuthal angle of 30° or 60°, 
and the a-particle counter was moved correspondingly 
to keep the center-of-mass angle between the counters 
at that (constant) value that would give coincident 
y rays of just the resonant energy. For C’*, where the 
emitting and absorbing levels are the same, this angle 
can be calculated with considerable accuracy as 110° 
for a mean proton energy of 3.15 Mev. For B", the 
28+11 kev difference in energy between the emitting 
and absorbing levels results in an uncertainty of 
+13° in the calculated 78.5° angle. 

In this measurement, the interest lies in the average 
value of the a—¥y angular correlation for a 500-kev 
target, as used in the resonance experiment. Since both 
the gas cell construction and the energy loss of the 
reaction a particles in escaping from the target limited 
the target thickness to a few kev, it seemed that the 
simplest way to get the desired average was to change 
the beam energy during runs. A stepping relay was 
used to add or remove resistors in the control circuit for 
the beam analyzer magnet thus swinging the field in 
this magnet over a limited range. The accelerator 
voltage followed this change through the action of the 
corona-control circuitry. It was found possible to 
scan the beam energy with a period of ~65 seconds and 
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over a range of 220 kev in 22 steps of approximately 
equal size and duration. From the excitation curve 
(Fig. 1) it is clear that two such scans will cover the 
significant part of a 500-kev target. 

From these measurements and Eq. (3) of Appendix I, 
the desired ratio of the y-ray source strength in the 
neighborhood of the resonance energy to the average 
value for the line may be calculated. This is found, for 
observation at 24° to the proton beam, to be 0.88_0.06**-? 
for the B" resonance radiation and 0.86_0.o¢*®-* for the 
C resonance radiation. The estimated lower limit is 
based on both uncertainties in the geometry and on 
the reproducibility of the data while the upper limit 
reflects primarily the uncertainty as to whether or not 
all the a particles were being counted, as mentioned 
previously. 


IV. RESULTS AND DISCUSSION: C¥ 


The spins of the ground state and first excited state 
of C'? are well established as 0 and 2. The angular 
distribution of the resonance radiation must then have 
the form 1.25-3.75 cos@+5 cos‘@. The total cross 
section and the mean life can thus be obtained from a 
scattering measurement at a single angle. As a check 
on the subtraction of neutron effecis, the resonance 
scattering was measured at two angles, 90° and 126°, 
which gave the maximum change in the differential 
cross section for those angles that were easily available. 

The carbon scatterer was in the form of a graphite 
ring of purity > 99%. Anhydrous LiNO; in a thin-walled 
aluminum container was used for the comparison 
scatterer. Scattering in of neutrons was measured using 
a carbon target, as described previously. The results 
are shown in Table I. Typicai pulse-height distributions 
are given in Fig. 3. 

The mean life of the first excited state of C’* may be 
calculated from the data of Table I in the manner 
described in SM. For convenience in this calculation, 
the long, cylindrical source of y rays given by the gas 
cell was replaced by two point sources located approxi- 
mately at the peaks of the 3.00- and 3.30-Mev res- 
onances. For the 90° data this gives r= (6.7_,4*'*) 
X10-" sec and for 126°, r= (5.50.4¢**)K10™ sec, 
where the errors reflect primarily the uncertainty in 


TasLe I. Counting rates observed when various scatterers 
are exposed to 4.43-Mev vy radiation or to a neutron source. 
The neutron source gave ~10 times more neutrons than the 
y-ray source (as measured with a modified long counter) and 
practically no y radiation. Pulse heights corresponding to 3 to 
4.7 Mev were accepted. The numbers given are on a scale of 16 
and are average values for ~10-minute runs with a 5 microampere 
proton beam. No background has been subtracted. 
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Fic. 3. Resonant scattering of y rays by the 4.43-Mev level of 
C, The points on the upper curve were obtained with a graphite 
scatterer; those for the lower curve with a LiNOs scatterer. 
The shape of the upper curve is taken from ‘the pulse height 
distribution observed when the NaI(Tl) y counter was ex 
to direct radiation from the target. The ring scatterers were 
23 _— 33 cm o.d., and 10.16 cm thick. The scattering angle 
was 90°. 


the source strength measurement, the statistical error 
in the data being somewhat smaller than this and 
geometric uncertainties and the effect of approxima- 
tiors in the calculaticn being still smaller. 

A value for this mean life independent of the source 
strength measurement was obtained by measuring the 
self-absorption of the resonance radiation. A graphite 
absorber and a comparison LiNO, absorber were used. 
It was found that neither absorber had any appreciable 
effect on the counting rate attributed to neutrons. 

For an effective absorber thickness of 9.35 g/cm’, the 
resonance attenuation was 0.115+0.020. The ratio of 
the level width to the thermal width of the absorption 
line may then be obtained from Eq. (1), integrated over 
the scattering volume. When one uses a Debye tempera- 
ture for graphite of 1860°K," Lamb’s curves give 
T= 729° from which A= 14.8 ev. The resulting mean 
life for the 4.43-Mev level of C" is (6.61.3) 10™ sec 

The three values of the mean life are seen to agree 
within the given errors. However, there is an indication 
of a discrepancy between the two scattering measure- 
ments since the principal error here is a common one 
involving the source strength measurement of Part III. 
It is possible that the difference may be significant, and 
two explanations may be mentioned. We have noted 
that the correction used for the “neutron effect” is 
of limited validity since the two neutron spectra 
involved are not known. To indicate the magnitude of 


13 Jules deLaunay, in Solid State Physics, edited by F. Seitz 
_ D. Turnbull (Academic Press, Inc., New York, 1936), Vol. 2, 


p. 233. 
4 W. E. Lamb, Phys. Rev. 55, 190 (1939), 
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Fic. 4. Resonant scattering of y rays by the 4.46-Mev level 
of B". The points on the upper curve were obtained with a B,C 
scatterer, those on the lower curve with a LiNO; scatterer. The 
shape of the upper curve is taken from the pulse-height distribu- 
tion observed when the Nal y counter was exposed to the direct 
radiation from the target. The scattering angle was 90°, and the 
ring scatterers were 24.1 cm i.d., 40.3 cm o.d., and 3.17 cm thick. 


the error involved, it may be pointed out that if the 
correct “neutron effect” were seven times as large as 
that used, the scattering measurements would both 
give 7.4X10- sec for the mean life. Alternatively, 
since the mean angles between the scatterers and the 
proton beam differ by ~4° for the 90° and 126° 
scattering geometries, it may be that a rapid variation 
of the a—+ correlation is making itself evident. 

In calculating a mean value from the three measured 
mean lives, it was decided to give equal positive and 
negative errors rather than the unequal errors resulting 
from the source strength measurement, partly for 
simplicity and partly because of the indications in the 
B" experiment, discussed in Part V, that the experi- 
mental value for the source strength may have been 
somewhat low. We thus find for the mean life of the 
first excited state of C!* the value r= (6.51.2) 10-" 
sec, which is in agreement with the electron-scattering 
results and the theoretical calculation®* but appreciably 
longer than the value of Devons ef al.* 


V. RESULTS: B" 


Preliminary measurements of the resonant scattering 
of Doppler-broadened y-rays from the first excited 
state of C'® by a BOs; scatterer showed that the 
scattering from the 4.46-Mev second excited state of 
B" is much larger than that from the C’ level, i.e., 
the lifetime is much shorter. For further measurements, 
B,C scatterers and absorbers were used to get the 
maximum ratio of B" nuclei to nonresonant nuclei. 
The contribution of the carbon to the resonance effect 
was only 1-2% depending on scattering angle. LiNO; 
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was used for comparison purposes, and the scatterers 
were made thinner than those used in the carbon 
experiment to reduce the correction for self-absorption 
of the resonance radiation. 

From Eq. (1) it is seen that to calculate a lifetime 
from a resonant scattering measurement one must 
know the spins of the initial and final levels and must 
either know or be able to calculate the angular 
distribution of the resonance radiation. The spin of 
the ground state of B" is $3, and the most probable 
value of the spin of the second excited state is $, both 
parities presumably being odd. Lifetimes are calculated 
in what follows on the assumption that the spin is §. 
These spins and parities allow mixed dipole-quadrupole 
radiation, so that the angular distribution of the 
resonance radiation cannot be calculated, but must be 
measured. 

Since this is the second excited state, any decay to 
the first excited state would have to be corrected for 
in calculating the lifetime from the resonance scattering 
measurements. However, recent measurements by 
Ferguson ef al. at Chalk River'® indicate that the 
branching ratio is less than 1% and thus negligible. 

The resonant-scattering cross section was measured 
for 90°, 133°, and 148° mean scattering angles. To 
minimize the effect of any variation in the intensity of 
the incident y radiation the same scatterer and scatterer 
position were used for the 90° and 133° scattering 
angles, the angle being changed by moving the detector 
only. For the 148° scattering it was necessary to use a 
different scatterer, but it was still possible to keep the 
angle between the proton beam and the y radiation 
incident on the scatterer the same (within a degree) as 
in the other two measurements. Typical results for 90° 
are shown in Fig. 4. 

The three points obtained on the angular distribution 
are shown in Fig. 5. A least-squares fit to these points 
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Fic. 5. Angular distribution of the resonance radiation from 
the 4.46-Mev level of B". The curve drawn is the distribution 
89+-8.7P2(cos@). 


16 Ferguson, Gove, Litherland, Almquist, and Bromley, Bull. 
Am. Phys. Soc. Ser. II, 2, 51 (1957), and H. E. Gove (private 
communication). 
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gives 1+ (0.10.1) P2(cosd).!* Using this, the mean life 
of the second excited state of B" is found to be 
(1.02_0.07;+?-) KX 10-8 sec, where the error reflects 
principally the uncertainty in the source strength, 
N(E,). 

The resonance scattering cross section can also be 
measured by a self-absorption experiment, as for the 
C” and O" levels. One point of interest here is that the 
scattering is enough larger than in previous cases that 
one might hope to see the expected departure from 
simple exponential attenuation. This, of course, reflects 
the fact that we observe the removal of a line of finite 
width from a continuous spectrum (our detector is 
sensitive only to the resonance radiation) rather than 
the attenuation of truly monoenergetic radiation. 

Absorbers of mean effective thickness 1.2, 3.6, and 
6.0 g cm~* of B,C, and carbon absorbers of approxi- 
mately the same electronic attenuation for comparison, 
were used, with the scatterer and y counter at the 133° 
scattering position. The relative amount of resonance 
radiation transmitted is shown in Fig. 6. The curve 
drawn is calculated from Eq. (1) (integrated numer- 
ically over the scatterer). It is not quite a straight line, 
although even with the present lifetime it would be 
difficult to establish the shape clearly—a straight line, 
for example, can be drawn through the present data 
so that it just comes within the statistical error of the 
. three experimental points. 

Fitting the experimental absorption requires ['/A 
= (3.71+0.23) XK 10~*. Calculation of the therma! width, 
A, depends on the Debye temperature of B,C and on 
Lamb’s curves. After failing to find enough published 
data to determine this temperature we decided initially, 
in view of the hardness of boron carbide, to use a value 


10 
9 





RESONANCE FLUORESCENCE 
a 


4 
0 | 2 3 a 5 6 7 


B,C ABSORBER THICKNESS — GM/cM? 


Fic. 6. Attenuation of the resonance radiation from the 
4.46-Mev level of B" by B,C absorbers. 

16 From the least-squares fit itself, the error in the coefficient 
of P:(cos@) is +0.06. The larger error quoted takes account of 
other experimental uncertainties. For example, the scatterer 
used for the 90° and 133° scattering subtends an appreciable 
angle (~8°), so that variations in the incident intensity over the 
scatterer may be present. Since moving the detector from the 
90° to the 133° position changes the relative contributions of the 
inner and outer parts of the scatterer, some distortion of the 
angular distributions is possible. 
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of 1250°K, which happens to be the Debye temperature 
of elemental boron.” The corresponding effective 
temperature is 530°K, A is 13.3 ev, and the mean life 
resulting is (1.33+0.08)10~* sec, where the error 
given reflects only the statistical uncertainty in the 
data. 

It is seen that this agrees with the scattering measure- 
ment only if the maximum stated errors are taken in 
both cases, so that our initial value for the Debye 
temperature of B,C might be considered to be an 
approximate lower limit. As an upper limit, one might 
take 1860°K which is the Debye temperature of 
diamond and thus, from an unsophisticated point of 
view at least, about as high as one might expect to 
find. The corresponding effective temperature is 720°K 
and the resulting mean life is (1.14+0.07)X10~ sec. 
Comparison of this lower limit with the scattering 
measurement would indicate with reasonable probabil- 
ity that the value used for the source strength, V(£,), 
is ~ 10% low. 

As a mean of the scattering and self-absorption values 
for the mean life of the second excited state of B™ 
we take r= (1.17+0.17)X10~" sec. This is calculated 
by assuming spin $ for the excited state. If some other 
spin should be established, the mean life given would 
have to be multiplied by 6/(2/+1) to give the correct 
statistical weight factor. 


VI. DISCUSSION: B" 


Ajzenberg and Lauritsen* review the experimental 
evidence that leads to a tentative assignment of spin 
§- to the second excited state of B™ but also allows 
3 or }. Kurath,® on the basis of experimental branching 
ratios of the higher excited states and the predictions 
of a nuclear model, assigns spin § to this state. He then 
calculates a mean life of ~1.5X10~ sec, essentially 
equal to the experimental mean life. ' 

As is frequently the case, the angular distribution of 
the resonance radiation does not assist in determining 
these spin assignments. It does give some information 
on the quadrupole-dipole mixing ratio and relative 
phase. For an intermediate state spin of §, it requires 
0<8<0.45, where 6 is the ratio of the quadrupole to 
the dipole amplitudes.” The corresponding intensity 
ratio is then <0.2. For intermediate state spin $, the 
phase would be opposite and the intensity ratio 
<0.45, i.e., —0.66<5<0. 


APPENDIX I: CALCULATION OF SOURCE STRENGTH 
FROM THE a—y CORRELATION 


Although this calculation is straightforward, it is 
somewhat unusual and the equations used are given 
here for the sake of completeness. 

If ¢g is the angle between the y counter and the 
proton beam and 6’ the center-of-mass angle between 


17L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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the y counter and the a-particle counter, the Doppler 
shift of the photons’ is 


AE, v Yo.m. 
—=-—— cos#’+——- cos¢, (2) 


E, c c 


where v’ is the velocity of the C’? nucleus in the center- 
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emitted anywhere in the cone of half-angle 6’ can be 
associated with a photon of the correct energy incident 
on the y counter. The coincidence counting rate, N., 
must thus be corrected by the factor 2 sin6’(28’/2,’), 
where 2,’ is the solid angle of the a counter. The 
number of photons per unit energy interval is thus 





: " N. (2m sind’) 25’ 
of-mass system and %%.m, is the center-of-mass velocity. )(f)= ( ) 
For convenience, we regard the y counter as a point E(v'/c) sin6’dé’ 2,’ 
counter. Then the photons of nominal energy £ in 1/7 InN 
coincidence with a particles will have a range of energy --( a). 
a\ (v'/c) EQa' 


d(AE)= E(v'/c) sind’dé’. 

For the scattering experiment, we wish to know how 
this compares with the average value of N(£) over the 
whole line, i.e., with (N(E))w=N,c/(2Ev’), N, being 
the singles y rate in the coincidence experiment. 
Dividing by the average value, we find 


Here dé’ is the mean angular aperture of the a counter 
in the plane defined by the a-particle and photon 
directions, and is related to the center-of-mass angular 
aperture, 6’, of our (circular) a counter by dé’=2aé’, 
where the coefficient a depends on ¢ and the center-of- 


mass transformation. We then note that an a particle N(E) 44 ( N. ) 

mere nt ——— 9, (3) 
18 Effects proportional to v*/c? are negligible. (N(E))mw a \Qa’N, 
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Back-Angle Elastic Scattering of 14.6-Mev Neutrons* 


J. D. Anperson, C. C. Garpner, M. P. Nakapa, anp C. Wonc 
University of California Radiation Laboratory, Livermore Site, Livermore, California 
(Received December 4, 1957) 


Differential elastic scattering cross sections have been obtained for 14.6-Mev neutrons on Fe, Ag, Cd, Sn, 
and Pb in 5° steps from 90° to 167°. Time-of-flight techniques and one-meter radius rings were used to 
reduce background, obtain reasonable counting rates, and preserve angular resolution. Optical model calcu- 
lations by Bjorklund and Fernbach indicate that a spin-orbit coupling term is needed to fit the data. 


I. INTRODUCTION 


REVIOUSLY published measurements of elastic 
scattering angular distributions for 14-Mev neu- 
trons have not extended beyond 90°.! Excellent fits to 
these data have been obtained through optical model 
calculations in spite of the different potentials and 
parameters used.?~ In the region beyond 90°, however, 
the predictions of the various models are quite different. 
By making measurements beyond 90°, it was hoped 
that the choice of potentials and parameters could be 
narrowed; in addition, the prediction’ of deep minima 
at back angles could be checked. 
Large-angle measurements with 14-Mev neutrons 
* Work was performed under the auspices of the U. S. Atomic 
Energy Commission. 
1 J. H. Coon ef al., Bull. Am. Phys. Soc. Ser. II, 2, 233, 1957 (re- 


ports measurements to 140°). 

2 Bjorklund, Fernbach, and Sherman, Phys. Rev. 101, 1832 
(1956). ; 

3 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 

4W. S. Emmerich, Westinghouse Research Laboratories, 
Research Report 60-94511-6-R 17, 1957 (unpublished). 





have been difficult because of low signal and high 
background levels. To overcome these difficulties, a 
pulsed-beam time-of-flight® method with large ring 
geometry was adopted. The elastically scattered 
neutrons were then effectively time-separated from a 
large part of the background neutrons and gamma rays. 
Since gamma rays produced by the neutrons in the 
scatterer were also time-separated from elastically 
scattered neutrons, a large and efficient detector could 
be used. 


Il. EXPERIMENTAL DETAILS 
Geometry 
The experimental geometry is shown in Fig. 1. 


' The 500-kev deuteron beam from the Cockcroft- 


Walton accelerator is swept and bunched® before 
striking a tritium-loaded titanium target. Two-milli- 
5 L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 


* Ashby, Harris, Klein, and Nakada, University of California 
Radiation Laboratory Report UCRL-4641, 1955 (unpublished). 





BACK-ANGLE 


microsecond bursts of neutrons are emitted nearly 
isotropically with a mean energy of 14.6 Mev at 45°. 
A 1-meter radius scattering ring is placed at 45° to the 
deuteron beam direction, the plane of the ring is 
perpendicular to the beam line. Neutrons scattered 
from the ring are detected in a plastic scintillator 
located on the ring axis. An absorber placed between 
the target and detector attenuates the direct neutrons. 

The scattering angle was varied by moving the 
detector along the ring axis. For measurements between 
90° and 155°, a 20-inch copper absorber was used. The 
measurements were extended to 167° by use of a 10-inch 
tungsten absorber. Neutrons transmitted through the 
absorber are time-separated from the elastically 
scattered neutrons; the difference in flight paths yields 
a time separation of 40 millimicroseconds at 167° and 16 
millimicroseconds at 90°. 


Electronics 


A schematic diagram of the electronics is shown in 
Fig. 2. The pulses in the plastic scintillator were 
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Fic. 1. Schematic drawing of the experimental geometry. 
Scattering angle is denoted by 8@. 


viewed by an RCA 6342 photomultiplier. The anode 
signal of the photomultiplier passes through a cathode 
follower, linear amplifier, and into a discriminator gate 
unit. This relatively slow and stable channel sets the 
bias level. The fast channel consists of the output of 
the last dynode of the photomultiplier amplified by 
Hewlett Packard wide-band amplifiers and fed directly 
into the start channel of the “time-to-pulse height 
converter.” 7 Pulses produced by the arrival of the 
deuteron bursts on the target are delayed 0.16 micro- 
second and amplified by wide-band amplifiers before 
entering the stop channel of the converter. The output 
of the converter is amplified and fed into an Argonne 
type 256-channel pulse-height analyzer, which is gated 
by the output of the discriminator gate. 


7 Weber, Johnstone, and Cranberg, Rev. Sci. Instr. 27, 166 
(1956). 
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Fic. 2. Schematic diagram of the electronics. 
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Detector Calibration 


The relative production of neutrons was monitored 
by counting the alpha particles from the T(dm)He‘ 
reaction in a proportional counter. A BF; long counter 
was used as an auxiliary monitor. 

The detector bias was set by observing the proton 
recoils occurring in the plastic scintillator. For this 
purpose the detector was set at about 98° to the 
deuteron beam direction, since neutrons emitted at 
this angle are the most monoenergetic. Since at 98° 
the neutron energy is 14.0-Mev, the recoil spectrum 
determines the 14-Mev bias setting. Bias settings below 
14-Mev were deduced by using the proton pulse-height- 
versus-energy curves for a plastic scintillator.* Neutron 
detector biases of 12.1 and 10.8 Mev were employed. 
For both biases the over-all time resolution of the 
electronics and the deuteron burst width as measured 
by the full width at half-maximum of the direct neutrons 
was about 3 millimicroseconds (Fig. 3). 

After setting the slow-channel bias, the efficiency of 
the detector was measured by having it sample neutrons 
identical to those incident on the scattering ring. The 
detector was calibrated before and after a signal run; 
the two efficiencies agreed within statistics indicating 
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Fic. 3. Time spectrum with detector viewing neutrons emitted 
at 45° to the tritium target. As indicated, the resolution of the 
time-of-flight equipment is 2.8 millimicroseconds. The sum of the 
counts under the peak yields the detector efficiency for 14.6-Mev 
— Time scale of the analyzer is set at 1 millimicrosecond/ 

nel. 





* Ball, Booth, and MacGregor (private communication). 
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Fic. 4. Typical time spectra for iron signal and background at 
6=140°. A denotes neutrons elastically scattered from iron; 
B denotes gamma rays following inelastic scattering of neutrons 
from iron; C denotes neutrons transmitted through absorber. 
Time separation between elastics and gammas is 17 millimicro- 
seconds and between elastics and directs is 29 millimicroseconds. 


electronic stability. A typical efficiency time spectrum 
is shown in Fig. 3. 


III, RESULTS 


Typical time spectra for the signal and background 
are shown in Fig. 4. For each element background 
runs were taken either immediately before or after the 
signal run to minimize the effect of any drifts. The 
elastic scattering counts were obtained by plotting 
the signal and background and making the appropriate 
subtractions (Fig. 5). The differential elastic scattering 
cross sections were obtained by the following formula: 


* ire | 
M 0.602 steradian’ 


barns 





. (elastic counts) (=) 
(calib. counts)*\ x 


where (calib. counts)*= calibration counts for a neutron 
production equivalent to that of scattering runs, 
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Fic. 5. Signal minus background for iron at 2= 140°. A denotes 


neutrons elastically scattered from iron, while B denotes gamma 
rays following inelastic scattering of neutrons from jron. 
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Ro=distance from target to ring, X=distance from 
target to calibration position, R=distance from ring 
to detector, A=atomic weight, and M= mass of ring. 

Corrections for absorption, multiple scattering, and 
angular resolution were calculated with a Monte Carlo 
code on the UNIVAC. The angular resolution correction 
does not include the finite detector size. This results in 
an angular spread of less than +2°. 

The efficiency inserted into the formula is that for 
14.6-Mev neutrons (neutrons scattered through 0°). 
For other scattering angles the neutrons suffer elastic 
energy degradation, and hence the efficiency is reduced 
relative to the zero-degree scattering efficiency. The 
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Fic. 6. Measured angular distributions for Fe and Pb. The 
solid curves are the predictions of Bjorklund and Fernbach 
employing a spin-orbit coupling term. 


correction for this effect was computed by assuming 
the efficiency of the detector to be proportional to 
o(E—E,)/E, where E,» is the energy equivalent of the 
detector bias, E is the incident neutron energy, and 
a is the n-p cross section at energy E. The cross sections 
corrected for all the above effects are plotted in Figs. 
6-7. 


IV. ERRORS 


The sources of error can be divided into two 
categories: those affecting the relative shape of the 
angular distribution and those affecting the general 
level of the distribution. The relative errors consist of 
counting statistics, accuracy of background subtrac- 








tions, and uncertainty in the efficiency correction due 
to an uncertainty in determining the bias energy. The 
absolute errors consist of the uncertainties in the 
efficiency determination and uncertainties in the 
absorption and multiple-scattering corrections. For 
each element the above errors were estimated and then 
combined under the assumption that they were statisti- 
cally independent. 

An additional uncertainty which affects both of the 
above categories is the contribution from inelastically 
scattered neutrons. The fact that 12.1- and 10.8-Mev 
bias measurements yield the same cross sections within 
statistics indicates that there is no appreciable contri- 
bution from inelastic neutrons. 


V. CONCLUSIONS 


With the exception of lead, the experimental data 
do not show the deep minima at back angles predicted 
by optical models without spin-orbit coupling.? The 
predictions of Bjorklund and Fernbach* employing a 
spin-orbit term are shown plotted in Figs. 6 and 7 
(solid curve). Comparison with the experimental 
points shows that there is quantitative as well as 
qualitative agreement. The theoretical predictions also 
fit the existing scattering data for angles less than 
90°. 
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Proton Polarization Measurements near 18 Mev* 


Kart W. Brockman, Jr.t 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received December 3, 1957) 


Polarization of protons in proton-helium scattering may be calculated from phase shifts obtained from 
differential cross section measurements. Calculations of this type were performed for energies up to 18 Mev. 
On the basis of these results, an instrument was built with which proton polarizations could be measured for 
protons with energies from 5 Mev to 18 Mev and beyond. A second polarization analyzer was built utilizing 
the discovery of polarization in the scattering of protons by carbon around 17 Mev. Results are given for 
polarization measurements on H, D, Be, C, and Al near 18 Mev. Angular distributions for polarization in 
both elastic and inelastic (4.4-Mev excitation) scattering by carbon are also reported. 


I. INTRODUCTION 
HILE polarization of protons by nuclear scatter- 
ing at energies in excess of 100 Mev has received 
a great deal of attention during the past several years,' 


there has been relatively little interest in the possibility 
of obtaining polarizations at lower energies. It was, in 
fact, thought that such polarization should not exist; 
the high-energy polarization appeared to decrease with 





. Supported by the U. S. Atomic Energy Commission and the 
Higgins Scientific Trust Fund. 

t Now at Institute for Nuclear Studies, Amsterdam, Nether- 
lands. 

1 A comprehensive bibliography of pre-1956 polarization papers 
may be found in L. Wolfenstein’s review article, Annual Reviews 





energy in such a way that it could be expected to 
vanish around bombarding energies of 50 Mev.? Recent 


of Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 


, p. 43. 
2 J. Marshall (private communication, 1955). 
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optical model calculations around 17 Mev,** however, 
show that the inclusion of a reasonable spin-orbit 
interaction not only helps a great deal in fitting scatter- 
ing cross sections but also predicts the presence of 
remarkably large proton polarizations. The experiments 
described in this paper show, for the few particular 
cases that were measured, that polarization is present 
in quite large magnitudes in both elastic and inelastic 
scattering at a bombarding energy of 18 Mev. 


II. EXPERIMENTAL PROCEDURE AND APPARATUS 
A. General Procedure 


Measurement of polarization is accomplished by 
double scattering experiments in which the first 
scattering is said to polarize and the second to analyze 
the polarization of the scattered protons. For either 
scattering, the polarization P, which is a function of 
the angle and energy of scattering, is defined as the 
expectation value per unit cross section for the spin 
to be normal to the plane of scattering. It may then be 
shown that in a double scattering experiment in which 
the two scatterings are coplanar, a left-right asymmetry 
in the second scattering will be observed which is 
related to the polarizations of the two scattering events 
by the equation A=P,P2. The subscripts on the P’s 
refer, respectively, to the first and second events. 

There are two possibie schemes that can be adopted 
in making polarization measurements. In the first, a 
polarized beam is prepared by scattering from a known 
polarizer, then scattered from a target of the material 
under investigation, and then the asymmetry is 
measured. The second method consists of scattering 
first from the unknown and analyzing with a target 
of known polarization. Both of these schemes were 
employed in the work described in this paper ; however 
most of the work was done following the second method 
because of its experimental convenience in the case of 
proton-helium scattering, the main analyzing reaction 
used. 

Before proceeding with a description of the polari- 
zation analyzers, we refer the reader to Fig. 1 which 
shows schematically the general plan of the experiment. 
Both of the polarization analyzers, or polarimeters, 
constructed for these experiments are shown in this 
illustration. They were not used simultaneously, but 
rather the one or the other was used depending on the 
purpose of the experiment. The helium polarimeter 
was the one principally employed in these measure- 
ments while the second instrument, based on polari- 
zation in elastic scattering of protons by carbon, served 
to give valuable check measurements. Figure 1 shows 
the arrangement of either of the instruments with 
respect to the first scattering chamber. This 12-inch 
diameter chamber is equipped with ports spaced every 
15° around its circumference. The polarimeters were 


3 Culler, Fernbach, and Sherman, Phys. Rev. 101, 1047 (1956). 
4 F, Bjorklund (private communication). 


plugged into these ports in order to observe the scatter- 
ing. A pair of O rings in grooves spaced 1,°% inches 
apart on the necks of the polarimeters provided the 
vacuum seal for the scattering chamber and also 
provided a first order alignment of the instruments with 
the target. 

The target plane was not placed perpendicular to 
the incident beam as shown in the illustration but 
was turned so that its normal bisected the scattering 
angle. This arrangement has the advantage, in thick 
targets such as those used, that all scattered particles 
pass through the same thickness of target regardless of 
the depth in the target at which the scattering occurs. 
This minimizes the energy spread imparted to the beam 
of scattered particles by energy loss through the target. 
Targets in this experiment were always used in the 
transmission position, i.e., scattered particles emerge 
from the opposite side of the target to that which 
they enter, even for scattering angles as large as 120°, 
because of the great energy spread that is introduced 
when the reflection position is used. 

The target holder was mounted on a platform in the 
scattering chamber in such a way that the target could 
be moved back and forth in the direction parallel to the 
incident beam. This allowed the target to be located 
so that the spot where the incident beam struck the 
target was centered on the axis of the polarimeter. It 
will be seen later that this centering operation must be 
carefully performed since failure of the first scattering 
to lie on the polarimeter axis constitutes an instru- 
mental asymmetry that can lead to false polarization 
measurements. It was necessary to realign the system 
each time the polarimeter was moved. The procedure 
was as follows. First, a polyethylene foil was mounted 
in the target holder and bombarded with protons for 
about two hours. At the end of this time a radiation 
darkening appeared on the target where the beam had 
gone through. The center of this spot was marked. Next 
a pointed mandril was attached to the polarimeter in 
such a fashion that its axis was that of the instrument 

















Fic. 1. Scattering chamber showing how the polarimeters are 
located with respect to first target. 
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(both polarimeters could be so equipped). Then the 
target was adjusted by moving it parallel to the 
incident beam until the mandril pointed directly at the 
marked center of the beam spot. Once such an inter- 
section of beam and target plane is located, it is in 
principle not necessary to repeat the burning in pro- 
cedure (provided the beam spot lies on the axis of 
rotation of the target) each time the polarimeter is 
moved, since there is sufficient play in the position of 
the polarimeter in the scattering chamber port that 
the polarimeter can be lined up on the spot rather than 
the spot on the polarimeter. However, it was felt 
desirable to repeat the burning in each time the angle 
was changed, though not on occasions when the 
polarimeter was rotated 180° about its axis, because of 
the sensitivity of the apparatus to misalignment. In 
general, the “center of mass” of the beam spot could 
be made to lie within yy inch of the polarimeter axis. 
The consequences of misalignments of this order will 
be discussed later. 

In cases where a gas target was used, a high-pressure 
gas cell was mounted in the center of the chamber. Then, 
following normal gas scattering procedure, the target 
was defined by a pair of collimators along the axis of 
the polarimeter. In the case of the helium instrument 
the two collimators are shown in the drawing of that 
apparatus (Fig. 3). The carbon apparatus was never 
used for gas scattering but could be adapted for it by 
the addition of a forward slit. 

As shown in Fig. 1, the Faraday cup was set a good 
way back from the scattering center to reduce back- 
ground radiation. In the experiments, most of the 
empty space in and around the apparatus was filled 
with shielding—mainly lead. 


B. The Helium Polarimeter 


The use of nucleon-helium elastic scattering as a 
polarization analyzer was first suggested by Schwinger.® 
The first application was by Heusinkveld and Freier® 
to determine the energy dependence of proton-helium 
polarization itself, and thus to answer certain questions 
concerning the scattering phase shifts and the ordening 
of energy levels in Li®. Subsequent similar experiments 
also have been performed at energies of 10 Mev and 
below.’:* These experiments substantiate the predictions 
for the polarization obtained from cross-section 
measurements. 

The proton-helium interaction is sufficiently simple 
that with the wealth of scattering experiments at 
various energies, it is possible to find the energy 
dependence of the nuclear phase shifts without recourse 
to any model for the interaction. Once phase shifts 
are known, the polarization may be calculated. This 


5 J. Schwinger, Phys. Rev. 69, 681 (1946); Phys. Rev. 73, 407 
(1948). 
6M. Heusinkveld and G. Freier, Phys. Rev. 85, 80 (1952). 


7A. C. Juveland and W. Jentschke, Z. Physik 144, 521 (1956). 
8 L. Rosen and J. E. Brolley, Phys. Rev. 107, 1454 (1957). 
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Fic. 2. Contour plot of percent polarization in proton-helium 
scattering as a function of incident proton energy and laboratory 
scattering angle. 


computation was first done by Wolfenstein’ and by 
Critchfield and Dodder" for energies below 3.5 Mev, 
and has been extended by others for various energy 
and angle regions.’ In order to extend these calcu- 
lations above 10 Mev, the author has measured the 
proton-helium cross section at a number of energies 
between 11 and 18 Mev,” analyzed the results for phase 
shifts, and computed the polarizations. The design 
of the analyzing apparatus used in this experiment was 
based on these calculations. More recently, Thaler and 
Gammel have reanalyzed the scattering data for phase 
shifts and by including higher order phase shifts have 
obtained better fits to the scattering curves. The 
polarization results, however, were only slightly 
affected. In Fig. 2 contours of the polarization obtained 
in proton-helium scattering are plotted for incident 
proton energy and laboratory scattering angle. The 
phase shifts used above 12 Mev are based on infor- 
mation obtained from Thaler and Gammel.” 

The convention adopted in Fig. 2 for the sign of the 
polarization is that of the original paper of Critchfield 
and Dodder.” It calls polarization positive if the 
direction of the polarization vector is that of Kycate 
X Kine, these being, respectively, the scattered and 
incident wave vectors. All polarizations reported in this 
paper are based on this convention. While, as is well 
known, the sign of polarizations cannot be obtained 
by double scattering experiments alone, the sign of 
proton-helium polarization, and consequently of all 
polarizations obtained when using this interaction as an 

*L. Wolfenstein, Phys. Rev. 75, 1664 (1949). 

C, L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 


(1949). 

1 L. Marshall and J. Marshall, Phys. Rev. 98, 1398 (1956). 

josh W. Brockman, Phys. Rev. 102, 391 (1956); 108, 1000 
RM. Thaler and J. L. Gammel (private communication). 
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Fic. 3. The helium polarimeter. The upper half shows the 
mechanical connection of the light pipes to the covering plates. 
The lower half shows the position of the scintillators. 


analyzer, is known because one knows the signs of all 
phase shifts from interference of nuclear and Coulomb 
scattering amplitudes. 

The laboratory scattering angle of 65° was chosen for 
the construction of the helium analyzer. Looking at 
Fig. 2, one sees that at this angle a roughly constant 
polarization of around +70% extends from about 
7 Mev through 18 Mev. At first glance it might be 
thought better to take advantage of the higher polari- 
zations around 77° or around 115° where the polari- 
zation is almost —100%. However, there are two 
experimental reasons for choosing as small an angle as 
possible compatible with a reasonably large polarization. 
First, the cross section for scattering is greater, and 
second, the energy of the scattered particles is greater. 
This latter reason is of great importance because of 
difficulties that are encountered in detecting the small 
flux of doubly scattered particles in the presence of 
background radiations. It is much easier to identify 
more energetic particles. 

A plan view of the helium polarimeter is shown in 
Fig. 3. Partially polarized protons from the first target 
enter from the left through a collimation tube. At the 
entrance of the tube a 2-mil Dural foil seals the helium 
filling the polarimeter from the first scattering chamber. 
Protons pass down the tube through a second collimator 
into the second scattering region. The scattering by the 
helium gas is viewed by a pair of scintillation counters 
through a series of collimation vanes set at an angle 
of 65° with respect to the axis of the instrument. These 
vanes, which define the target thickness and detector 
solid angle according to usual gas-scattering practices, 
were spaced a quarter of an inch apart along the length 
of the chamber. They were fabricated of 25-mil brass 
sheet. Both left and right sets of vanes were held in 
slots machined in two brass plates, one above and one 
below the vanes, and the whole collimator assembly 
was located in the polarimeter chamber by a pair of 
pins. The vanes were one inch long and the opening 
between the vanes and the scintillators was one inch 
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high. This extremely close geometry was used to 
increase as much as possible the solid angle in the second 
scattering. By using many vanes the target thickness 
was increased as much as possible consisted with the 
large solid angle. These increases, of course, maximize 
the counting rate. 

Knowledge of the energy and angular variation of the 
proton-helium polarization and differential cross section 
made it possible to calculate the average polarization 
factor, P, for the instrument. P is calculated as a 
function of the mean proton energy in the second 
scattering region by folding the angular resolution of 
the vane system into the angular distributions and 
averaging over energy. It turns out that P is less than 
the values shown in Fig. 2 for 65° by a factor which 
remains close to 0.95 for the entire energy range 
between 7 Mev and 18 Mev. 

In order to obtain reasonable counting rates (a few 
counts per minute) it was necessary to use helium 
pressures of the order of 7 atmospheres in the polarim- 
eter. At this pressure the energy drop across the scatter- 
ing region viewed by the vanes was between 0.25 and 
0.5 Mev depending on the mean energy of protons at 
this point. This energy could be adjusted by placing 
foils in front of the entrance collimator of the polarim- 
eter. One could thus run the second scattering at as low 
an energy as he might wish. It was found most con- 
venient experimentally, however, to use no moderation 
foils and to run at the highest energy possible for a 
given scattering situation. 

A second gas seal was made by stretching a one-mil 
Dural sheet between the box holding the vanes and the 
side plates carrying the counters. The foil was sup- 
ported against the high gas pressure within the box by 
the side plates and by the scintillators and the Lucite 
light pipes which were screwed onto the side plates. The 
upper half of Fig. 3 (in which the section taken across 
the polarimeter is somewhat different than that in the 
lower half) and its inset show the mechanical connection 
of the light pipe to the side plates. 

The scintillation crystals were thallium-activated 
cesium iodide 3 in.X1} in.X0.040 in. thick. The 
thickness corresponds to the range of 14-Mev protons, 
which is a little more energy than protons from the 
Princeton cyclotron could have after the two scattering 
events. 

The Lucite light pipes were shaped so the photo- 
multipliers could view the crystals at an angle of 30° 
from the polarimeter axis. Sweeping the photo- 
multipliers back at this angle was necessary in order 
to be able to measure polarizations at scattering angles 
as low as 30° since both scatterings had to be in the 
same plane. The arrangement is not, however, ideal 
from the point of view of scintillation spectrometry 
because the light collection efficiency of the photo 
multipliers varied for different positions on the scintil- 
lator. This variation decreased the resolution of the 
counters which was already poor for the following 
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reasons: (1) the energy spread imparted to the protons 
by passage through the target and other matter in their 
paths, (2) a variation of the energy of the second 
scattering due to energy loss in the helium target 
between the final and last vanes, and (3) the variation 
of the energy with scattering angle in the range of 
angles allowed by the vane system. The resulting 
resolution was such that one could distinctly separate 
elastic and inelastic scattering by carbon (4.4-Mev 
separation), but would begin to run into trouble with 
groups spaced much closer. 

The Lucite light pipes had the disadvantage that the 
juxtaposition of the hydrocarbon and the scintillator 
made the counters sensitive to neutrons. In cases when 
targets giving high neutron yields were used, the 
background separation became difficult and in some 
cases impossible. A better design, with regard to this 
problem, would have been to use glass pipes. 

In experiments involving measurement of an asym- 
metry, one must take great care to avoid or to be 
able to account for any asymmetry of instrumentation 
that may lead to false measurements. The most obvious 
of these is a left-right asymmetry in the geometry 
of the apparatus. The precision with which the polarim- 
eters described here were built was such that it was 
most unlikely that any errors arose from this cause. 
Errors of this type were guarded against by the practice 
of turning the polarimeter over during each measure- 
ment, taking half the data in one orientation and half 
in the other. No systematic trend indicating such an 
asymmetry was found during the many measurements 
in which this procedure was followed. 

One asymmetry which is unavoidable arises from the 
finite geometry of the instrument. This may be esti- 
mated, however; for the helium polarimeter, the 
asymmetry was [0.095—0.023(0’’/c) |(o’/c) where o, 
o’, and o” are the cross section and its first and second 
derivatives with respect to the scattering angle (in 
degrees). For the worst case in the measurements 
described here, this asymmetry turned out to be about 
0.01, a value several times less than statistical and other 
uncertainties for all measurements. 

The foregoing result is for a target perfectly aligned 
with respect to the axis of the polarimeter. If the beam 
spot on the target is displaced y inches from the 
polarimeter axis, an asymmetry of 0.426y will result. 
Thus, for the previously mentioned uncertainty of 
+7 inch in the centering process, an uncertainty of 
+0,013 occurs in asymmetry measurements. It was 
possible to check this calculation experimentally by 
displacing the target forward and backward along the 
line of the incident beam. In this check measurement 
the displacement y was 0.18 inch, giving a predicted 
change of asymmetry of 0.077. The averaged change 
of asymmetry for several measurements was 0.083 
in very good agreement with the prediction. 

There were also certain other asymmetries in the 
instrumentation. First, the scintillation counters could 
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not be identical because of the impossibility of matching 
photomultipliers. Then, the electronic scaling equip- 
ment was different for the two sides. In experiments of 
this type, a great advantage is obtained by counting 
simultaneously the scattering to the right and to the 
left. Such a procedure frees one of the need of exact 
current integration and of worries about conditions that 
could change with time if the two sides were counted 
separately. It is also almost imperative, because of the 
slow counting rates, that one uses multichannel discrimi- 
nators to record the data. The equipment available at 
Princeton were an Atomic Instruments 20-channel 
discriminator and a 100-channel analyzer built at 
Princeton. In principle, the differences in instrumen- 
tation should cause no difficulties. In practice, one 
must exercise greater care in matching the spectrum 
from the left counter with the spectrum from the right 
counter. The procedure of turning the polarimeter 
over and repeating the run was a great help here. It 
would certainly be much simpler if the two sides could 
be electronically identical. 

Another asymmetry that should in principle make no 
difference is an asymmetry in background events 
recorded by the two counters. Such a situation can 
occur, for example, if background pulses are due to a 
neutron flux from a particular direction. Great care was 
taken to subtract away the background. After each 
run in which double scattering was recorded, a shutter 
thick enough to stop protons was closed over the 
eritrance of the polarimeter. The run was then repeated 
and the background spectrum: was recorded. The 
lengths of the regular and the background runs were 
matched by integrating the incident proton current on 
the primary target. Background runs were usually as 
long as the regular runs. 


C. The Carbon Polarimeter 


It was extremely fortunate that the first measure- 
ment attempted, elastic scattering by carbon at 45°, 
turned out to be polarized. A second polarimeter was 
built utilizing this polarization as an analyzer. The 
carbon polarimeter is shown in Fig. 4. Scattering by a 
polyetheline target foil was viewed from the left and 
right by scintillation counters. Sodium iodide scintil- 
lators were used. The counter apertures were circular 
with diameters of } inch and were 43 inches from the 
center of the target. The procedure with the carbon 
polarimeter was the same as with the helium polarim- 
eter. The same pulse-height analyzers were used to 
record the data. 

The carbon polarimeter had two advantages over the 
helium instrument, but also three disadvantages. The 
advantages were: first, a much better energy resolution 
since almost all the causes leading to the poor resolution 
of the helium instrument are absent here; and second, 
the neutron background was much lower because these 
scintillators were mounted on glass rather than plastic. 
The disadvantages were: first, the counting rate with 
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Fic. 4. The carbon polarimeter. 


the carbon instrument was lower. Second, it was much 
more sensitive to errors in misalignment. In this case 
the asymmetry due to a displacement of y inches of the 
target spot from the polarimeter axis is 1.04y; thus 
the misalignment error of +75 inch amounts to an 
asymmetry error of +0.032. The third disadvantage is 
that there are no predictions of the polarization in this 
case as there were for helium so that considerable 
effort must be given toward the calibration of the 
instrument. 

Despite these numerous disadvantages, the check 
measurements made with the carbon polarimeter 
proved to be of great value. 


Ill. RESULTS 


The experiments that were preformed divide them- 
selves into (1) those designed primarily to test the 
apparatus and (2) those to obtain new information 
‘on scattering polarizations. 

The primary concern for testing the apparatus is to 
calibrate the polarimeters, that is, to find the 
appropriate polarization factors P. This is presumably 
known for the helium polarimeter from the calculation 
based on the scattering phase shifts. Nevertheless, it is of 
great value to verify those results. It was possible to 
calibrate both polarimeters without any reference to the 
helium calculations. The procedure is as follows. A 
double scattering experiment is performed in which 
scattering at 45° by carbon is analyzed with the carbon 


polarimeter. An asymmetry A,= PP; is found, where 
P, is the polarization in the first scattering and P2 is 
that in the second. P; will not, in general, be equal to 
P, because the energy of the first scattering is different 
than that of the second. If, however, the ratio B= P2/P, 
can be found, the original equation will have the solu- 
tion P;*=A,/B. Finding the ratio requires two more 
measurements. The set up used for these additional 
measurements had a carbon first target and analyzed 
polarization with the helium polarimeter. In the first 
measurement, the energy of the proton beam is reduced 
until it has the value with which protons were incident 
on the second carbon target in the experiment just 
described. An asymmetry A2= P2P xe is observed. P» is 
the same as before and Px, is the polarization of the 
helium polarimeter at the particular energy at which 
the second scattering occurs. Then the proton beam is 
returned to its original energy but enough absorber is 
inserted between the first and second scatterers to 
cause the second scattering, in helium, to occur at the 
same energy as in the preceding experiment; the 
asymmetry is A;= P:P He. Now it is seen that B= P2/P 
=A»/A; and P;?=A,A3/A>. The reader will be aware 
of the fact that the helium polarimeter was not neces- 
sary and that the entire procedure could have been 
carried through with carbon alone. 

The calibration procedure gave P=0.42 for carbon 
at 17.7 Mev, and a value of 0.73 for the helium polarim- 
eter at 14.5 Mev. The calculated value for helium was 
0.65. The agreement is fair when one considers statistical 
errors and also the large uncertainty that can enter 
measurements because of uncertainties in centering 
the carbon polarimeter. 

It was further desired to check the shape of the 
calculated helium polarization curves, in particular 
to check the prediction of a polarization of nearly 
—100% at 115°. This measurement was easily done 
by reversing the vane block in the helium polarimeter 
(115° is the supplement of 65°) and observing the 
scattering from carbon at 45°. According to the previous 
calibration for carbon, the polarization turned out to 
be a little greater than 100% and to have the correct 
sign. With this information, the gross shape of the 
polarization curve was determined to be correct. Later, 
some runs with the helium polarimeter were made with 
a first target of helium gas. These measurements were 
made at 30° and 45°. An analysis of all these results 


Taste I. Polarizations observed in scattering from several targets at 17.7 Mev. Results are for elastic scattering except the last row 
which is inelastic scattering leading to 4.4-Mev excitation of C”. 











iad 
target 30° 45° 60° 75° 90° 105° 120° 
H —0.012+0.020 
D —0.09 +0.07 
Be 0.154+0.034 
Cc 0.200+0.052 0.450+-0.020 0.298+0.045 —0.362+0.046 —0.056+0.040 0.218+0.039 —0.145+0.052 
Al 0.098+-0.018 
Cin) 0.055+0.050 6.184+-0.043 0.240+-0.032 —0.018+-0.053 —0.272+0.065 
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showed that the carbon-carbon experiment was 
probably in slight error and the helium polarizations 
were substantially correct as calculated. The best value 
for the polarization of protons scattered by carbon is 
0.45+0.02. 

Such measurements as these cannot give the sign 
of the polarization. As previously noted, this is known 
only from phase shift analyses of proton-helium scatter- 
ing data. It was therefore of interest to prove the 
prediction that at 65° the polarization maintained the 
same sign from 7 Mev up to 16 Mev. The check was 
made by scattering first by carbon and analyzing with 
the helium polarimeter. The energy of the helium 
scattering was adjusted by inserting moderating foils 
between the carbon target and the polarimeter entrance. 
The experiment showed that the helium polarization 
did indeed maintain the same sign. 

The results of the experiments are given in Table I. 
Polarizations are listed for several targets and labora- 
tory scattering angles. Solid (foil) targets were 1 Mev 
thick and gas targets a few hundred kev thick. The 
mean energy of bombardment, i.e., incident energy 
minus half the energy lost in the target, was 17.7 Mev 
for all cases. All results are for elastic scattering except 
the last row which is for inelastic scattering leading 
to excitation of the 4.4-Mev level in carbon. 

Table II contains some results on the variation of 
the polarization of carbon at 45° with the energy of 
bombardment. 

The experiments on p-p scattering were done both 
by hydrocarbon-carbon subtraction methods using foil 
targets, and by scattering by hydrogen gas. If polari- 
zation exists it should have an angular distribution 
proportional to sin4@, where @ is the laboratory scatter- 
ing angle. While the angle 22.5° is best for measure- 
ments, the angle 30° which was available on the scatter- 
ing chamber was suitable. The measurements can 
hardly be said to do more than to indicate an upper 
limit on the magnitude of the polarization. Zero 
polarization is expected from .theory." 

Deuterium measurements ‘were made using a gas 
target. The large uncertainties in the measurement 
stemmed from a large neutron background. 

In the beryllium experiment, the neutron background 
rendered the helium polarimeter useless. The measure- 
ment was made with the carbon polarimeter. 

The carbon experiments were done mainly with 
graphite targets. Lack of neutron background and the 
wide separation of levels made it possible to measure 
the angular distribution of polarization in both the 
elastic and 4.4-Mev inelastic scattering. The oscillatory 
character of the elastic polarization angular distribution 
is what one would expect to obtain by including a 
spin-orbit term in optical model calculations. It seems 


4 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 
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TABLE II. Polarization in elastic scattering by carbon 
at 45° as a function of energy. 








Energy (Mev) 15.9 16.7 17,7 18.1 
Polarization 0,550+0.028 0.53540.032 0.450+40,020 0,425+0,026 











likely that the distorting influence of such a potential 
should also lead to a similar polarization pattern in the 
inelastic scattering such as is seen here.'® 

The region where the carbon polarization is positive 
and where proton-helium polarization is positive is 
what may be called the first slope of the cross section. 
By this is meant the region of angles smaller than the 
angle of the first diffraction minimum. It may be noted 
that the measurements on beryllium and aluminum 
were also on the first slopes of their cross section and 
that these measurements also gave positive polari- 
zation. This common behavior is what one would expect 
if polarization arizes from a spin-orbit interaction of a 
type common to all nuclei. Furthermore, since we 
already know the sign of this interaction for helium, 
we know the sign of this common spin-orbit interaction. 

It is probably correct to draw the following con- 
clusions by induction. (1) There is a nucleon-nucleus 
spin-orbit interaction of a type common to all nuclei. 
In optical model calculations, this interaction would be 
expressed by adding a term (L-S)V (r) to the interaction 
Hamiltonian. (2) The sign of V(r) is such as to be 
attractive for states in which j7=/+}. This is the sign 
required for the proton-helium polarization. It is also 
the sign required by the j-7 coupling shell model; hence 
these experiments agree with the expectations of that 
theory. 

The shape and strength of the potential V(r) can 
probably be found by optical model calculations in 
which simultaneous fits are made to both scattering 
and polarization angular distribution. The angular 
distribution of the polarization in carbon elastic scatter- 
ing should allow one to distinguish for this case whether 
the spin-orbit potential has the shape of the non-spin- 
dependent potential well or if it is the Thomas type 
as is more commonly expected. 
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An antiproton of kinetic energy 110 Mev annihilates in flight, producing a star in nuclear emulsion with 
3 charged mesons and 4 heavier particles. An electron-positron pair is found, 76 from the vertex and 
closely aligned with it. The pair is best explained as resulting from a y ray from the decay of a x® meson which 
was formed in the annihilation. The most likely interpretation of the event is that the antiproton annihilated 
with a proton in N* or O'* with the production of two positive pions, a neutral pion and a negative pion all 
of which escaped the nucleus; and a negative pion which was absorbed. The pion energies, including m,c’, 
are as follows (in Mev): xt, 214+2; r*, 6354138; *, 6284-131; 2°, 190<E,°<400; x-, 290<E,- <480. 





HE first study of the annihilation of antiprotons 
in nuclear emulsion' showed that the energy 
available in the annihilation process (2M ,c*) could be 
accounted for if it were assumed that half as many 
neutral pions were produced as charged mesons and 
that the average 2° energy was the same as the average 
a+ energy. We have found an annihilation event with an 
associated electron-positron pair which is best explained 
as resulting from a y ray from the decay of a neutral 
pion. The x° meson is created in the antiproton annihi- 
lation along with four charged pions. The event is also 
noteworthy in that practically all of the energy appears 
in some visible form and a fairly complete picture of 
the entire reaction can be reconstructed. 

A stack of 180 Ilford G-5 6004 emulsions, 6 by 9 
in., was exposed at the Bevatron to the beam of 700+7 
Mev/c negative particles in the same geometry as was 
used in the Antiproton Collaboration Experiment.' 
The plates were scanned along the edge where the beam 
entered and the tracks of twice minimum ionization 
followed into the stack to see if they made an annihi- 
lation star. As of this writing, 16 annihilation events 
have been found. Of particular interest is the event 
shown in Fig. 1, caused by the annihilation-in-flight 
of an antiproton with kinetic energy 110+8 Mev 
(Table I). Prongs 1 and 4 are minimum ionization 
tracks and can only be pions if the energy release in the 
event is not to exceed 2M,c*. They were followed 
through fifty plates and their scattering measured by 
the surface-angle method.' They have kinetic energies of 
495+138 and 488+131 Mev, respectively. Prong 5 
stops in the stack and is identified as a r+ meson from 
the characteristic r—y—e decay. It has a kinetic 
energy of 74+2 Mev. Prong 7 is identified by the 
ionization-range method as a proton with a kinetic 
energy of 207+4 Mev. Presumably it arises from the 
absorption of a pion in the nucleus. Similarly prong 6 
is a triton of 18.9 Mev. Prongs 2 and 3 are too short 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Barkas, Birge, Chupp, Ekspong, Goldhaber, Goldhaber, 
Heckman, Perkins, Sandweiss, Segre, Smith, Stork, van Rossum, 
Amaldi, Baroni, Castagnoli, Franzinetti, and Manfredini, Phys. 
Rev. 105, 1037 (1957). 
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to be identified by the ionization-range method. 
Thickness measurements? on these tracks indicate that 
prong 2 has Z=1 and prong 3 has Z=2 or 3. These 
measurements are summarized in Table I. 

To insure that no minimum prongs were missed, an 
intensive search of the neighborhood of the star was 
made throughout the thickness of the emulsion over a 
radius of approximately 200 u. This search disclosed a 
pair of minimum ionization tracks which originated 
76 uw from the vertex. The two prongs of the pair could 
not be resolved for the first 50 u. Careful measurements 
on the Koristka MS-2 microscope showed that the 
direction of the pair, extrapolated back toward the star, 
passed within 0.0+0.2 4 of its vertex. A scan in the 
neighborhood of the event disclosed that the number 
of pairs on the plate which arose from the background 
of gamma radiation was ~3/mm‘*. It can be calculated 
that the probability is less than 10~* for finding a 
background pair whose direction passes within 0.2 u 
of the vertex in the cylindrical volume of emulsion 
examined for minimum prongs. Furthermore, all the 
background pairs found were near the plane of the 
emulsion, which was also the plane of the proton 
orbits in the Bevatron and would be expected to contain 
most of the gamma radiation; whereas the pair as- 
sociated with the event is at an angle of 57° to the 
emulsion plane. Thus it is highly improbable that the 
association of the pair and the annihilation event is a 
chance coincidence, and the pair most likely is caused 
by the conversion of a y ray which came from the 
annihilation star. Surface angle scattering measure- 
ments on prongs A and B of the pair gave energies 
of 6415 and 130+32 Mev and thus an energy for 
the gamma ray of 195+36 Mev. This energy is too 
high to have arisen in any de-excitation of the residual 
nucleus, and therefore the gamma is most probably one 
of the annihilation products. 

It is possible for a gamma ray to be emitted directly 


2G. Occhialini, Bull. Am. Phys. Soc. Ser. II, 1, 206 (1956); 
Skjeggestad, Sérensen, and Solheim, Phys. Rev. 106, 1280 (1957) ; 
O. V. Lozhkin and N. A. Perfilov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 31, 913 (1957) [translation: Soviet Phys. JETP 4, 
790 (1957)]. 
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Fic. 1, Projection draw- 
ing of Event 1-85-3. An 
antiproton of kinetic energy 
110 Mev produces an 
annihilation event in flight. 
The prongs are identified as 
(1) a charged pion which 
leaves the stack; (2) a low- 
energy particle, Z=1; (3) 
a low-energy particle, Z=2 
or 3; (4) a charged pion 
which leaves the stack; (5) 
a positive pion which stops 
and undergoes the charac- 
teristic r—p—e decay; (6) 
a low-energy triton; (7) a 
high-energy proton; (A) 
and (B) an electron-posi- 
tron per which originate 
76m trom the vertex and 
whose direction 
within 0.04+0.24 of 


vertex. 


err 


passes 


the 


in the annihilation process. Compared to the emission 
of a meson, however, the probability for photon 
emission is smaller by a factor of ~137. Thus the most 
likely origin of the gamma fay is from the decay of a 
neutral pion which in turn was one of the original 
products of the antiproton annihilation. It also is 
possible that the neutral pion could have been the 
result of the charge-exchange scattering of a charged 
meson before it escaped the nucleus. However, it has 
been observed that in an annihilation event in nuclear 
emulsion 25% of the mesons interact with the residual 
nucleus.! When this is coupled with the small cross 
section for charge-exchange scattering in nuclei,’ one 
calculates that the probability for production of the 
neutral pion in a charge-exchange scattering is ~1%,. 


Taste I. The angles, kinetic energy, and identity of each prong of the event. 
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It is shown below that the maximum energy for the 2° 
is 400 Mev. The use of this and the most recent value 
of the upper limit for the 7° lifetime‘ gives a maximum 
distance of 0.12 » between the direction of the pair and 
the vertex of the star. 

The presence of a 1.9-Mev proton, which is much 
below the Coulomb barrier height of 7.5 Mev for Br, 
indicates that the annihilation took place in one of the 
light nuclei present in the emulsion (C, N, or 0). 
This conclusion is further substantiated by the absence 
of a recoil blob at the vertex. The small energy im- 
balance AE=754+193 Mev=2M,+T7;—E,,, where 
T; is the kinetic energy of the antiproton and Ep, is 
the kinetic energy of all the prongs including the pair 
plus the rest mass of the three charged mesons, makes 























Horizontal Dip Kinetic energy 
Prong angle angle in Mev Identity Method 
1 28° — 38° 495+ 138 at Scattering-ionization 
2 36° —19° 1.9 (as p) Z= 3) Range-thickness 
° ° 14 (as a) Z=2 Te 
3 131 —49 ‘ae 27.3 (as Li®) or=3} Range-thickness 
4 162° + 40° 488+ 131 nt Scattering-ionization 
5 -- 159° +34° 7442 x Range, —y—e decay 
6 —134° +24° 18.9 t Range-ionization 
7 — 29° —14° 207+4 p Range-ionization 
A — 45° +57° 64415 {Electron- . a 
B — 45° +57° 130432 \positron pair Scattering-ionization 
p 0° + 3° 110+8 p Range-momentum 














8 J. O. Kessler and L. M. Lederman, Phys. Rev. 94, 689 (1954). 
‘ Harris, Orear, and Taylor, Phys. Rev. 106, 327 (1957). 
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TABLE II. The signs and total relativistic energy of each of the 
pions produced in the antiproton-proton annihilation. 











Total rel. energy 
Identity Prong in Mev 
at 5 21442 
ate 1 6354-138 
ae 4 628+131 
gob 190< E,°<400 
re? 290 <E,- <480 








* Prongs 1 and 4 cannot be unambiguously identified as to sign, but one 
must be (+) and the other (—). 
» Neutral pion needed to explain presence of pair. Energy range deduced 


in text. 
© Pion absorbed by nucleus. Sign and energy range deduced in text. 


it evident that little energy is carried away by neutral 
particles. Thus there is some hope that conservation 
of energy and momentum may be used in conjunction 
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with the results summarized in Table I to deduce (1) 
the charge of the meson that was absorbed, (2) the 
charges of the observed mesons, (3) the identity of the 
target nucleus, and (4) whether the annihilation took 
place with a proton or a neutron. 

One proceeds by considering the alternatives: (a) 
the antiproton annihilated with either a proton or a 
neutron; (b) the target nucleus was C, N, or O; (c) 
the pion which was absorbed by the nucleus and was 
thus responsible for the observed nucleons was positive, 
negative, or neutral. Half of the possibilities may be 
eliminated at once by the application of charge con- 
servation: i.e., if the annihilation took place with a 
proton, the absorbed meson was charged; if it took 
place with a neutron, the absorbed meson was neutral. 
The remaining nine possibilities may be written: 


x* abs. 


attr42e-+C", NOs 


2at++9°+20-+B", Cc, N! x” abs. 
Pc? NOX 5... eae 7 28t +9*+-2- + Be", BY, Cl’ 
——ont+2994+29-+C", N¥, OM ttn 2a- CH, N¥, 1, 


Since the total charge of the final nucleons is 5 or 6, 
the only possibilities for the residual nucleus are C", B™, 
or C'®. Consider first C'— Li®+/+p+ . With this 
identification for prongs 2, 3, 6, and 7, the momentum 
imbalance is AP=416+151 Mev/c. Since no neutron 
is emitted, momentum can be balanced only by the 
other gamma-ray from the r° decay. To achieve a 
momentum imbalance within the standard deviation 
requires an E,=280 Mev. This results, however, in a 
AE=-—271+193 Mev, and C" is thus unlikely. (The 
binding energy of C" is included in this calculation 
of AE.) Either B¥ > a+i+p+p+4n or C®— Li®+1 
+2p+4n has enough neutrons to balance both energy 
and momentum. It is therefore most probable that (1) 
the absorbed meson was a a~; (2) the two mesons of 
practically the same kinetic energy (488 and 495 Mev) 
which did not stop in the stack are a w+ and a m-, 
although it is not possible to say which is which; (3) 
the target nucleus was either N“ or O'*; and (4) the 
antiproton annihilated with a proton. 

If the above mechanism is accepted and it is assumed 
that the x~ was the only meson that interacted with 
the nucleus, limits may be placed on its kinetic energy 
by requiring that AE and AP differ from zero by not 
more than one standard deviation. The result is that 
E,- must lie in the range 290 to 480 Mev. Similarly the 
minimum value for the x° energy is found when the 





observed gamma is assumed to have come off in the 
direction of motion of the *. The maximum value is 
imposed by conservation of energy and momentum, and 
E,° therefore lies in the range 190 to 400 Mev. The 
results for the mesons are given in Table II. 

It should be noted that the emission of a second 
low-energy neutral pion in the annihilation cannot be 
excluded if the first neutral pion has its minimum 
possible energy. For instance, if N™ is taken as the 
target nucleus, a second #° with 7,»=50 Mev yields 
AE=—1934193 Mev and AP=110+152 Mev/c, just 
within the experimental uncertainty. Any larger kinetic 
energy makes AE greater than a standard deviation. 
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On the assumption of a multiple scattering process, a formula is derived for the depolarization of a 
positron beam in being slowed down in matter. In its general form, the formula is applicable not only to 


positrons but to any Fermions. 





INTRODUCTION 


ECENT experiments'* have demonstrated the 

existence of an initial longitudinal polarization of 
the electrons and positrons from 8 emitters. In the 
experiments of Page e al., positrons from Na™ were 
allowed to enter an absorber in which they annihilated 
with electrons which had their spins partially aligned 
by the application of a magnetic field parallel to the 
direction of the incident positron beam, The annihila- 
tion radiation was observed, and from the change in 
the ratio of the sharp and broad components (corre- 
sponding, respectively, to the initial formation of 
triplet and singlet positronium) due to the application 
of the magnetic field and its reversal, the polarization 
of the positron beam was determined. The magnitude 
of the polarization so obtained fell short by some 
60% of the predicted initial value. However, the 
polarization measured in these experiments was not 
that of the incident beam, but rather the average 
polarization of positrons which had suffered many 
collisions in being slowed down to energies at which 
the cross section for annihilation becomes appreciable. 
It is of interest, therefore, to consider the depolarization 
that results from the slowing down of positrons in 
matter. In what follows, a general formula will be 
derived for such depolarization on the assumption of a 
multiple scattering process. In its general form, the 
formula is applicable not only to positrons but to 
any fermions. 


DEPOLARIZATION FORMULA 


We shall consider the depolarization by multiple 
scattering of an initially monoenergetic parallel beam 
of positrons. Suppose that an electron has its spin 
parallel to the initial direction of the positron beam 
(to be taken as polar axis), and let the spin of a positron 
make an angle @ with this direction. Then the relative 
probabilities P; and P, of triplet and singlet, respec- 
tively, for the electron-positron system are, at low 
energies, given by 


P,;=4+4 0s, P,=}—} cos. (1) 


* Supported by the National Research Council of Canada 
through a Summer Research Associateship. 

1L, A. Page and M. Heinberg, Phys. Rev. 106, 1220 (1957). 

2H. Frauenfelder e¢ al., Phys. Rev. 107, 643 (1957). 

3H. Frauenfelder et al., Phys. Rev. 106, 386 (1957). 

4H. Frauenfelder et al., Phys. Rev. 107, 909 (1957); 107 910 
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We take as a measure of the polarization, P, of a 
number of particles of the beam the average over these 
particles of cosé. For an unpolarized beam, P=0, 
Eqs. (1) yield the correct statistical ratio of triplet to 
singlet. It will be noted in passing that for the process 
under considezation, a beam which is polarized, perpen- 
dicular to the axis of the system will behave like an 
unpolarized beam. 

For simplicity we consider in the first instance a 
single kind of inelastic scattering process. It will later 
be clear how the formula to be derived must be modified 
to allow for the operation of several competing processes, 
both elastic and inelastic. We take as basic states for 
the incident particles momentum states of longitudinal 
polarization. Let. /,*(0,£) be (proportional to) the 
number of particles per unit energy range and per 
unit solid angle which, after having suffered n collisions, 
have energy E, direction of motion 6, and spin parallel 
(+) or antiparallel (—) to their direction of motion; 
let o(x,£) be the differential cross section for scattering 
through an angle x with the energy decreasing from 
E+AE to E, where AE is a function of x and E; 
let g(x,) be the probability of a reversal of spin with 
respect to the direction of motion; and let o(£) be the 
integral of o(x,Z) over solid angle. Then the change 
in the distribution in successive collisions is governed 
by the equation ; 


Sn+i*(0,E) 
1 
o(E) 





| free, E+AE)[1—g(x,E) ]o(x,E)do’ 


+. f fa*(0’, EF+-AE)g(x,E)o(x,E)dQ}. (2) 


The two terms on the right-hand side of Eq. (2) 
represent the number of particles which in the (w+1)th 
collision have their energies reduced to E and are 
scattered into the direction (@,¢) with and without 
spin reversal, respectively. In the integrands, x is 
the angle between the variable (6’,¢’) direction and 
the fixed (6,¢) direction, while dQ’ is the element of 
solid angle about the former direction. 

We shall be interested in the polarization of particles 
of energy E, irrespective of the number of collisions 
suffered by any particle in having its energy reduced 
to this value. We must therefore effect a summation 
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over 2. We write 


F+(,E)= ¥ fa*(,E) 


=¥ fa*(E) forE<Ey. (3) 


n=l 


In Eq. (3) we have introduced the initial condition 
that for n=O all the particles have energy Eo. The 
equation for F+ is obtained from Eq. (2), viz., 


F+(0,E) 





1 
F+(@’, E+ AE)(1— ,E) Jo (x, E)dQ’ 
auth 0’, EFAE)[1—g(x,E) Jo(x,E) 


+ f FF, EFAE)g(x,Eo(x,E)ao'}. (4) 


The polarization of particles of energy E is now given by 
P(E)=R(E)/Q(£), (5) 
where the functions R(E£) and Q(£) are defined by the 
equations 
R(E)= fren — F-(6,E) | cos6dQ, (6) 
and 


om=[ren+ronm. (7) 


If Eqs. (4) and (6) are now combined, it is seen 
that the expression for R(Z) involves a twofold integra- 
tion over solid angle. The integration over dQ can now. 
be most easily performed by taking the (fixed) direction 
(6’,¢’) as a new polar axis for this purpose. One obtains 
in this way the equation 


2x 


R(E)= 
“) o(E) 





[r@+aH 1-240) 
Xa(x,E) cosx sinydx. (8) 


Similarly one obtains for Q(£) the result 


Qn 
OB)=— f Q(E+AE)o(x,E) sinydy. (9) 
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We now make the simplifying assumption that AE 
is small and replace the first factor in the integrand of 
each of Eqs. (8) and (9) by the first two terms of a 
Taylor expansion, to obtain 

R=AR+B(dR/dE), (10) 
and 


0=d0/dE, (11) 


with 


2r 
A= f [1—2¢(x,E) Jo(x,E) cosy sinydy, (12) 


and 


B(E)= 





“ AE(x,E)[1—2¢(x,E)] 
m af “AX — 2B\X; 


Xa(x,E) cosx sinxdx. (13) 


On writing down solutions of Eqs. (10) and (11), and 
inserting the initial conditions, we obtain finally for 
the polarization at energy E, 


P(E)=R(E)/Q(E) 


Eo1—A 
E 


In order to allow for several competing scattering 
processes, one simply replaces the integrands in Eqs. 
(12) and (13) by the appropriate sums over the several 
processes and one interprets ¢(Z) as the corresponding 
sum of the integrated cross sections. 


CONCLUSION 


For scattering interactions which are not explicitly 
spin-dependent, the function g(x,Z) is essentially 
independent of the nature of the interaction and takes 
on a simple form. It then turns out that for a number of 
simple scattering processes, the functions A and B 
can be evaluated explicitly. The computation of the 
polarization as given by Eq. (14) then requires only 
a single numerical integration over energy. 

Calculations are in progress in the application of the 
above theory to depolarization in gaseous and solid 
absorbers. The. results of these calculations will appear 
at a later date. 
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Excitation functions have been obtained for the production of He® in the interactions of high-energy 
protons with various targets. The cross sections rise with increasing energy and increasing Z, varying 
between 0.5 mb for C at 1.0 Bev and 29 mb for Pb at 3.0 Bev. 





INTRODUCTION 


IGH-ENERGY protons interacting with various 
targets create few readily-measured radioactive 
isotopes with Z<5. Cross sections have been obtained 
for H* and Be’ production, from several target ele- 
ments.'~’? The excitation functions of He® formation 
by protons of 1 to 3 Bev have been measured for five 
target elements in order to extend the information on 
low-Z products of such reactions. The cross sections 
have been measured by a new technique based on 
nuclear recoil, which obviates the difficulties introduced 
by the 0.82-sec half-life. 


EXPERIMENTAL 


The principal experimental problem in measuring the 
yield of He*® in high-energy bombardments is the 
necessity for separation and purification of the isotope, 
and introduction into a counter within approximately 
one second. These steps have been accomplished by 
using a target composed of alternating plates of the 
target element and gas spaces filled with a “catcher” 
gas. The proton beam passed through both the plates 
and gas spaces, and the recoil energy of the isotopes 
produced in the plates carried some of each species into 
the gas. Immediately after production of the radio- 
activity, the gas was allowed to flow through a liquid 
nitrogen trap into a nearby evacuated counter chamber 
and the decay was followed with a scaler and Brush 
recorder. This counter chamber was specially designed 
to hold 400 cm’ of gas in the center space of a sandwich 
arrangement, where it was counted with good efficiency 
by the two outer spaces operating as proportional 
counters, 

Under typical conditions, with helium as the catcher 
gas, the decay curves were readily analyzed into He® 
and one or more long-lived components. The identity 
of the latter was not always clear, but often contained 
19.1-second C” (presumably as CO) and the neon 

* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 
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isotopes Ne” and Ne*™. In every case, the He*® decay 
stood out clearly, enabling an accurate measurement 
of its activity. The counting rate of He® varied from 1 
to 3 orders of magnitude higher than the background. 
The background activity showed a negligible decay 
over a period of one minute following a pulse. A more 
detailed description of the target and counier, and a 
discussion of the method have been given elsewhere.® 

The activity due to He® (and to any other isotopes 
present) was determined for targets made of graphite, 
aluminum, copper, silver, and lead, at several energies 
from 1.0 to 3.0 Bev. For most measurements helium 
was used as the catcher gas, although hydrogen, pro- 
pane, and nitrogen were also used in certain experi- 
ments. For each target material at each energy, several 
measurements were made at various pressures in the 
target from 5 to 150 lb/in*. The reproducibility of 
duplicate runs was about +5%. 


CALCULATION OF CROSS SECTIONS FROM 
RECOIL YIELDS 


Conversion of the measured He’ activities into cross 
sections requires a knowledge of the relative stopping 
powers of helium and the target material for helium 
ions. In addition, some relationship is needed for the 
variation in yield of He® versus pressure of stopping gas. 
Such a relationship may be greatly simplified if the 
recoil range of the isotope is long compared to the layer 
of stopping gas, but short compared to the thickness of 
target material. In that case, the He® activity measured 
in the gas should increase linearly with pressure, and 
the cross section can be directly calculated from the 
formula: 

RXN=c/fn, (1) 


in which V = number of atoms of product isotope formed 
per unit time (unit time being short compared to half- 
life), e=cross section in cm’, f=number of impinging 
particles per unit time, m=number of catcher gas 
atoms/cm?, and 


atomic stopping power of target atoms 





atomic stopping power of catcher gas atoms 


Deviations from linearity could be observed if either 
(a) the value of R changes sharply with the energy of 


8 F. S. Rowland and R. Wolfgang, Rev. Sci. Instr. 29, 210 
(1958). 
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the recoiling particle, or (b) the recoil range of the 
particle was not long compared to the path length in 
the gas. 

Experimentally, the plots of He® activity versus 
pressure always gave a straight line as shown in Fig. 
1, implying the absence of these causes of deviation 
within the experimental errors involved. The activ- 
ity of He® does not go to zero for zero pressure on 
these plots because of diffusion of He* from the target 
plates into the gas spaces before opening of the solenoid 
and release of the stopping gas.* The cross sections 
listed in Table II have been calculated on the basis of 
the slope of the linear plots, as representative of the 
portion of the yield due to actual stopping by the gas. 

Atomic stopping powers, of course, show large vari- 
ations for different energies of incident ions, and these 
changes do not necessarily cancel out in calculating a 
ratio of atomic stopping powers for two different 
elements. However, the value of R which is desired for 
formula (1) is actually a complex average ratio of 
atomic stopping powers. The ions recoiling into and 
out of a catcher gas will do so at all angles relative to 
the surface of the target material. The angular distri- 
bution of these recoil paths relative to the surface will 
then depend on the angular distribution of the initial 
recoil emission, as well as subsequent scattering events 
both in the target and in the catcher gas. As a result, 
the energy expenditure for ions stopping in a catcher 
gas will show a wide distribution, including energies 
above that necessary to penetrate the minimum gas 
path length, and most of the variations in ratio will be 
averaged out. 

We have calculated values of R which appear to be 
appropriate for these experiments from available range- 
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Fic. 1. He® recoil yield from silver at 2.85 Bev as a function of 
helium and propane catcher gas pressure. 
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energy data,*~” and an assumption of isotropic emission 
of recoils. These are collected in Table I. The tenfold 
increase of pressure shown in the figures requires that 
this average ratio be calculated for steadily increasing 
average energy losses of the stopped ions. A monotonic 
change of R with average energy loss would very likely 
be concealed in a linear plot of the type shown in Fig. 1. 
However, our calculations indicate that any such 
changes in R would be quite small compared to other 
errors involved in the He® cross sections. 


RESULTS AND DISCUSSION 


The observed cross sections for He* production are 
given in Table II. All cross sections are measured 
relative to the cross section of the Al*’(p,5p5n)F'* 
monitor reaction and related through that reaction to 
an absolute cross section of 10.8 mb for Al*’(p,3pn) Na™ 
in the energy region 1.0-3.0 Bev.*'® Possible errors 
are thus introduced in the ratios He®/F"* and F'8/Na™. 
There is also an uncertainty in the efficiency. to be used 
for the large counter for two reasons: the counter 
efficiency has been accurately calibrated at 38% for 
pile produced A“, but not for the higher energy beta 


Taste I. Relative atomic stopping powers of targets for He’. 








Number of mg/cm* 


R (Relative stopping 
equivalent to 1 cm Hg 


power per atom; 





Target He =1.0) at 15°C, 1 atmos 
Cc 2.2 0.23 
Al 3.6 0.32 
Cu 6.0 0.45 
Ag 7.6 0.60 
Pb 8.8 1.00 








particle of He®; and not all of the gas from the target 
eventually reaches the counter. We have assumed that 
the efficiency is the same for He® as for A“ and that 
the activity is distributed uniformly through the gas 
after the solenoid is opened. 

The estimated limit of error for the absolute cross 
sections in Table II, based on these possible errors, is 
+50%,. The errors in counting efficiency will cancel out 
and the uncertainties from the monitor reaction will be 
greatly reduced in relative cross sections. The compari- 
son of cross sections for different elements at the same 
energies reflects linearly any error made in the values 
of R assumed in Table I. This uncertainty is larger for 
high Z, where it might be as high as 25%. Errors in 
the shape of the excitation function for any given 

® Cook, Jones, and Jorgensen, Phys. Rev. 91, 1417 (1953). 

10 Evans, Stier, and Barnett, Phys. Rev. 90, 825 (1953). 

1 P. Weyl, Phys. Rev. 91, 289 (1953). 
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Ser. II, 1, 225 (1956). 

15 R. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 (1954). 
a6 _ Swanson, and Warshaw, Phys. Rev. 103, 413 

1956). 








PRODUCTION OF He 


element will depend primarily on possible errors in the 
monitoring reactions. These relative cross sections are 
estimated to be good to about +15%. 

The cross section for H* production in high-energy 
reactions is roughly proportional to the geometric cross 
section for targets of Z=6 to 82,5-’ and increases with 
increasing bombarding energy. At 2.2 Bev, the tritium 
production cross section is about 10% of geometric.’ 
In all targets from Al to Au, the excitation functions 
for Be’ production also rise with increasing energy.’~* 
The Be’ cross sections are from 1-10 mb at 2.2 Bev 
for all of these elements.’ The results in Table II show 
that the He® cross sections are comparable to or larger 
than the corresponding Be’ cross sections for Al and 
heavier targets. The ratio H*/He® appears to be 
approximately constant (at ~15) in all cases. 

The major production process for all three isotopes 
from medium to heavy target nuclides is assumed to 
be evaporation from the excited nucleus left following 
the initial high-energy events. Monte Carlo calculations, 
based on the evaporation model and using excitation 
energies from Monte Carlo caiculations of the high- 
energy processes,'’? account for the observed yields 
within the rather wide limits of error of both experiment 
and calculation.'* 

The cross section for Be’ production from carbon is 





" Friedlander, Miller, Metropolis, Bivins, Storm, and Turke- 
vich, Bull. Am. Phys. Soc. Ser. II, 2, 63 (1957). 
18 J. Hudis (private communication). 
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TABLE IT. Cross sections (in millibarns) for He® production 
in high-energy proton bombardments. 








\ Energy 
\ (Bev) 1.0 1.9 2.85 
Target 
G 0.5 ee 0.6 
Al 1.1 1.3 tee 
Cu 2 4 4 
Ag + 7 12 
Pb 10 21 29 





10-12 mb at all energies in the range 0.34-3.0 Bev, 
and it has been suggested that the Be’ is produced as 
a residue of the high-energy process, rather than by 
ejection as an entity.!* The cross sections for production 
of He® from carbon are lower than those for Be’ pro- 
duction by a factor of 20, and also do not change 
radically with bombarding energy. This lower cross 
section is plausible since production of He® as a residue 
of reactions such as C'*(p,p2He*)He® or C!*(p,3pa) He® 
is much less likely than the production of Be’ in a 
reaction such as C!"(p,pan) Be’. 
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The energy spectrum of charged pion secondaries, produced from emulsion nuclei by bombardment 
with 1.5-Bev negative pions, has been measured. The spectrum was observed to be sharply peaked for 
pions of laboratory energies from 100 to 150 Mev. The mean pion energy was 148 Mev, and 75% of the 
pions were in the energy range from 50 to 150 Mev. The observed number of charged pions per star was 0.66. 
Half of the emulsion stars had no meson track, 36% had a single meson, 12% two mesons, and 2% more 
than two mesons. The experimental results have been compared with Monte Carlo nuclear cascade 
calculations, 

INTRODUCTION information can be used to describe the interaction 
of high-energy pions with nucleon complexes, such as 
nuclei. Can one assume, as has been done successfully 
in analyzing interactions of high-energy nucleons with 
nuclei, that individual pion-nucleon processes can be 
followed within nuclei as nuclear cascades? 


OR the most part, investigations of fundamental 
pion-nucleon interactions at high energies have 
now been performed. One might then ask whether this 


* Assisted by the joint program of the U. S. Atomic Energy 


Commission and the Office of Naval Research. 

t Based on a thesis submitted to the Graduate College of the 
University of Illinois in partial fulfillment of requirements for 
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Investigations of moderately high-energy pions (0.5- 
0.75 Bev) with nuclei, however, have shown that there 
are features of the inelastic processes which are difficult 
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interactions. For instance, Blau and co-workers' have 
found that pion inelastic interactions with emulsion 
nuclei are characterized by the apparent disappearance 
of large fractions of the incident energy and by a 
large number of events with no visible secondary 
mesons. 

The present work is involved with an investigation of 
inelastic pion-nucleon events at the higher pion 
energy of 1.5 Bev. At this energy, secondary pion 
production was expected to occur much more frequently 
than below 1 Bev, and with the information concerning 
elementary pion-nucleon interactions at 1.5 Bev which 
had recently become available,** it was hoped that a 
test of the applicability of the nuclear cascade process 
to these events could be made. 


DETAILS OF EXPOSURE 


Strips of 400-4 Ilford GS emulsion were exposed in 
the manner previously described‘ to the 1.5-Bev 2 
beam of the Brookhaven Cosmotron. The momentum 
of the pions, measured by Cool, Madansky, and 
Piccioni® for the same beam, was 1.63 Bev/c, corre- 
sponding to an energy of 1.5 Bev. We have measured 
by multiple scattering the energies of the pions travers- 
ing our emulsions and have obtained a consistent value 
of (1.4+0.2) Bev. For the present investigation, we 
accept the value of 1.5 Bev for the pion energy. 

The average density of pion tracks throughout our 
emulsions was approximately 1.710‘ tracks per cm’. 
The beam tracks were very flat in the emulsion strips 
and several centimeters of track normally remained in 
one strip. The angular spread of the beam was very 
narrow (+1.3°) so that incident pions were readily 
recognizable. The u-meson contamination in the beam 
was only 5%,° and the electron contamination was 
less than 1%. 


DETAILS OF SCANNING 


A total of 2.19 cm® of emulsion was area scanned for 
stars, 716 of which were identified as pion-produced 
and 740 were neutron-produced. For the measured 
pion flux, the apparent mean free path for star produc- 
tion by a 1.5-Bev pion was thus (51+3) cm. 

From the composition of Ilford G5 emulsion, if one 
takes the nuclear radius to be equal to 1.3X10-" A} 
cm, the mean free path assuming the nuclear cross 
section equal to the geometrical cross section would be 


1M. Blau and M. Caulton, Phys. Rev. 96, 150 (1954), M. Blau 
and A. R. Oliver, Phys. Rev. 102, 489 (1956). A summary of the 
literature and general conclusions reached in earlier work with 
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Walker, Crussard, and Koshiba, Phys. Rev. 95, 852 (1954). 

3 Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Wittemore, Phys. Rev. 97, 797 (1955). 

‘Hill, Salant, Widgoff, Osborne, Pevsner, Ritson, Crussard, 
and Walker, Phys. Rev. 101, 1127 (1956). 
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31 cm. If a transparency factor for nuclear matter is 
calculated from the known total cross section for 
1.5-Bev pions, the mean free path of 31 cm is increased 
to 38 cm. By along-the-track scanning Walker and 
Crussard* observed a mean free path of (35+1) cm 
for 1.5-Bev pion interactions in emulsion. 

The disparity between the apparent mean free path 
obtained in area scanning and the mean free path 
obtained by along-the-track scanning is certainly 
attributable to the inefficiency of area scanning. In 
area scanning, the zero-prong stars and the small- 
angle diffraction scatterings by nuclei are almost 
entirely missed. In addition, the efficiency for observing 
stars with only a single gray or black prong is only of 
the order of 50%." 

Unfortunately, information on the abundance of 
zero- and one-prong stars produced by 1.5-Bev pions 
is not available. However, we have estimated our 
scanning inefficiency from the extensive scanning data 
of Blau and Oliver! for a pion energy of 0.75 Bev. At 
this energy the mean free path in emulsion was found 
to be (38+2) cm, which is close to the value of (35+ 1) 
cm found by Walker and Crussard at 1.5 Bev. If we 
allow for the estimated muon contamination at 750 
Mev of 6% and if we assume that all zero-prong 
stars and half of the stars with one prong would have 
been missed, the mean free path that would have been 
observed in area scanning at 750 Mev is (51+3) cm. 
This is precisely the same value that we observe in our 
area scanning at 1.5 Bev. On this basis, then, we may 
assume that our sample of 716 pion stars represents, in 
accordance with Blau and Oliver’s data, 75% of the 
total number of 1.5-Bev pion inelastic events in the 
scanned volume. 


PRELIMINARY STAR CLASSIFICATION 


Of the 716 meson stars found by scanning, a sample 
of 472 was chosen for analysis on the basis of satisfying 
the following requirements: (1) that the star was not 
so close to either of the emulsion surfaces that steeply 
dipping tracks might have escaped detection, (2) that 
the event was produced by a pion within the angular 
divergence of the beam, and (3) that the star was not 
located near the edge of the plate where possible large 
distortion of the emulsion might have affected the 
measurements. 

In the first analysis of the 472 stars, all tracks from 
the stars were grain counted approximately and were 
classified on this basis either as protons or pions. 
Grain densities, g, were made relative to that of the 
1.5-Bev beam pions. The normalized grain density of 
tracks was specified by g*=g/go, i.e., relative to the 
ionization plateau value, go, which was taken to be 3% 
above the 1.5-Bev pion grain density. In this prelim- 
inary classification of outgoing pion and proton tracks 
from stars, a track was adjudged to be a pion if its 
normalized grain density, g*, was less than 1.4, Other- 
wise the track was regarded as a proton. Some gray or 
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black tracks were immediately classified as pions 
because of their relatively large scattering which was 
obvious visually. From the 472 stars selected for 
analysis, 301 tracks were identified as pions and the 
remainder were classified as protons. 

At 1.5-Bev incident pion energy, it is improbable, 
although kinematically possible, that a recoil proton 
in a pion-nucleon collision should acquire sufficient 
energy to be below the ionization plateau. For a nucleon 
Fermi energy of 25 Mev, recoil protons at or below 
the ionization plateau are limited to a forward cone of 
half-angle 27°. We have thus immediately identified 
tracks with g* < 1.0 outside this cone as pions. However, 
to be certain of distinguishing relativistic protons from 
pions, multiple-scattering measurements were made on 
an appreciable sample of the fast tracks. 


SCATTERING ANALYSIS OF TRACKS 


Since most tracks having g*>2 could be visually 
identified as either protons or piors, a sample of 
tracks with g* <2 was selected for scattering analysis. 
Only relatively flat tracks were scattered. Tracks 
having a length of at least 1 mm per emulsion strip 
were selected. The average length of a scattered track 
was 3.5 mm. Of 470 tracks with g* <2, a sample of 
169 tracks was scattered. Of these 169 tracks, 118 
were identified as pions, 49 as protons, one as a deu- 
teron, and one as a K particle. The lone K particle 
escaped from the emulsion stack without interacting 
and after traversing 38 mm. In other experiments’ two 
heavy mesons have been found per 700 meson endings 
for a pion bombardment at 1.5 Bev. Though not 
identical experiments, the finding of one K particle for 
300 w mesons is in agreement with the earlier experi- 
ment. 

Of the 169 tracks scattered, 113 had g* <1.4, and 
of these, the appreciable number of 22 were identified 
as fast protons. Of the same 169 tracks scattered, 56 
had 2.0 > g* > 1.4, and again the appreciable number of 
28 of these were identified as pions. It is clear therefore 
that pions are by no means restricted to grain densities 
less than g*=1.4, i.e., energies greater than 70 Mev. 
It is interesting to note, however, that the use of a 
grain density cutoff of approximately g*=1.4 leads to 
about as many protons being identified as pions, as 
pions are identified as protons. This is a rather impor- 
tant conclusion since it supports the classification of 
tracks which, because of unsuitability for multiple 
scattering, are identified on the basis of grain density 
alone, and it also confirms the value of the cutoff grain 
density which has been used for identifying pions from 
protons in many high-energy cosmic ray studies. 


ANALYSIS OF LOW-ENERGY PIONS 


Since multiple scattering measurements were made 
only on tracks for which the normalized grain density 
was less than 2.0, it is likely that some low-energy pions 
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Fic. 1. Experimental energy spectrum of charged pions from 
stars produced by 1.5-Bev incident pions. The areas under the 
histograms are normalized to the total numbers of events con- 
sidered on the basis of 25-Mev bins. 


of less than 30 Mev (g*>2) were overlooked in the 
preliminary grain-count analysis. In the group of 
472 stars, only 15 pions out of the final total of 309 
were identified on the basis of their obvious visual 
scattering or because they ended in characteristic 
pion interactions such as a o-star or r—y decay. In 
order to estimate the efficiency for detecting low-energy 
pions, a random sample of 30 stars was selected and all 
tracks, including the steep ones, with g*>2.0 were 
identified by tracing through the emulsion stack and 
then measuring scattering versus ionization, scattering 
versus range, ionization versus range, or ionization 
versus distance along each track. For the 30 stars, with 
a total of 160 tracks with ionization greater than 
twice plateau, two additional low-energy pions were 
located. It is thus possible that as many as 30 low-energy 
pions in the group of 472 stars were overlooked. 


ENERGY DISTRIBUTION OF PIONS 


The energy spectrum of charged pions from stars 
produced by 1.5-Bev pions is given in Fig. 1. This 
figure contains two histograms, one for the whole 
group of 309 pions (these exclude the estimated group 
of 30 pions which had energies of less than 30 Mev and 
which may have been overlooked), and another dotted 
histogram of 118 pions, the energies of which were 
determined from combined measurements of grain 
density and multiple scattering. It should be noted that 
the energies of the highest-energy pions (>0.5 Bev) 
were all measured by multiple scattering. The reason 
for this, of course, is that the very high-energy pions 
are all collimated in a narrow forward cone in the 
direction of the incident pion. Since the incident pion 
beam lies very closely in the plane of the emulsion, it 
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Fic. 2. Distribution of visible energy in stars produced 
by 1.5-Bev incident pions. 


follows that the high-energy pions are generally 
suitable for scattering measurements. It should also 
be noted that the two histograms of Fig. 1 follow one 
another closely in the energy region below 0.5 Bev. 
This, we believe, indicates that the group of 118 tracks 
which was selected for multiple-scattering measure- 
ments represents a good sample of all the 309 pion 
tracks identified from grain-count measurements alone. 


RELIABILITY OF ENERGY DETERMINATIONS 


The specifications of energy values in Fig. 1 are 
based mainly on grain-density measurements referred 
to the available grain density versus energy data for 
GS emulsions.® 

Of the 309 observed pion tracks, only 91 have grain 
densities at or below the ionization plateau for which 
the pion energy is 140 Mev. Since there is no ambiguity 
in the energy specification of a pion having g*>1.0, 
we believe that there is little doubt of the correctness 
of the measured energies of at least two-thirds of the 
total number of observed pions. 
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Fic. 3. Angular distribution of the more energetic (> 140 Mev) 
pions from stars produced by 1.5-Bev incident pions. The angle 
a, is the angle, in the laboratory system, of the secondary pion 
to the direction of the incident pion. 


®M. Blau, Phys. Rev. 75, 279 (1949), and unpublished data; 
A. Husain and E. Pickup, Phys. Rev. 98, 136 (1955) and un- 
published data; J. R. Fleming and J. J. Lord, Phys. Rev. 92, 
511 (1954). 


E. CREW AND R. D. HILL 


Ionization measurements for tracks near or below the 
plateau were made by grain or blob counting generally 
to an accuracy of 4% standard error. The ionization for 
these tracks was measured relative to pion beam tracks 
in the same region and at the same level in the emulsion. 
A pion track of grain density equal to the plateau 
value and measured to 4% statistical accuracy would 
have an energy of 140_,0+®° Mev. Because of the slow 
variation of ionization with energy below the plateau 
ionization value, a given standard error in the grain 
density measurement leads to a larger uncertainty of 
the energy of those tracks with g*<1. 

For the 91 tracks having grain densities at or below 
the plateau value, accurate energy specifications could 
be made only if scattering measurements showed on 
which side of the minimum of the ionization-versus- 
energy curve the energy was located. In 39 out of the 
91 cases, statistically acceptable multiple-scattering 
measurements were possible. The minimum in the 
ionization-versus-energy curve for pions occurs at 
approximately 450 Mev, and 26 of the 39 cases scattered 
were identified as being on the lower energy side of 
the minimum. 

The problem of assigning accurate energy values to 
the remaining 52 tracks which had grain densities at 
or below the pleateau value and which were unscatter- 
able was a difficult one. Many of these tracks were so 
steeply dipping that only approximate grain counts 
could be obtained from short track lengths in a number 
of plates. A large number were traced through successive 
emulsions, care being taken to standardize the grain 
density against beam tracks in the same area and at 
various levels in each emulsion. These tracks were also 
more susceptible to systematic errors in determining 
dip angles and eclipsing of grains along the lengths 
of steep tracks. 

Of the 52 unscattered tracks with g* < 1.0, 26 had 
g* 20.99 and their energies were thus below 150 Mev. 
Of the other 26 tracks above 150 Mev, 6 had 0.99> g* 
>0.97 and 20 were measured with g* <0.97. For these 
20 tracks, two assignments of energy were possible, 
viz., to the high- or low-energy side of the ionization- 
versus-energy minimum. Since it is unlikely that the 
steeply dipping pions would have energies as high as 
the forward cone group of 39 which were scattered 
and for which approximately two-thirds had energies 
less than 450 Mev, we have arbitrarily assumed that 


TABLE I. Frequencies of stars containing different numbers 
of meson secondaries. 











Number Number of Percentage of 
Meson per star stars total cases 
7 0 237 50 +3.3 
Ca 1 169 36 +2.8 
© 2 57 12 +1.6 
™ 3 8 1.7+0.6 
© 4 1 0.2+0.2 
K 1 1 0.2+0.2 
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all of the 20 uncertain tracks had energies less than or 
equal to 450 Mev. This assumption, though unsub- 
stantiated, is probably not greatly in error, since only 
of the order of a third of the 20 pions might have had 
energies greater than 450 Mev. 

To sum up, we would point out that the possibility 
of missing 10% of the pions with energies less than 30 
Mev and the difficulty of making accurate energy 
determinations on ~ 20% of the tracks above 150 Mev, 
will not greatly affect the form of the observed spectrum. 
The very marked peak which occurs between 100 and 
150 Mev contains 41% of the pions. Three-fourths of 
all pions are in the energy range 50-150 Mev for which 
the energy determinations are straight forward. 


CHARACTERISTICS OF STARS 


As shown in Table I, 50% of all stars have no visible 
pion secondaries. Distributions of heavy prongs in 
stars cqntaining different numbers of r-meson second- 
aries a ven in Table II. Stars with mesons have, on 
the avetage, fewer heavy-particle prongs and more 
visible energy in the prongs than the mesonless stars. 
The mean number of heavy-particle prongs from 
mesonless "stars is 7.5+-0.2. The mean number of 
nonmeson prongs from stars showing one or more 
charged mesons is 5.6+-0.2. To obtain an estimate of the 
visible energy in stars, every heavy-particle prong was 
assigned an energy corresponding to that for a proton 
of the observed grain density plus a binding energy of 
8 Mev. The energy assigned to a pion was its kinetic 
energy plus 140 Mev. The mean visible energy for 
stars without mesons is (390+30) Mev and for meson 
stars is (660+50) Mev. The energy distributions for 
meson and mesonless stars are given in Fig. 2. The 
distribution for stars without visible mesons is similar 
to that for meson stars except that the distribution is 
shifted by the mean energy difference of 270 Mev. 
This can probably be explained by assuming that 
a x with approximately 130-Mev kinetic energy is 
emitted in a large fraction of these events. 


ANGULAR DISTRIBUTION OF PIONS 


Angular distributions of pions with g* <1 and g* 21 
are shown in Figs. 3 and 4, respectively. Both histo- 
grams show large forward-backward asymmetries with 
respect to laboratory angle, and the asymmetry is 
larger for the higher energy group of pions. It can be 
seen in Fig. 3 that most of the high-energy pions in 


TaBLE II. Distributions of heavy prongs in stars containing 
different numbers of meson secondaries. 
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Fic. 4. Angular distribution of the less energetic (<140 Mev) 
pions from stars produced by 1.5-Bev incident pions. The angle 
a, is the angle, in the laboratory system, of the secondary pion 
to the direction of the incident pion. 


the forward direction were scattered. It is also clear 
from Fig. 4 that the scattered pions represented a good 
sample of all the pions observed. 

For the three angular intervals: 0°-60°, 60°-120°, 
and 120°-180°, the energy distributions of pions are 
shown in Fig. 5. The peak in the energy spectrum 
between 100 and 150 Mev is strikingly reproduced in 
each of the angular intervals. It will also be noticed 
that, with the exception of a small: fraction of the 
highest energy pions in the forward angular interval, the 
energy distribution in all angular intervals is very 
closely the same. This seems to strongly suggest that 
the pions in the 100-150 Mev peak are secondary 
pions, which, since they do not show the influence of 
the forward center-of-mass motion, arise from processes 
largely uncoupled from the initial encounter of the 
incident pion. 
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Fic. 5. Energy distributions of pions, from 1.5-Bev pion stars, 
for three different angular intervals: 0° to 60°, 60° to 120° and 
120° to 180°. Angles are measured in the laboratory system to 
the direction of the incident pion. 
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COMPARISON OF RESULTS WITH OTHER 
EXPERIMENTS AT LOWER PION 
ENERGIES 


The percentage of stars with charged meson second- 

aries is greater at 1.5 Bev than in comparable experi- 
ments on pion-produced stars at lower energies. At 
210 Mev, Morrish’ observed that (27+7)% of stars 
showed a charged pion escaping. At 500 Mev Blau and 
Caulton! observed that (40+6)% of the stars had one 
or more secondary pions, and at 750 Mev Blau and 
Oliver? found approximately the same value, (43+4)%. 
At 1.5 Bev we find that (50+3)% of the stars have one 
or more charged meson secondaries. 
Although our results are certainly in line with the 
other experiments at lower pion energies, it is striking 
that the multiplicity of secondary pions even at 1.5 
Bev is so low. The mean number of charged secondary 
mesons observed per star is 0.66. If we include an 
estimated 30 pions probably missed because of the 
lower efficiency for detecting pions below 30 Mev, 
the mean number of charged pions per star is 0.72++0.05. 
This value is for those stars having at least one black 
or gray prong. A very approximate estimate of the 
multiplicity for all stars may be obtained in the 
following way. In our experiments (Table II), we have 
observed that the multiplicity of the 11 one-prong 
stars is unity. If we assume, as seems a reasonable 
figure, that the multiplicity of zero-prong stars is 
unity and that of the other one-prong stars, which 
were missed, is likewise unity, then the inclusion of the 
25% of stars which were overlooked in scanning 
increases the multiplicity to 0.8. Blau and Oliver found 
at 750-Mev incident pion energy that the mean number 
of secondary pions per star was approximately 0.43. 

In Fig. 6 the low-energy portion of the secondary 
pion spectrum observed below 0.45 Bev in our experi- 
ment is compared with that given by Blau and Caulton.! 
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Fic. 6. Comparison of pion energy spectra from stars produced by 
1.5-Bev incident pions and 0.5-Bev pions. 


7A. H. Morrish, Phil. Mag. 45, 47 (1954); Phys. Rev. 90, 
674 (1953). 
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(Both curves are normalized to the same total number 
of events below 0.45 Bev.) When one considers the 
large change in the incident pion energy from 0.5 Bev 
in the case of Blau and Caulton’s experiment to 1.5 Bev 
in the present experiment, there is a surprisingly little 
difference in the secondary pion spectra, especially in 
the energy region above 0.15 Bev. The average pion 
energy in our experiment at 1.5-Bev incident pion 
energy is 0.15 Bev, and at 0.5-Bev incident pion energy 
Blau and Caulton observed an average pion energy of 
0.11 Bev. There is very strong evidence therefore that, 
in high-energy pion interactions with nuclei, most of 
the incident pion energy is not spent in the production 
of secondary pions. As pointed out in the introduction, 
the evidence from earlier work already strongly 
suggested the “disappearance” of large fractions of 
pion energies in high-energy pion-nucleus interactions. 


TABLE ITI. Results of the Los Alamos cascade calculation. 











1, General features of the calculation 





Number of cascades 452 
Number of transparencies 64 














Number of inelastic events 388 
Transparency 0.14+0.02 
Mean residual excitation energy per cascade (247425) Mev 
Mean number of protons struck per cascade 7.740.1 
Mean number of neutrons struck per cascade 8.9+0.2 
2. Number of particles escaping per cascade 

Mean number 

Particle per cascade 

xt 0.20+0.02 

™ 0.91+0.05 

wr 0.88+0.05 

p 2.52+0.08 

n 4.34+0.11 

3. Frequency of emission of charged pions per cascade 
Number of Number of Percent of 
pions cascades total events 
0 90 23.242.4 
1 177 45.64+3.4 
2 110 28.4+-2.7 
3 11 2.8+0.8 








Concerning the total energies which are apparent 
in pion stars, a similar conclusion relative to the 
disappearance of energy is also reached. In our experi- 
ment with 1.5-Bev incident pions, the mean visible 
energy for stars with secondary mesons is (660+-50) 
Mev, of which the average total meson energy (rest 
energy plus kinetic energy) is 290 Mev. If we assume 
that the average energy taken off by neutrons exceeds 
the average proton energy evolved by 30%, the 
estimated energy per star is 1080 Mev.' Even if it were 
assumed that on the average as many 7”’s were emitted 
as charged pions and with an average energy equal to 
that of the charged pions, there is still an imbalance 
of approximately 270 Mev.§ Similar energy deficiencies 


§ Note added in proof.—However, if a value for the neutron- 
proton emission ratio equal to 4.34/2.52 is taken from the Los 
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in the pion stars produced by lower energy pions were 
observed by Blau and co-workers. Blau and Oliver ned 
observed stars of mean prong number equal to 4, 1S0F i 
whereas for stars of 900-Mev total excitation, as in i40F | 
their experiment, the anticipated number of prongs 130F 
was 9. 120k ---- MANIAC colculotion, 
75% distribution, normalized 
Or Ul 
COMPARISON WITH A MONTE CARLO oan al 
CASCADE CALCULATION —— ay eb dation, aeration 
T - ‘ - 90 to 472 stors (521) 
Nuclear cascade calculations for high-energy pions éoki bs 
incident on nuclei have been performed by Metropolis , + rot 
et al. on the Los Alamos MANIAC computer.’ In this & 
model the particles were assumed to interact with or 
individual nucleons according to the observed cross Ving 3 hy - 
sections for free particles. Production of up to two 7 = 
mesons was considered according to an isotropic model 30}- H 
20} a 2 
150 10 = ie 4 
140 I a a oS Exes. 2.f = 
r 0 @ 02 0304050607 08 09 10 UW w2 13 14 
130; Kinetic energy of pions in lab (BEV) 
120 § —— Experiment 472 stars (309 pions) ° : , : 
: ; Fic. 8. Calculated pion energy spectra after modification for 
0 F- enue AAARAG cateatairan, earmanees experimental scanning efficiencies. The pions are from stars 
oe i to 472 stors (524 pions) produced by 1.5-Bev incident pions. 
90F 
sok articles emitted per cascade were recorded, together 
pe . Pe . 8 
4. 70F-b with the excitation energy of the residual nucleus. 
3 cok | | The evaporation of the residual nucleus was not 
a 8 treated. For comparison with the results of the present 
5 ot ' fun experiment, a calculation was made of 452 cascades of 
g a 7 1.5-Bev negative pions incident on a 4sRu’® nucleus, 
4 i taken as a representative nucleus of AgBr eraulsion. 
ad Se oe a Results of the Los Alamos cascade calculations are 
hr ee shown in Table III. The average number of charged 
ee ELC ra crew pions per cascade is 1.11+0.05, as compared with 
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Fic. 7. Comparison of experimental and calculated pion energy 
spectra from stars produced by 1.5-Bev incident pions. 


in pion-nucleon and nucleon-nucleon collisions. Absorp- 
tion of a pion was assumed té take place on two 
nucleons. The identity, energy, and direction of 


Alamos Monte Carlo calculations (see Table ITT), excellent energy 
balance is obtained. The agreement of the observed and calculated 
proton energy distributions (see Fig. 9) gives support to the use 
of the calculated ratio. The most likely explanation of the energy 
losses in pion stars seems to lie in the abundant emission of 
neutrons. 

§ Bivins, Metropolis, Storm, Turkevich, Miller, and Friedlander, 
Bull. Am. Phys. Soc. Ser. II, 2, 63 (1957); Friedlander, Miller, 
Metropolis, Bivins, and Storm, Bull. Am. Phys. Soc. Ser. II, 2, 
63 (1957); and private communication. See also the following two 
papers: N. Metropolis et al., Phys. Rev. 109, 185, 204 (1958). 

®The Los Alamos calculations for 1.5-Bev incident pions 
should be regarded as preliminary. Although they have been found 
to give good agreement with experiment at 500 Mev,® above this 
energy only two broad energy bins have been used to cover the 
entire region to 1.5 Bev. Furthermore, many of the experimental 
constants, especially in regard to secondary pion production, 
were of a preliminary nature when the program was set up in 
1956. We are indebted to Dr. N. Metropolis, and the group 
working on the Monte Carlo problem, for allowing us to quote 
the results of their cascades at this stage of the work. 


0.72+0.05 obtained in our experiment. A histogram 
of the results of the calculation for the energy distribu- 
tion of charged pions is shown in Fig. 7, compared with 
the experimental distribution, normalized to the same 
number of stars. The calculated pion spectrum exhibits 
two distinct peaks—one at low energy in the interval 
0-50 Mev and a broad maximum at 450 Mev. The 
experimental spectrum has a single maximum|| inter- 
mediate between these peaks. 

As discussed in an earlier section, the employment of 
area scanning makes it likely that a number of small 
stars with zero or one gray or black prong have been 
missed. It is important to determine how the scanning 
inefficiency will disturb the comparison between the 
calculated and experimental distributions. The simplest, 
though not the most logical, way in which this can be 
done is to modify the calculated distribution by a 
scanning efficiency factor. 


|| Note added in proof.—This peak in the region of 150 Mev is 
undoubtedly associated with the decay of the 3, } isobar. This 
process has been discussed in are earlier paper on a Monte Carlo 
calculation of pion production by pions on hydrogen: Crew, Hill, 
and Lavatelli, Phys. Rev. 106, 1051 (1957). See also the analysis 
by Lindenbaum and Sternheimer, Phys. Rev. 106, 1107 (1987). 
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In the calculation, 31 cascades have zero gray or 
black prongs and 66 have but one. These correspond to 
25% of the total inelastic events. These will not all 
correspond to zero and one prong stars, because the 
evaporation of the excited residual nucleus has not 
been treated and additional heavy prongs may be 
expected in some cases. On the average the zero- and 
one-prong cascades have 140-Mev excitation energy. 
According to Le Couteur’s calculations on the evapora- 
tion model,’ we would expect an average of 1.8 addi- 
tional protons per cascade. 

In the experiment it is believed that approximately 
25% of the inelastic events were not found in area 
scanning. If we assume the worst possible case for the 
calculation in which all of the zero- and one-prong 
cascades were missed, then we may compare the 
distribution for the remaining 75% of the stars with the 
experimental results. The modified histogram for this 
energy distribution is shown in Fig. 8, normalized to 
the number of stars experimentally observed, 472. 

It is believed that the efficiency for finding one-prong 
events is approximately 50%. This would reduce the 
number expected to be missed to 16% of the total 
number of cascades. The number of observed zero- and 
one-prong stars will also be reduced considerably by 
taking into account the evaporation prongs. If we 
estimate that cascades with an excitation energy, E*, 
less than 50 Mev emit no protons, and cascades with 
50 Mev<£*<100 Mev emit a single proton, and if 
we allow a 50% scanning efficiency for one-prong 
events, the expected number of zero- and one-prong 
events missed, according to the cascade calculations, 
becomes only 6%. The distribution for 94% over-all 
efficiency is also plotted in Fig. 8, normalized to 472 
stars. 

The histograms of the energy spectrum of pions in 
Figs. 7 and 8 for the cascade calculation are thus only 


0 K. J. Le Couteur, Proc. Phys. Soc. (London) A63, 259 (1950). 
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Fic. 10. Comparison of experimental and calculated angular 
distributions of charged pions from stars produced by 1.5-Bev 
incident pions. Angle a, is the angle, in the laboratory system, of 
the secondary pion to the direction of the incident pion. 


slightly altered from their original form when allowance 
is made for the inefficiency of area scanning. It is true 
that the small stars, with zero or one gray or black 
track, contain a larger fraction of the higher energy 
pions than do the stars comprising the entire group in 
the calculation. This is as expected, since the small 
stars are those in which pions scattered or produced 
in the primary collision make few or no further collisions 
before escaping. However, the scanning inefficiency 
factor is totally inadequate to bring the number of 
0.2- to 0.6-Bev pions in the calculated spectrum into 
line with the experimental spectrum. The mean 
multiplicity of secondary charged mesons is very nearly 
the same in the total and reduced histograms. 

A histogram of the calculated proton energy spectrum 
above 50 Mev is shown in Fig. 9 and this is in agree- 
ment with experiment. The calculated angular distribu- 
tion of charged pions from all cascades is shown in 
Fig. 10. The calculated distribution shows a much 
greater forward peaking than that found experimentally. 
This is consistent with the larger number of high-energy 
pions appearing in the cascade energy spectrum. 
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Monte Carlo Calculations on Intranuclear Cascades. 
I. Low-Energy Studies*t 
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AND 
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Nuclear cascade calculations of the Goldberger type have been performed using the MANIAC electronic 
computer. A three-dimensional relativistic treatment was used. The target nuclei were Al’, Cu™, Ru™, 
Ce, Bi, and U**, Incident protons and neutrons with energies between 82 and 365 Mev have been 
studied, but meson production was neglected in this energy range. Cascades initiated by about 1000 incident 
particles were followed in each case. 

The results have been compared with those of previous calculations of this type, as well as with experi- 
mental photographic-plate data and counter measurements reflecting the cascade stage of high-energy 
nuclear reactions. The agreement with experimental data is usually good. 

Tables and graphs are presented showing the frequency of occurrence of various residual nuclei, and 
data on the residual nuclear excitation energy after the cascade is over. A few comparisons with radio- 
chemical data indicate over-all agreement with the general spallation pattern of copper with 340-Mev 
protons and good agreement with the Ni™(p,#)Cu® reaction over the energy range 100-400 Mev. However, 
the calculated results for the Cu(p,pn)Cu® reaction are low by almost a factor of two, although the 





energy dependence is approximately correct. 


I, INTRODUCTION 


HE mechanism of high-energy nuclear reactions 

of elementary particles with complex nuclei 
proposed by Serber' separates the reaction into two 
stages. In the first, fast stage, the incoming particle 
initiates a cascade inside the nucleus. In this stage the 
interactions are supposed to be with individual nucleons 
in the nucleus. These interactions are governed by the 
same cross sections that are applicable in free space but 
modified by Pauli exclusion effects inside the nucleus. 
In a second, slow stage, the residual excited nucleus 
left after the cascade de-excites by the so-called 
evaporation mechanism.’ 

Calculations implementing the idea of a nuclear 
cascade have been carried out by Goldberger,’ Ber- 
nardini, Booth, and Lindenbaum,‘ Morrison, Muirhead, 
and Rosser,’ McManus, Sharp, and Gellman,® Mead- 
ows,’ Combe,* Rudstam,’ and Ivanova and Pianov.!° 


* This work was supported in part by the U. S. Atomic Energy 
Commission, 

tA preliminary report of this work was presented at the 
January, 1957 New York Meeting of the American Physical 
Society [Bull. Am. Phys. Soc. Ser. II, 2, 63 (1957). 

t Now with the Institute for Computer Research, University of 
Chicago, Chicago, Illinois. 

§ Now with the Midwestern Universities Research Association 
(MURA), Madison, Wisconsin. 

1R. Serber, Phys. Rev. 72, 1114 (1947). 

2\V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 

3M. L. Goldberger, Phys. Rev. 74, 1268 (1948). 

4 Bernardini, Booth, and Lindenbaum, Phys. Rev. 88, 1017 
(1952). 

5 Morrison, Muirhead, and Rosser, Phil. Mag. 44, 1326 (1953). 

®* McManus, Sharp, and Gellman, Phys. Rev. 93, 924A (1954); 
also private communication. 
7]. W. Meadows, Phys. Rev. 98, 744 (1955). 
8 J. Combe, Nuovo cimento 3, $182 (1956). 


They have all been performed by a Monte Carlo 
technique and the results have been found to agree at 
least qualitatively with experimental data on nuclear 
transparencies and the frequency and angular distri- 
bution of emitted fast protons. In addition, Meadows,’ 
Jackson,"! and Rudstam® have used such calculations 
as a starting point for evaporation estimates to explain 
the yields of spallation products observed in radio- 
chemical studies. 

In spite of the crudeness of the model it was felt 
desirable to repeat the previous cascade calculations 
using a modern electronic computer. The object was to 
improve the statistics obtained heretofore, to eliminate 
the approximations made in previous treatments, to 
utilize the more recent data on elementary cross 
sections and their angular distributions, and to extend 
the calculations to higher energies, including, at least 
crudely, meson production, scattering, and reabsorption 
effects. 

Such calculations would make possible more detailed 
comparisons of the same type as have been made 
previously. In addition, having provided a basis for 
evaluating the validity and limitations of the model, 
the calculations would furnish a body of data which 
could be used to make predictions of other quantities. 
A question of special interest to some of the authors is 
whether or not a cascade calculation based on the 
model furnishes a suitable starting point for evaporation 

*G. Rudstam, Ph.D. thesis, University of Uppsala, Uppsala, 
Sweden, 1956 (unpublished). 

#N. S. Ivanova and I. I. Pianov, J. Exptl. Theoret. Phys. 
U.S.S.R. 31, 416 (1956); [translation: Soviet Phys. JETP 4, 367 


(1957) J. 
J. D. Jackson, Can. J. Phys. 35, 21 (1957). 
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Taste I. Nuclear characteristics of target nuclei (on basis of 
ro=1.3X10- cm). (All energies in Mev.) 








Average 





binding Cou- 
energy lomb 
Fermi of Total nuclear energy Cutoff 
areal energies loosest potential at energy> 
Nucleus (b) p m nucleon® ? n surface Tp 
13AP? 0.478 27.8 295 91 369 38.6 48 42.5 
2Cu* 0.850 26.7 30.2 84 35.1 38.6 8.0 44.9 
awRu™ 1.144 26.2 30.7 7.9 341 38.6 105 468 
sce 1432 25.2 31.7 73 32.5 39.0 12.4 48.2 
33Bi™ 1.870 244 32.2 64 308 386 15.5 50.2 
9288 2.039 240 32.7 61 30.1 388 165 50.9 








® The average binding energy of the loosest nucleon was calculated from 
the tables and formula of N. Metropolis and G. Reitwiesner, Los Alamos 
Scientific Laboratory Report NP-1980, 1950 (unpublished). 

b The cutoff energy (Tp) is taken as the average Fermi energy of neutrons 
and protons plus the binding energy of the loosest nucleon plus the Coulomb 
energy for a proton at the surface of the nucleus. 


calculations. The results of these could then be com- 
pared with radiochemical spallation data at high 
energies. 

This paper covers the calculation of nuclear cascades 
in various nuclei initiated by nucleons having kinetic 
energies below 380 Mev. In this energy range, meson 
production has been neglected. A following paper” 
describes the extension of these calculations to nucleon 
energies up to 2 Bev, as well as the application of such 
calculations to pion cascades. 


II. NUCLEAR MODEL AND INPUT INFORMATION 


The nuclear model used here was the same as that 
employed in previous calculations, namely, a degenerate 
Fermi gas of nucleons in a nuclear potential of radius 
roA*. Almost all the calculations were performed using 
ro=1.3X10-" cm; a few were done with ro= 1.4 10-" 
cm for comparison with previous calculations and in 
order to test the sensitivity of the results to this 
parameter. 

The nuclear characteristics of the target nuclei 
studied are given in Table I. For each nucleus (column 
1), there are given the geometrical cross section on the 
basis of o,=rc?Ail(column 2), the Fermi energies, 
Er? and Er", of the protons and neutrons (columns 3 
and 4), the average binding energy of the loosest 
nucleon (column 5), and the resultant total nuclear 
potentials Vr? and Vr" for protons and neutrons 
(columns 6 and 7). The Coulomb energy at the surface 
of the nucleus is given in column 8. The particles (both 
neutrons and protons) were treated as cascade particles 
until their energies inside the nucleus had fallen below 
a value Tp. Tp was taken as approximately equal to 
the kinetic energy a proton would need to overcome 
the Coulomb barrier at the surface of the nucleus. 
This cutoff energy is listed in column 9. 

The elementary cross sections needed for calculations 
covered in this paper are the total p-p and n-p scattering 
cross sections as a function of energy and the differential 


22 Metropolis, Bivins, Storm, Miller, Friedlander, and Turke- 
vich, Phys. Rev. 110, 204 (1958), following paper. 
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cross sections as a function of angle in the energy range 
being considered. The Coulomb contribution to the 
p-p cross sections was neglected and the m-m cross 
sections and angular distributions were taken equal to 
the p-p values. In this energy range only elastic 
processes were considered. The total cross sections were 
calculated from the empirical relations: 


10.63 29.92 
ou™ (— - —+429) mb, (1) 
8 8 
34.10 82.2 
ete nen se —+822) mb, (2) 
& B 


where @ is the velocity of the incoming nucleon in units 
of the velocity of light, o;; is the cross section when the 
incoming and struck nucleons are alike, and o,; is_the 
cross section when they are different. 

These cross sections, presented as a function of 
energy, are given in Figs. 1 and 2. The fit to the experi- 
mental points" in the energy range 25-350 Mev is 
within 6%. 

The angular dependence of the scattering processes 
in the center-of-mass system was represented by 


da/dQ= K(A cos‘8+ B cos*#+1), (3) 


with the constants A and B depending on the type of 
collision (ii or ij) and on the energy. The constants 
were put into the computer in the form of a table 
giving values at eight energies between 0 and 302 Mev 
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Fic. 1. Total elastic proton-proton scattering cross section, in 
millibarns, as a function of proton energy, 7p, in Mev. Comparison 
between analytic expression used in MANIAC calculation (solid 
7 and experimental data (points) from references 13, 14, 
anc . 


18 Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Technical Information Division, Department of 
Commerce, Washington, D. C., 1952). 

“4 W. N. Hess, University of California Radiation Laboratory 
Report, UCRL-4639 (unpublished). 

16 Kruse, Teem, and Ramsay, Phys. Rev. 101, 1079 (1956). 
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in the center-of-mass system. Linear interpolation was 
used. The values for these angular-distribution con- 
stants are given in Table II. 

The functional form of the angular distribution used 
here does not always quite fit the data-*.'* within the 
experimental errors. In such cases the constants were 
chosen so that the same fraction of collisions with a 
stationary nucleon was forbidden as was implied by 
the experimental data. As is seen from Table II, the 
n-p scattering is anisotropic even at the lowest energies. 
The p-p scattering becomes anisotropic only above 
about 200 Mev (c.m.). The main departure from 
isotropy is enhancement of scattering forward and 
backward. In addition, there are slight variations in 
the ratio of forward to backward scattering in the n-p 
case (B,;). 

The calculation in its present form disregards the 
possible existence in the nucleus, and interaction with 
an incoming particle, of aggregates of nucleons. Thus 
it cannot predict the cascade emission of complex units 
such as deuterons, tritons, etc. 


III. COURSE AND MECHANICS OF THE CALCULATION 


The calculation was carried out by a Monte Carlo 
method as were previous calculations of this type. The 
Los Alamos MANIAC" was used for the computations. 
The general course of the calculation was also very 
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Fic. 2. Total elastic neutron-proton scattering cross section, 
in millibarns, as a function of neutron energy, 7,, in Mev. 
Comparison between analytic expression used in MANIAC 
calculation (solid curve) and experimental data (points) from 
references 13 and 14. 


16M. G. Mescheryakov, Proceedings of the Conference of the 
Academy of Sciences of the U. S. S. R. on the Peaceful Uses of 
Atomic Energy, Moscow, July, 1955 (Akademiia Nauk, S. S. S. R. 
Mowcow, 1955), Plenary Session [English translation: Con- 
sultants Bureau, New York: U. S. Atomic Energy Commission 
Report TR-2435, 1956) ]. 

17J. B. Jackson and N. Metropolis, Los Alamos Scientific 
Laboratory Report, LA-1725, 1951 (unpublished). 
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Taste II. Constants of the angular distribution of nucleon- 
nucleon scattering in the center-of-mass system. 


da /d2= K(A cos#+B cos@+1). 














T™ n-n and p-p collisions n-p and p-n collisions 
(Mev) Au Bu Au Bis 
0 0 0 0 0 
43 0 0 2.10 —0.22 
86 0 0 5.80 —0.70 
129 0 0 6.95 —0.56 
173 0.05 0 4.30 —0.10 
216 0.29 0 3.50 +0.20 
259 0.80 0 4.15 +0.50 
302 1.85. 0 5.35 +0.70 








* Energy available in the center-of-mass system. 


similar to previous computations of this type and will 
not be discussed except in the details in which it differs 
from them. A block diagram of the course of the 
computation is given in Fig. 3. 

In contrast to most previous calculations, a complete 
three-dimensional treatment was used throughout. The 
kinematics of each collision was calculated relativisti- 
cally. The angles and cosines were selected from 
appropriate distributions and expressed with greater 
than five decimal digit accuracy. The mass difference 
between neutron and proton was neglected, but other- 
wise the accuracy of the energy calculations was of the 
order of 0.3 Mev., 

The distance of travel of a nucleon was determined 
from its mean free path. This was calculated from the 
nuclear composition at the particular stage of the 
cascade (number of nucleons left in the nucleus), and 
from the total cross sections, modified appropriately to 
take into account the slightly increased probability of 
collisions due to the internal motion of the nucleons of 
the nucleus when the total cross section has the form 
of Eqs. (1) and (2). This arises because the probability 
of collisions with various nucleons in the nucleus de- 
pends on the product, »,Xo(v,), where 2, is the relative 
velocity of the incoming particle with respect to a 
given nucleon, and o(v,) is the cross section at that 
relative velocity. As a result of this, the selection of the 
momentum, 7, of the struck nucleon is insignificantly 
different from a random selection out of an 7? distri- 
bution. However, the direction of motion of the struck 
nucleon relative to the incident one must be chosen out 
of a slightly anisotropic distribution, tending to favor 
overtaking collisions at low energies. A particular 
distance of travel, d, is obtained from the expression 


d=—) Iné, 


where \ is the mean free path and ¢ is a uniformly 
distributed random number in the interval 0 to 1. 
These random numbers were generated by squaring a 
38-bit (binary digit) number and extracting the middle 
38 bits of the 76-bit product.'* The determination of 


18. Cook-Leurgans and N. Metropolis (to be published). 
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2. Distance of travel chosen on basis of total cross 4b. A new stored particle is 
sections and nuclear composition, i.e. position of selected (see 7). If no stored 
collision established. particles are left, a new 

cascade is started with a fresh 
ineident particle (box 1). 
A |3. Position of collision examined to see if it is inside 4a. If outside the nucleus, the 
the nucleus or not. nucleon has “escaped”. Energy 
and direction of motion of 
{ escaping nucleon are noted. 
4. If inside, the partner is chosen: 
a). Nor P; 
b). its energy; 
c). its direction of motion (u,g). 

5. Collision mechanics are carried out relativistically 
choosing an appropriate angle, 6, for the collision 
and calculating out energies and directions of motion 

A of resulting particles in the laboratory system. 

6. “Forbiddenness" of collision is examined, i.e. whethen 7a. If the collision is "forbidden" 
either of the resulting particles have energies less a@ new distance of travel is 
than the corresponding Fermi energy. calculated (from point of 

fortidden collision) for the 
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cascade particle (box 2). 














If "allowed", one particle is stored for later 
treatment and the other is followed. 


| 














Fic. 3. Block diagram of the course of the Monte Carlo calculation 
of nuclear cascades performed on the MANIAC. 


the distance of travel in this way is typical of the 
Monte Carlo method used throughout the present’ work. 

To perform the calculation with the required detail, 
the entire fast memory of the MANIAC (1024 forty-bit 
words) was utilized. An auxiliary magnetic memory 
system was used for the storage of data on intermediate 
cascade particles. Final results from each cascade were 
recorded permanently on magnetic tape. A typical 
cascade in this energy region took about five seconds. 
The standard treatment of one case (a fixed incident 
energy particle of a particular type on a given nucleus) 
involved about one-thousand incident particles. 

About 35 cases were treated in these low-energy 
studies. They were chosen to give a moderately good 
coverage over the complex nuclei of the periodic table 
and the energy range 75 to 375 Mev. Somewhat fewer 
cases were run with incident neutrons than with incident 
protons. The target nuclei studied were Al*’, Cu®, Ru! 
(close to the average of the heavy nuclei in photographic 
emulsion), Ce, Bi?®, and U**. The incident energies 
were taken close to 82 Mev, 156 Mev, 236 Mev, 286 
Mev, and 365 Mev. The entries in Table V indicate 
the specific cases studied. 

Representations of typical nuclear cascades worked 
out by the Monte Carlo method have been presented 
previously*:** and so are not shown here. The calcu- 
lation consists of working out the details of many such 
cascades and then statistically analyzing the results. _ 

As input data for this secondary analysis the com- 
puter stored on a magnetic tape, for each incident 
particle treated, the following information : 


1. The type (m or p), energies, and angles of emer- 
gence (relative to the incident particle direction and 
relative to a fixed perpendicular axis) of all escaping 
particles. 

2. The number, type, and energies of the nucleons 
struck during the cascade. 

3. The excitation energy of the residual nucleus. 


The above information has, in general, been printed 
out for only a fraction of the cascades, but has instead 
been analyzed statistically in various ways by the 
computer. Some of the results are presented in this 
paper. Others are available at Chicago, Brookhaven, 
and Los Alamos. 


IV. COMPARISON WITH PREVIOUS CALCULATIONS 


In comparing the results of this calculation with 
previous work of this type, one must bear in mind (a) 
the increased statistical accuracy of the present calcu- 
lations, (b) the more rigorous treatment followed here, 
and (c) the different values of the input parameters 
(primarily the nuclear radius and cutoff energy) used 
in the different calculations. 

With these considerations in mind we find that the 
number and energy distribution of the fast cascade 
particles (e.g., >30 Mev) are given equally well 
(within statistics) by the different calculations. The 
angular distributions are hard to compare because of 
the geometrical approximations assumed in most 
previous calculations. Finally the average excitation 
energy and the yield of different cascade products 
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depend rather sensitively on the nuclear radius used 
and the cutoff energy. The total inelastic cross section 
is a less sensitive function of these parameters. 

As an example of these generalizations we find that 
the average number of cascade nucleons is as much as 
50% lower than that given by McManus, Sharp, and 
Gellman® who used: 1.4X10-"A* cm for the nuclear 
radius, but the excitation energies are 30 to 40% higher. 
The total inelastic cress sections deduced in this paper 
(see below) are at most 10% lower than those found 
by McManus and co-workers. The distribution in 
excitation energies found by these authors is qualita- 
tively the same as we deduce, except for a smaller 
tendency in their work to predict “quasi-compound 
nucleus formation” (see Sec. IX). 

Similar remarks apply to the calculation of Meadows’ 
who used parameters and approximations of the same 
type as Bernardini, Booth, and Lindenbaum,‘ and 
McManus ¢f al.* In particular, Fig. 4, illustrating the 
relative frequency of different product nuclei when a 
medium-weight nucleus (A~64—75) is bombarded 
with ~100-Mev and 170-Mev protons, shows the 
predictions of different calculations. Although the 
trends are similar, the predicted yields of specific 
products differ by more than an order of magnitude. In 
general, the calculations of Rudstam, who used a 
radius of 1.2X10-“A! cm agree somewhat better in 
detail with the present results than do those performed 
on the basis of a radius of 1.4X10-"A# cm. A striking 
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Fic. 4. Relative frequency of prominent cascade products as 
given by different Monte Carlo calculations. The MANIAC 
results are interpolated from curves in Fig. 13(a); Meadows’ 
results are from reference 7 ; Rudstam’s results are from reference 9. 
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TABLE III. Comparison of photographic-plate data 

with MANIAC results. 
(a) ~~360-Mev incident protons 
Energy T >30 Mev T >100 Mev 
No. of prongs BBL* MANIAC BBL* MANIAC 
0 0.35 +0.03 0.27240,019 0.57 +0.04 0.460+0.024 
1 0.54 +0.04 0.52040.026 040 +004 0.486+0.025 
2 0.09 +0.02 0,19440.016 0.02540.010 6,053 +0,008 
3 0.017 +0.007 0,016+0.005 





100 Mev >T >30 Mev 

















Average No. | 0.35 +0.04 0.361+0,022 | 0.42 +0.04 0.593+0.028 
of prongs 
(b) ~300-Mev incident protons 
Energy 90 Mev >T >30 Mev T >90 Mev 

No. of prongs Friedman> MANIAC Friedman> MANIAC 
0 0.59 40.13 0.67 +0.03 0.54 +0.03 0.54 +0.03 
1 0.34 +0.09 0.28 +0.02 0.42 +0.03 0.44 +0.02 
2 0.07 +0.04 0.05 +0.01 0.034+0.010 0,023 +0.005 
3 0.003 0.003 0.005 0 

Average No. 0.49 +013 0.41 +0.02 0.50 +0.04 0.48 +0.03 


of prongs 








* Data of Bernardini, Booth, and Lindenbaum, reference 20, 
» Data of J. Friedman, reference 21. 


difference, not apparent from Fig. 4, is the relative 
improbability of cascade neutron emission predicted 
by Rudstam. Our calculation indicates approximately 
unity for the ratio of formation of (P,N) to (P,P’) and 
of (P,2N) to (P,2P) cascade products,” whereas 
Rudstam obtains significantly smaller values for these 
ratios at 103 and 170 Mev. 


V. COMPARISON WITH PHOTOGRAPHIC-PLATE DATA 


A traditional way of checking the results of cascade 
calculations has been by comparison with photographic- 
plate data. Such comparisons are complicated by effects 
arising in the light nuclei of the emulsion and by 
varying plate sensitivities and criteria of scanning. 
The most direct comparison is with the fast (greater 
than about 30 Mev) protons since these are thought 
to arise as a direct consequence of the nuclear cascade. 

Table III presents a comparison of this type. In the 
first part, the experimental results of Bernardini, Booth, 
and Lindenbaum” for proton energies between 350 and 
400 Mev are compared with a MANIAC run of 364- 
Mev protons on Ru. In the second part, a comparison 
is made between a MANIAC run of 286-Mev protons 
on Ru'® and data obtained by Friedman” on GS 
emulsion exposed to 310+5 Mev protons from the 
University of Chicago synchrocyclotron. In this work 


19 In this paper, over-all cascade reactions will be designated 
by capitals, e.g., (P,P) ; over-all nuclear reactions (i.e., including 
the evaporation stage) by lower case letters, e.g., Cu®(p,pn)Cu®. 
The symbol IU will be used to denote a nucleon (either a proton 
or a neutron) participating in a cascade. 

*” Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 
(1952). 

21 J. Friedman, Enrico Fermi Institute for Nuclear Studies, 
University of Chicago (private communication, May, 1956). 
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Fic. 5. Angular distri- 
bution of fast protons from 
the ~365-Mev proton bom- 
bardment of heavy nuclei. 
Comparison of the data of 
Bernardini, Booth, and Lin- 
denbaum” with MANIAC 
calculations. Ordinate : frac- 
tion of protons at a given 
angle; abscissa: angle of 
prong projection relative to 
»eam direction. 
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682 stars were found by track scanning and 2800 stars 
with at least one light prong were found by area 
scanning. 

Table III compares the prong distribution as well as 
average prong number for protons having energies 
between 30 and ~95 Mev, and for those with energies 
greater than ~95 Mev. It is seen that the agreement 
is moderately good in the case of the comparison with 
Bernardini ef al. [Table III(a) ] and very good in the 
case of the comparison with the data of Friedman 
[ Table III(b) ]. 

Figures 5 and 6 present the angular distribution of 
the fast prongs observed in photographic plates in 
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Fic. 6. Angular distribution of very fast (>90 Mev) protons 
from the ~300-Mev proton bombardment of heavy nuclei. 
Comparison of the data of Friedman* with MANIAC calcula- 
tions. Ordinate: fraction of protons at a given angle; abscissa: 
cosine of angle relative to incident beam direction. 


comparison with that predicted by the MANIAC 
calculations. It is seen that for both sparse black prongs 
(~95 Mev>T230 Mev) and grey prongs (7>~95 
Mev) the agreement is very good. Figure 5 uses the 
data of Bernardini, Booch, and Lindenbaum” who, 
however, reported only projected angles; Fig. 6 com- 
pares Friedman’s data* on protons of energy greater 
than 90 Mev with the results of the calculations. 

A detailed kinetic-energy distribution for the fast 
protons is not easy to deduce from photographic-plate 
data. The MANIAC data, however, are in adequate 
agreement with the sparse data given by Bernardini, 
Booth, and Lindenbaum.” Figure 7 shows a comparison 
between the fast-proton energy distribution measured 
by Combe” and arising from the interaction of 340-Mev 
protons with the heavy nuclei of photographic emulsion 
and the Monte Carlo results from the study of 366-Mev 
protons on Ru. It is seen that between 100 Mev and 
300 Mev the energy distribution calculated agrees well 
with that observed. The low values found by Combe 
for the number of protons below 100 Mev are unreason- 
able; the slight disagreement at the highest energies 
may well be due, as Combe suggests, to lack of experi- 
mental detection efficiency for such particles. 

A different type of photographic-plate data is avail- 
able from the work of Bailey,“ who measured the 
energy spectrum of the charged particles produced at 
various angles in the 190-Mev proton bombardment of 
Al, Ni, Ag, and Au foils. We have chosen to compare 
our calculations with the results of Bailey for 30- to 


2 J. Combe, J. phys. radium 16, 445 (1955). 
% FE. Bailey, University of California Radiation Laboratory 
Report, UCRL-3334, March 1, 1956 (unpublished). 
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60-Mev protons emitted at 46° to 65° and 102° to 117° 
relative to the incident proton beam. The energy range 
has been selected to test that part of the spectrum due 
to the cascade; at still higher energies Bailey’s experi- 
ment may not have detected all protons. The results 
of the comparison are presented in Table IV. It is seen 
that in the forward direction (46° to 65°) the agreement 
is very good for all four target nuclei. In the backward 
direction (102° to 117°) the MANIAC results tend to 
be a factor of two lower than the experimental values 
(except for Au). In view of the large statistical errors 
and the strong variation in proton yield with energy of 
the secondary protons in this angular region, the 
disagreement here is not felt to be serious. 


VI. COMPARISON WITH COUNTER DATA 


A much more rigid test of these calculations is a 
comparison with counter measurements of energetic 
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Fic. 7. Kinetic energy distribution of cascade protons from the 
proton bombardment of heavy nuclei. Dashed line: 340-Mev 


protons on heavy nuclei in photographic emulsion (Combe*) 
solid line: 366-Mev protons on Ru’ (MANIAC calculation). 


particles produced in the high-energy bombardment of 
complex nuclei. Here the calculation usually has much 
poorer statistical accuracy than the measurement. On 
the other hand the measurements often suffer from 
poorer resolution than can be established by the 
calculations. Some typical comparisons are presented. 
The energy distribution of the protons emitted at 
~15°, 25°, and 45° when copper is bombarded with 
~90-Mev neutrons is represented well by the calcu- 
lations. Figure 8 shows the data of Hadley and York™ 
compared with the results of the MANIAC calcu- 
lations. It is seen that both the absolute values of the 
cross sections and the variation with energy above 20 


* J. Hadley and H. York, Phys. Rev. 80, 345 (1950). 


Taste IV. Comparison of MANIAC results with experimental 
data of Bailey* for 30-60 Mev protons emitted in the 190-Mev 
proton bombardment of complex nuclei. 





© (mb/sterad) 102°-117° 


de / ° ° 
a (mb/sterad) 46°-65 7a 





Target Bailey MANIAC» Bailey MANIAC» 
Al 18+3 16+2 2.9+0.4 1.5+0.8 
Ni 2844 24+3 5.1+0.9 2.1+0.8 
Ag 3344 36+4 7.841.2 3.8+1.3 
Au 48+6 4347 4.9+1.0 6.7+3.8 








® The results of Bailey are from reference 23. 
b The MANIAC results quoted here were interpolated between those 
obtained for energies and target nuclei actually investigated. 


Mev at the three angles agree within the statistical 
errors. 

Recently experiments on the inelastically scattered 
protons arising from the interaction of 96-Mev protons 
with various complex nuclei have been reported by 
Strauch and Titus.** They measured the differential 
cross section as a function of energy between 40 and 
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Fic. 8. Kinetic energy distribution of protons emitted at 
several angles in the interaction of ~90-Mev neutrons with 
copper. Points: Data of Hadley and York™ (90-Mev neutrons) ; 
shaded rectangles: MANIAC calculations (83-Mev neutrons). 


26K, Strauch and F. Titus, Phys. Rev. 104, 191 (1956). 
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Fic. 9. Comparison of calculated inelastic scattering of 96-Mev 
protons at ~40° with experimental data of Strauch and Titus.** 
Ordinate: d’0/dQdE (mb/sterad Mev); abscissa: secondary 
proton energies (Mev); curve: experimental data of Strauch and 
Titus; shaded area: MANIAC calculation (0.7 <cos@ <0.8). 


90 Mev at an angle of about 40° relative to the incident 
beam. Their results can be compared rather directly 
with the results of the MANIAC calculations with 
incident protons. Since the energy studied in the 
calculation closest to that of Strauch and Titus was 
82 Mev, a slight interpolation was used to convert the 
results to 96-Mev incident protons. The comparison 
is made in Fig. 9. In this figure the solid curves are those 
of Strauch and Titus” (the peaks at the highest energy 
represent the elastically scattered protons). The shaded 
areas are the results of the MANIAC calculations. 
Because of the poor statistics these have been combined 
into two energy regions, 30 to 60 Mev and >60 Mev. 
The figure indicates moderately good agreement in 
both absolute values and energy trends. The calculated 
absolute values tend to be a little lower than the 
experimental ones. 

Less satisfactory is the comparison with the results 
of Miller, Sewell, and Wright” on the angular distri- 
bution, between 0° and 70°, of fast neutrons resulting 
from the bombardment of various elements with 330- 
Mev protons. These authors used C!*(,2n)C" detectors 
and found an angular distribution essentially inde- 
pendent of target nucleus between Al and U. Figure 10 
shows a comparison of their results (solid curve) with 
the predictions for the angular distribution of neutrons 
with kinetic energy greater than 20 Mev from the 
MANIAC run for 366-Mev protons on Ru (shaded 
areas). It is seen that the calculation predicts an even 
broader angular distribution than the experimental 
results, with probably a maximum at 15° to 30° rather 
than at 0°. There are two effects which have not been 
taken into account in the comparison: one, the unknown 
energy dependence of the C!*(m,2n)C" cross section, 
and two, possible neutron multiplication effects. In 


26 Miller, Sewell, and Wright, Phys. Rev. 81, 374 (1951). 
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spite of this, however, the experimental data at present 
must be considered at variance with the predictions 
from the calculation. 


VII. CALCULATED INELASTIC CROSS SECTIONS AND 
TRANSPARENCIES 


It is not to be expected that calculations based on 
the simple nuclear model used here would reproduce 
experimental total inelastic cross sections as a function 
of energy and mass number in complete detail. The 
value of ro>=1.3X10-" cm was chosen to give an 
approximate fit to the observed value of the star 
production cross section for 305-Mev protons incident 
on AgBr in emulsions. The resultant MANIAC cross 
sections for neutrons and protons of various energies 
on various elements compare as follows with published 
data. 

Figure 11 shows a comparison between the experi- 
mentally determined values of inelastic cross sections 
for high-energy protons and the values predicted by 
the MANIAC calculation on the basis of ro= 1.3 10-" 
cm. The curves give the predicted values as a function 
of energy for the elements studied. The experimental 
points are from the measurements and compilation of 
Millburn, Birnbaum, Crandall, and Schecter®’ with 
their assignment of ~ 10% errors. It is seen that there 
is gross agreement, although the predicted aluminum 
results tend to be low whereas the ones for Bi seem to 
be high. Also, if one can trust comparisons between 
the experimental results of different workers on this 
subject, the data indicate more of a decrease in cross 
section with increasing energy than the calculations 
predict. 

The experimental data on total inelastic cross sections 
for neutrons would appear to be more uncertain than 


Y, 





Angle (Degrees) 


Fic. 10. Angular distribution of fast neutrons from proton 
bombardments of heavy nuclei. (Ordinates arbitrary.) Histogram: 
Neutrons with energy greater than 20 Mev as calculated in a 
MANIAC run of 366-Mev protons+Ru™; curve: C#(n,2n)C™ 
activation from 330-Mev protons on many heavy elements 
(Miller, Sewell, and Wright**). 


27 Millburn, Birnbaum, Crandall, and Schecter, Phys. Rev. 
95, 1268 (1954). 
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TaBLe V. Calculated transparencies for complex nuclei at various bombarding energies. 











Target nucleus and 





ical 
pet 82 Mev 155 Mev 235 Mev 286 Mev 364 Mev 
Incident protons 
Al-478 0.263+0.015 0.275+0.018 
Cu-850 0.176+0.010 0.183+0.009 0.206+0.015 0.202+0.015 0.198-+0.015 
Ru-1144 0.106+-0.009 0.165+0.012 0.154+0.013 0.156+0.013 0.147+0.013 
0.160+0.013* 
Ce-1432 0.091+0.009 0.124+0.011 0.114+0.011 
Bi-1870 0.064+0.008 0.105+0.008 
U-2039 0.058+0.007 0.074+0.007 0.084+0.009 
: Incident neutrons 
Al-478 0.25740.015 0.312+0.020 
Cu-850 0.174+0.012 0.238+0.015 0.244+0.016 0.225+0.016 
Ru-1144 0.138+0.011 0.188+0.015 
Ce-1432 
Bi-1870 
U-2039 0.096+.0.009 


0.146+0.012 














* Double entries indicate separate runs of ~1000 incident particles each. 


those for protons. Using the compilation and analysis 
of Millburn, Birnbaum, Crandall, and Schecter,” we 
find that the predictions of the present calculations are 
10 to 30% lower than the experimental data at around 
90 Mev. In the region of 270 to 300 Mev, the predictions 
for copper and lead are within the spread of the experi- 
mental results. The one experimental value for alumi- 
num in this energy region is 20% higher than that 
predicted. 

The transparency of a nucleus is defined as the 
difference from unity of the ratio of the experimental 
inelastic cross section to the geometrical cross section. 
This latter depends, of course, on the nuclear radius 
assumed. The existence of an appreciable transparency 
was historically one of the first indications of the 
applicability of the present model of high-energy nuclear 
reactions. In the present calculation, the transparency 
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Fic. 11. Comparison of calculated inelastic proton-nucleus 
cross sections with experimental values. (Experimental points 
taken from compilation of Millburn, Birnbaum, Crandall, 
Schecter.?’) 


and. 


of a nucleus is determined by the fraction of incident 
particles that go through a nucleus without interacting. 
The values that we calculate, using our standard radius 
parameter of ro= 1.3 10~-" cm, are presented in Table 
V. A radius parameter of 1.4X10-" cm gives trans- 
parency values for Ru” 0.03 to 0.05 higher than those 
with the smaller radius parameter. 

The results indicate transparencies varying from 
about 27% for aluminum down to 5 to 10% for uranium. 
The trausparencies tend to be higher for incident 
neutrons than for protons, especially for the heavier 
nuclei. This is reasonable because in this energy range 
the n-p cross section is 1.5 to 2.5 times higher than the 
p-p or n-n cross section and of course the n/p ratio 
increases in the heavier nuclei. 

The transparencies are rather insensitive to the 
incident energy in the region from 155 to 364 Mev. 
This presumably arises from two compensating effects: 
the importance of the Pauli principle in excluding 
collisions is less at higher energies and this tends to 
decrease the mean free path of the incoming nucleon. 
On the other hand, the total elementary cross sections 
decrease with increasing energy, this effect tending to 
increase the mean free path. If the average effective 
nucleon-nucleon cross section, inside the nucleus, cers, 
is given by the Goldberger formula’: 


7 Er 
var=o{ 1- -— }, 
5 E, 


where Ey=Fermi energy, and £,=incident particle 
energy inside the nucleus, and o,= free nucleon-nucleon 
cross section, then (¢n_»)er: drops only from 38 to 31 
mb in going from 82-Mev incident protons to 286-Mev 
protons. (op_p)ert is constant at 19+1 mb. This con- 
clusion would be only slightly modified for a larger 
nuclear radius. If we had chosen 1.40 10~-" cm for ro, 
the variation in ot, would be only slightly greater 
[42.5 to 32 mb for (on—»)ert in the energy range 82 to 
286 Mev ]. 
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Fic. 12. Calculated average number of (a) cascade nucleons, 
(b) cascade protons, and (c) cascade neutrons per nuclear inter- 
action as a function of the target nucleus in proton bombard- 
ments at various bombarding energies. 


It appears from the MANIAC calculations that this 
predicted insensitivity of the transparency to incident 
energy is not seriously affected by the asymmetry of 
the n-p scattering. 


VIII. NUMBERS AND TYPES OF CASCADE PARTICLES: 
THE NATURE OF THE RESIDUAL NUCLEI 


The variation in the average number of escaping 
cascade particles, in the number of escaping cascade 
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protons, and in the number of escaping cascade neutrons 
as a function of target nucleus and energy of the 
bombarding protons, is presented in Figs. 12(a), 12(b), 
and 12(c). The average number of escaping cascade 
particles varies from about 0.65 for uranium at 82 
Mev to almost 3 (indicated for aluminum at the highest 
energy —364 Mev). The general variation is not sur- 
prising—a decrease with increasing atomic weight and 
an increase with increasing energy. The increase with 
energy is slightly less than linear for uranium and closer 
to a square root dependence for copper. The total 
number of escaping cascade particles is very closely 
the same when neutrons are used as bombarding 
particles. 

The neutron to proton ratios of the outgoing cascade 
particles are presented in Table VI. There is a striking 
increase in this ratio as the mass of the nucleus is 
increased, particularly at low energies. For example, 
82-Mev protons on aluminum give rise to a ratio of 
0.8 whereas the same energy protons on uranium give a 
corresponding ratio of greater than 2. A similar rise is 
observed for incident neutrons. The same effect was 
observed by McManus, Sharp, and Gellman*® who 
calculated an N/P ratio of 2.6 and 4.3 for incident 
protons and neutrons, respectively, on uranium at 90 
Mev. 

The large cascade neutron emission from heavy 
nuclei is considered to arise from two sources: In the 
first place the -p scattering cross section in this energy 
region is much higher than the p-p and n-n cross 
sections. This means that neutron mean free paths in 
heavy nuclei (with their neutron excess) will be larger 
than proton mean free paths. In the second place the 
following details of our model also enhance neutron 
emission: The cutoff energy (the energy below which 
particles are not followed) has been chosen the same 
for both neutrons and protons. Because of the different 
numbers of the two types of particles, the neutron 
Fermi energy is a larger fraction of this cutoff energy 
than is the proton Fermi energy. Thus neutrons of just 
above the cutoff will have enhanced mean free paths as 
compared with protons of the same energy, and so will 
escape more frequently. It is interesting that these 


TABLE VI. Calculated neutron/proton ratio of 
emerging cascade particles. 








Bombarding 
energy 
(Mev) Al Cu Ru Ce Bi U 
Incident protons 
82 0.82 1.06,1.00" 1.19 a7 06 itt: 3 
156 0.94 1.14 
236 «=6(0.74—s «0.96 1.06, 1.13" 1.41 1.62 
286 0.98 1.12 1.60 
364 0.99 1.32 
Incident neutrons 
82 1.82 2.43 4.15 
156 1.93 
236 172. fai 2.23 3.28 
286 2.04 








* Double entries indicate separate runs of ~1000 incident particles each. 
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mechanisms provide additional reasons (besides the 
intrinsic neutron excess and the Coulomb barrier) for 
high neutron emission from heavy elements. 

The distribution in numbers of cascade particles 
represents the relative frequency of different changes in 
mass number of the target nucleus as a result of the 
cascade part of the high-energy nuclear interaction. In 
Fig. 13 are presented data on copper, ruthenium, and 
uranium indicating the fraction of the inelastic events 
giving rise to a given mass number at the end of the 
cascade as a function of incident proton energy. The 
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Fic. 13. Calculated yields of a given mass number, Ag, as a 
result of proton-initiated nuclear cascades. (a) Cu®; (b) Ru™; 
(c) U*’, Ordinate: fraction of total inelastic cross section; ab- 
scissa : proton bombarding energy in Mev. 
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TABLE VII. Calculated average excitation energies (Mev). 





Bombarding 
energy 
(Mev) Al Cu Ru Ce Bi U 
Incident protons 2 
82 36.9 46.9,45.9% 53.9 58.3 62.3 63.6 
156 54.5, 57.9% 66.5 87.0 
236 «42.2 60.8 72.5, 70.8" 85.3 101.1 
286 64.5 76.0 104.1 
364 64.5 99.6 
Incident neutrons 
eo 242 4) 50.2 59.0 
156 51.8 
236 «642.2 57.8 71.6 98.8 
286 61.3 


* Double entries indicate separate runs of ~1000 incident particles each. 


curves for AA =1 for the different target elements give 
the fraction of the cascades leading to compound 
nucleus formation. For all targets, this fraction de- 
creases with increasing energy and increases with 
atomic weight. For 100-Mev incident protons, such 
compound nucleus formation represents some 30% of 
all inelastic interactions with uranium, but only 6% 
of all inelastic interactions with copper. 

One-particle cascades (AA=0) are the dominant 
mode of interaction in the energy region around 90 
Mev; their abundance falls off gradually but continu- 
ally up to the highest energies studied here. 

Aside from this decreasing incidence of zero-particle 
and one-particle cascades as the energy is raised, the 
main impression from the graphs of Fig. 13 is that the 
relative abundance of each of the other important types 
of cascades (two, three, or four particles out) tends 
toward a constant value as the energy approaches 
meson production thresholds. This is best illustrated 
by the graph for copper, for which cascades were run 
with 364-Mev incident protons. 


IX. EXCITATION ENERGY OF RESIDUAL NUCLEI 


The energy of excitation of a residual nucleus at the 
end of a cascade, E*, is the sum of the excitations due 
to “holes” in the degenerate nucleon gas and due to 
excited nucleons. This is equivalent to calculating it 
via the formula 


E*=TP—S T— (m—1)B, 


i=() 


where 7, is the energy of the incoming particle (in 
the lab system), 7° is the energy of an outgoing 
cascade particle (in the lab system), m is the number 
of outgoing particles, and B is the average binding 
energy of the m outgoing nucleons. 

The excitation energy will in general depend upon 
the type of cascade. For example, for a cascade with 
no emerging particles the excitation energy must be a 
maximum and equal to the incident particle energy 
plus its binding energy. The average excitation energy 
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Fic. 14. Calculated average excitation energy (Z*) in various 
target nuclei as a function of proton bombarding energy, 7'p. 


over all inelastic events as a function of incident energy 
and target nucleus for incoming protons and neutrons 


I I ] 
Aluminum 
— 83 Mev 
—— 238Mev 





on 


0.20 F—- 


0.10 

















~ 


“hae 
a 


a 


Ruthenium 
83 Mev 
--- 157 Mev 
234) 
288 
366 


Mev 








METROPOLIS ET AL. 


is given in Table VII. The data for bombarding protons 
are presented graphically in Fig. 14. The table and 
figure show that incoming particles with greater than 
100-Mev kinetic energy leave on the average only a 
fraction of their kinetic energy as excitation energy in 
the residual nucleus. This fraction is a little more than 
three-quarters for heavy nuclei at low energies (e.g., 
uranium at 82 Mev) but is barely more than one-tenth 
for the light nuclei at the highest energies (e.g., extrapo- 
lated value for Al at 364 Mev). Qualitatively this is in 
agreement with the original predictions of Serber' and 
the results of previous cascade calculations.~” As 
pointed out by McManus, Sharp, and Gellman,® the 
average excitation energy increases only slowly with 
bombarding energy—increasing less than a factor of 
two for an increase of a factor of five in bombarding 
energy. As is to be expected, energy deposition is 
greater in the larger nuclei. Energy deposition by 
neutrons is very close to that by protons. 

The absolute values of the excitation energies in this 
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TaBLE VIII. Comparison of calculated excitation energies for 
190-Mev incident protons with experimental values.* 








Element Gross MANIAC» 
Al 50+8 42 
Ni 5749 tee 
Cu tee 59 
Ru tee 69 
Ag 69412 eee 
Au 83417 oes 
Bi see 90 
U 88+17 94 








® The experimental data are those of Gross, reference 28. 
+ The MANIAC values are interpolated from data in Fig. 14. 


study are somewhat higher than predicted by most 
previous Monte Carlo calculations. This is in part a 
result of the smaller radii used here as compared to the 
ones used by most earlier workers. In addition our 
cascades have been stopped at somewhat higher cutoff 
energies than were the cascades in previous calculations. 

The results we calculate are in excellent agreement 
with the recent experimental values of Gross,** who 
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used measurements of low-energy neutron production 
to deduce average excitation energies of residual nuclei 
resulting from the 190-Mev proton bombardment of 
various targets. The comparison is presented in Table 
VIII. Even in the case of aluminum, where the agree- 
ment is least satisfactory, the MANIAC result is 
within the experimental error of Gross’ number. The 
experimental values are much higher than those calcu- 
lated by McManus, Sharp, and Gellman.°® 

In the cascades leading to compound nucleus forma- 
tion, the excitation energy is unique and is equal to 
the bombarding kinetic energy plus the binding energy 
of the particle. In the cascades not leading to compound 
nucleus formation, there is, of course, a distribution in 
excitation energies determined by the energies and 
numbers of outgoing cascade particles. The distribution 
in excitation energies at various bombarding proton 
energies for these non-compound-nucleus-forming cas- 
cades is presented in Fig. 15. The figure gives the 
fraction of the time that the residual excitation lies in 
a 10-Mev energy interval as a function of the position 


TaBLe IX. Calculated average excitation energies £* (with root-mean-square deviations) for various mass changes 
resulting from cascades. (Incident protons.) (All energies in Mev.) 











Bombarding 
energy Al Cu Ru Ce Bi U 
AA=0 
82 40.8+-22.0 45.74+20.9 48.1+18.9 49. 8+ 18.0 48.3417.9 48.7+16.7 
155 59.74+38.9 73.4+43.6 87.8 
235 34.7427.2 52.64+39.4 64.3454.8 81.3462.7 102.5+66.0 
286 49.24+35.0 67.84-45.7 105.74+72.1 
364 45.2+28.2 54.2447.2 66.34-54.5 
A4A=1 
82 29.7+17.5 28.8+16.1 28.7414.7 29.4+13.5 26.5413.3 27.0+13.2 
155 §2.14+33.8 60.24+33.8 68.5 
235 33.5429.3 53.7445.3 65.4+-46.6 84.64+51.2 97.6+53.0 
286 53.5+48.5 68.1+51.8 100.6+62.7 
364 48.0+46.1 65.64+55.7 86.2+69.7 
AA=2 
82 23.8+ 9.9 26.14 7.8 15.04 4.1 
155 51.64+25.0 54.0+22.6 51.0 
235 49.4433.3 73.5+41.5 81.4+42.8 89.8+42.7 95.8+39.6 
286 73.6447.2 88.4+48.5 113.1+52.1 
364 67.7438.8 93.64+58.4 118.1+69.3 
AA=3 
155 50.2+17.4 54.6419.5 
235 59.9+25.6 75.7434.0 86.1437.5 93.6+36.0 85.9+-32.6 
286 87.8+44.1 90.3437.9 118.4+39.5 
364 95.7+47.8 110.5+55.0 125.5+56.1 
AA=4 
235 75.94+29.0 63.3424.1 54.9+16.6 79.0+:28.7 
286 92.04:37.7 85.9431.9 94.6+50.9 
364 112.7+50.4 130.5+50.9 118.9+59.3 
AA=5 
235 63.9435.1 
286 103.0+24.7 90.04 9.8 
364 111.2+28.3 121.6452.1 118.74+27.4 








28 FE. E. Gross, Bull. Am. Phys. Soc. Ser. II, 2, 14.(1956); see also University of California Radiation Laboratory Report, 
UCRL-3330, February 29, 1956 (unpublished) and University of California Radiation Laboratory Report UCRL-3337, March 8, 


1956 (unpublished), 
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TABLE X. Calculated average excitation energies E* (and their root-mean-square deviations) following 
specific type cascades. (Incident protons.) (All energies in Mev.) 





Bombarding 











energy Al Cu Ru Ce Bi U 
(P,N) cascades 
82 41.6+21.2 49.1+20.5 51.3+19.0 53.0+18.0 52.6417.5 §2.5415.9 
155 66.4+42.0 76.8+46.8 94.8 
235 34.84 27.7 55.8+43.6 65.8259.2 83.5465.1 114.0+68.1 
286 44.94+-34.6 72.94-47.4 115.5+77.3 
364 43.74+28.4 52.3453.1 75.6+47.5 
(P,P") cascades 
82 40.4+22.4 42.3420.7 44.3418.1 44.6416.7 41.14+16.2 40.74+15.4 
155 54.4435.3 70.0+39.8 76.8 
235 34.6426.8 50.2+35.6 63.0450.8 78.6+59.4 86.84 59.4 
286 52.4+34.9 63.54+43.9 94.44+-63.8 
364 46.0+28.0 55.4+43.3 59.4+58.2 
(P,2N) cascades 
82 38.2414.5 37.7415.6 36.84 14.2 36.5410.5 33.94+13.2 34.7410.5 
155 63.64+33.3 73.7432.7 81.2 
235 50.4+35.0 84.7+47.3 86.3444.0 106.1+-46.0 116.5+47.8 
286 83.2+54.6 93.24-52.2 124.0+58.8 
364 87.34-58.8 88.34:57.7 103.6+67.5 
(P,PN) cascades 
82 28.9+17.5 27.3416.0 26.7+13.8 26.14:13.1 24.3411.2 22.5412.3 
155 51.54+34.1 57.3433.1 58.4 
235 32.4+27.0 46.6+41.8 61.6+45.3 78.3453.7 90.4+ 52.4 
286 50.6+47.6 67.8453.6 93.6+60.5 
364 40.8+39.0 60.9+53.9 79.2+66.9 
(P,2P) cascades 
82 26.3417.2 24.54+13.5 23.5+13.6 17.8+12.6 10.0+ 7.3 
155 44.5+30.9 49.5+31.2 42.3 
235 29.34:28.9 46.2+41.0 50.824-44.6 66.6+40.0 77.04+53.1 
286 43.5+39.9 50.4+:37.7 72.94+61.5 
364 39.0437.7 57.9453.2 83.34-75.3 
(P,3N) cascades 
82 
155 58.84-26.4 65.5+21.4 61.1 
235 66.0+32.4 93.8+36.7 97.5437.3 113.1+37.6 115.6435.7 
286 81.1+48.5 103.0+42.4 138.5+47.1 
364 81.3421.4 125.5+73.6 164.04:71.3 
(P,P2N) cascades 
82 24.4+ 10.6 
155 52.7+23.8 54.1422.9 52.3 
235 52.44+33.5 82.5+43.1 89.3442.7 89.14-42.3 88.4+39.0 
286 80.2+47.9 88.3451.1 108.7+50.1 
364 68.2+40.6 87.4+51.8 115.7+63.8 
(P,2PN) cascades 
82 22.8+ 9.6 
155 49.3425.9 48.4+21.2 30.0 
235 46.5+33.0 64.3438.5 65.0+40.6 77.54+41.0 97.1436.7 
286 65.8+44.1 84.6447.4 99.1453.9 
364 65.44+39.9 94.94+58.4 102.3465.2 
(P,3P) cascades 
82 
155 47.94+-23.1 59.4+19.7 
235 47.8+32.2 56.3432.3 69.6436.3 69.8+-33.6 
286 77.0451.3 74.84:37.1 
364 60.94+38.4 65.3433.5 84.94-62.8 
(P,4N) cascades 
155 
235 120.7+23.4 
286 96.4+41.5 132.8+-49.0 
364 104.54+32.2 142.1+61.1 166.5+57.0 
(P,P3N) cascades 
155 53.2+20.9 
235 59.94+-24.8 80.9+34.3 100.8+42.5 93.6436.5 75.3427.8 
286 86.2+43.3 94.3442.6 117.1437.8 
364 





102.7+53.2 


127.7+53.4 


140.1+48.8 
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TABLE X.—Continued. 














Bombarding 
energy Al Cu Ru Ce Bi U 
(P,2P2N) cascades 
155 44.5410.2 §2.8+17.2 
235 65.1425.5 73.9433.2 72.84+30.7 85.3438.2 
286 91.4+48.5 92.94+28.8 114.44+36.9 mete 
364 95.5+50.8 92.8+47.4 110.04+53.8 
(P,3PN) cascades 
155 53.8+19.0 
235 54.1424.6 75.6437.7 78.24-26.3 93.34:29.5 
286 81.04+32.1 64.0+41.7 
364 86.6438.6 97.44+55.6 85.94+39.6 
(PAP) cascades 
155 
235 
286 
364 107.9+50.1 





of the interval in Mev for each target element. Note tendency for the distribution in the residual excitation 
that the maximum excitation energy possible is 5 to energy to resemble a Maxwellian curve with a peak at 
17 Mev less than the bombarding energy because of an energy that is rather independent of the incident 
the cutoff energy for outgoing cascade particles. energy for a given target nucleus. This is illustrated 

Figure 15 indicates that the spread of excitation by the two curves for aluminum and by the curves for 
energies about the average is always very wide. At copper, ruthenium, and cerium with incident protons 
high energies of the bombarding particle there is a having energies greater than 100 Mev. The curves for 
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Fic. 16. Calculated average excitation energy, #*, associated with specific mass changes in proton-initiated cascades 
in various nuclei as a function of bombarding energy, 7° 
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TasLe X. Calculated average excitation energies E* (and their root-mean-square deviations) following 
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specific type cascades. (Incident protons.) (All energies in Mev.) 








Bombarding 
energy Al Cu Ru Ce Bi U 
(P,N) cascades 
82 41.6421.2 49.1+20.5 51.3419.0 53.04+18.0 52.6417.5 §2.5415.9 
155 66.4+42.0 76.8+46.8 94.8 
235 34.8+27.7 55.8443.6 65.8459.2 83.5+65.1 114.0+68.1 
286 44.94+34.6 72.9+47.4 115.54+77.3 
364 43.7428.4 52.3453.1 75.6447.5 
(P,P’) cascades 
82 40.4+22.4 42.3420.7 44.3418.1 44.6+16.7 41.14+16.2 40.7+15.4 
155 54.44:35.3 70.0439.8 76.8 
235 34.6426.8 50.2+35.6 63.0+ 50.8 78.64+59.4 86.8+59.4 
286 52.44+34.9 63.5443.9 94.4+63.8 
364 46.0+28.0 55.4+43.3 59.4+58.2 
(P,2N) cascades 
82 38.2+14.5 37.7415.6 36.8+14.2 36.54+10.5 33.94+13.2 34.74+10.5 
155 63.6433.3 73.7432.7 81.2 
235 50.4+35.0 84.7+47.3 86.3444.0 106.1+46.0 116.5+47.8 
286 83.24+54.6 93.2452.2 124.0+58.8 
364 87.3458.8 88.3+57.7 103.6+67.5 
(P,PN) cascades 
82 28.94+17.5 27.3+16.0 26.7+13.8 26.1413.1 24.3411.2 22.5412.3 
155 51.54+34.1 57.3433.1 58.4 
235 32.4+27.0 46.6+41.8 61.6445.3 78.3453.7 90.44 52.4 
286 50.6447.6 67.84+53.6 93.6+00.5 
364 40.8+39.0 60.94+53.9 79.2+66.9 
(P,2P) cascades 
82 26.3417.2 24.5413.5 23.5413.6 17.8412.6 10.0+ 7.3 
155 44.54+30.9 49.54+31.2 42.3 
235 29.3428.9 46.2+41.0 50.8+44.6 66.6+40.0 77.0+53.1 
286 43.5439.9 50.4+:37.7 72.9461.5 
364 39.0437.7 57.9453.2 83.3475.3 
(P,3N) cascades 
82 
155 58.8+26.4 65.54+21.4 61.1 
235 66.0+32.4 93.8+36.7 97.5437.3 113.14-37.6 115.6435.7 
286 81.1+48.5 103.0+42.4 138.5+47.1 
364 81.3421.4 125.5+73.6 164.04:71.3 
(P,P2N) cascades 
82 24.4+ 10.6 
155 52.7423.8 54.1422.9 52.3 
235 52.4433.5 82.5+43.1 89.3442.7 89.1+42.3 88.44: 39.0 
286 80.2+47.9 88.3451.1 108.7 +50.1 
364 68.2+40.6 87.44+51.8 115.7+63.8 
(P,2PN) cascades 
82 22.8+ 9.6 
155 49.3+25.9 48.44+21.2 30.0 
235 46.5+33.0 64.3438.5 65.0+40.6 77.54+41.0 97.1436.7 
286 65.8+44.1 84.6+47.4 99.1453.9 
364 65.44+39.9 94.94-58.4 102.3+65.2 
(P,3P) cascades 
82 
155 47.94+23.1 59.44+19.7 
235 47.8+432.2 56.3432.3 69.64+36.3 69.84+33.6 
286 77.0+51.3 74.8437.1 
364 60.94+38.4 65.3433.5 84.94-62.8 
(P,4N) cascades 
155 
235 120.7423.4 
286 96.4+41.5 132.8+49.0 
364 104.5432.2 142.1+61.1 166.5+57.0 
(P,P3N) cascades 
155 53.2+20.9 
235 59.94+24.8 80.94+:34.3 100.8+42.5 93.6436.5 75.3427.8 
286 86.24+43.3 94.34-42.6 117.1437.8 
364 102.7+53.2 127.7+53.4 


140.1+48.8 
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TABLE X.—Continued. 

















Bombarding 
energy Al Cu Ru Ce Bi U 
(P,2P2N) cascades 
155 44.5+10.2 §2.84+17.2 
235 65.1425.5 73.9433.2 72.84+30.7 85.3438.2 
286 91.4+48.5 92.9+28.8 114.4436.9 
364 95.54-50.8 92.8+447.4 110.0+53.8 
(P,3PN) cascades 
155 53.8419.0 
235 54.14+24.6 75.6437.7 78.24-26.3 93.3429.5 
286 81.0432.1 64.0441.7 
364 86.64+38.6 97.44+55.6 85.9+39.6 
(PAP) cascades 
155 
235 
286 
364 107.9+50.1 





of the interval in Mev for each target element. Note tendency for the distribution in the residual excitation 
that the maximum excitation energy possible is 5 to energy to resemble a Maxwellian curve with a peak at 
17 Mev less than the bombarding energy because of an energy that is rather independent of the incident 
the cutoff energy for outgoing cascade particles. energy for a given target nucleus. This is illustrated 

Figure 15 indicates that the spread of excitation by the two curves for aluminum and by the curves for 
energies about the average is always very wide. At copper, ruthenium, and cerium with incident protons 
high energies of the bombarding particle there is a having energies greater than 100 Mev. The curves for 
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Fic. 16. Calculated average excitation energy, E*, associated with specific mass changes in proton-initiated cascades 
in various nuclei as a function of bombarding energy, 7°. 




















200 METROPOLIS ET AL. 
Coscades Leading to A*64 | | I J T 
— (P,N)E"=45 Mev 
0.20 —-(P:P) E™*52 Mev ay F Coscodes Leading to A« 62 —0 
* | E*+735 Mev 
ws 
z |/I 
| =, 
a ae 
a hee 
oll! | | = ! | | | h 0 





Coscodes Leading to As63 








~ 
2 
‘’ 


Cascades Leading to A*6! 














ean *. E*:89 Mev 
osol (P.2N) E*=83 Mev Ba le 
~ \ —P,PN) E*=50 Mev 
* 
Ww ——(p.2P) E*:43 Mev 
2 
010) == +05 
ol” | | A — t | | | ¢ 0 
0 ws 150 200 250 50 100 150 200 
E™ (Mev) £* (Mev) 


Fic. 17. Calculated distribution of excitation energies, N (E*), associated with particular type cascades in Cu initiated by 286-Mev 


protons. N(£*) is given in units of (10 Mev). The statistical (standard deviation) errors 


cases where they are appreciable. 


a given target differ mainly in the high-energy compo- 
nents of the distributions. 

For low-energy nucleons incident on heavy nuclei 
there is a pronounced peak in the excitation energy 
distributions at or near the maximum energy possible. 
This phenomenon may be qualitatively designated as 
“quasi-compound nucleus” formation. 

The average excitation energy associated with a 
given mass change due to the cascade is presented in 
Table IX for various proton bombarding energies and 
for various target nuclei. Values are indicated in the 
tables only for those cases where at least five cascades 
contributed. Also given are the root-mean-square 
deviations from the averages. The average values are 
presented graphically in Fig. 16. It is seen from the 
figures that at low-bombarding energy (82 Mev) the 
average excitation energy is rather independent of the 
target nucleus, but at the higher bombarding energies 
the average excitation energy for a given mass change 
increases markedly with the mass number of the target 
nucleus. 

The calculated average excitation energies for par- 
ticular types of cascades, (P,N), (P,P’), (P,PN),” etc., 
are presented in Table X together with the root-mean- 
square deviations of the excitation energy distributions. 
Only those cases are listed where there were five or 
more cascades contributing. 

As examples of the distributions in excitation energy 
following particular types of cascades, there are pre- 
sented in Fig. 17 the distributions following (P,N), 
(P,P’), (P,2N), (P,PN), (P,2P), (P,30), and (P,40) 
cascades in the interaction of 286-Mev protons with 


rom the calculation are indicated in the 


copper (all the “three nucleon out” and all the “four 
nucleon out” cascades have been combined to increase 
the statistical accuracy). 

From Fig. 17 it is clear that many of the distributions 
in excitation energy have a Maxwellian shape, starting 
at zero, going through a maximum and then dropping 
off exponentially. This is definitely not true for the 
(P,PN) and (P,2P) cascades (see Fig. 17). The distri- 
butions in these cases for all incident energies and 
target nuclei appear to have an appreciable—often a 
maximum—probability near zero excitation energy. 
There appears to be no such behavior among the “one 
nucleon out,” “three nucleon out,” or “four nucleon 
out” cascades. 

This distinctive feature of the excitation energy 
distributions connected with the (P,PN) and (P,2P) 
cascades appears to be related to the possibility in 
these cases of important contributions from cascades 
involving only one nucleon-nucleon collision in the 
nucleus (the struck nucleon being close to the top of 
the Fermi distribution) with both resultant particles 
emerging without further interactions. 

Finally, in Figs. 18 and 19 we present the change in 
the distribution of excitation energy following cascades, 
with one escaping nucleon, at a given incident nucleon 
energy as the target is varied from aluminum to 
uranium. Figure 18 is for ~82-Mev incident protons; 
Fig. 19 for 236-Mev protons. At the lower energy and 
the largest nucleus the distribution is peaked near the 
maximum in the already mentioned quasi-compound- 
nucleus manner; at the higher energy and lightest 
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nuclei, the distribution is Maxwellian in shape. The 
other cases appear to be intermediate in character. 


X. SOME COMPARISONS WITH 
RADIOCHEMICAL DATA 


One of the main purposes of performing these calcu- 
lations was to get information which could be used to 
interpret radiochemical data on spallation cross sections. 
In general, the comparison with experimental data 
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Fic. 18. Distribution of excitation energies, V (£*), associated 
with cascades having only one emerging nucleon. (82-Mev 
ncident protons.) NV (£*) is given in units of (10 Mev). 
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Fic. 19. Distribution of excitation energies, NV (E*), associated 
with cascades having only one emerging nucleon. (286-Mev 
incident protons.) V(£*) is given in units of (10 Mev)~. 


requires the use of an evaporation calculation starting 
with the excited nuclei resulting from the nuclear 
cascade. At present no such calculations comparable 
in detail to the cascade calculations have been per- 
formed. However, some comparisons with radiochemical 
data are possible without detailed knowledge of the 
evaporation phase of the reactions. 

One of the simplest reactions which may be con- 
sidered is the (p,m) reaction.” For energies at which 
meson production is not important, a (p,”) reaction 
must result directly from a cascade in which a neutron 
alone is ejected, and the residual excitation is less than 
that needed to evaporate a nucleon. Figure 20 shows a 
comparison of calculated and experimental results for 
the Ni*(p,2)Cu® reaction. The ordinate is the cross 
section in mb; the abscissa, the incident proton energy. 
The experimental results are those of Koch and Turke- 
vich.” The statistical errors are large in the calculated 
values because of the low probability of this reaction. 
The agreement is seen to be excellent in both absolute 
value and energy dependence. An earlier attempt to 
calculate the cross section for this reaction analytically® 
gave poor agreement with experimental data, probably 

” R. C. Koch and Anthony Turkevich, Bull. Am. Phys. Soc. 


Ser. II, 1, 94 (1956); R. C. Koch, Ph.D. thesis, University of 
Chicago, 1955 (unpublished). 
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Fic. 20. Ni*(p,2)Cu™ reaction. Comparison between calculated 
and experimental results. The experimental data are those of 
Koch and Turkevich.” 


because the angular dependence of the (f,”) scattering 
process was not properly taken into account. 

Another simple reaction which can be compared 
reasonably directly with the results of the calculations 
is the (p,pm) process. There are three main mechanisms 
by which a (p,pm) product can be formed from a target 
nucleus. In one, the product results from a (P,PN) 
cascade, with the residual nucleus not having enough 
energy to evaporate further particles. In a second, 
there is a (P,P’) cascade, with sufficient residual 
excitation to evaporate a neutron. This mechanism 
will be called the (P,P’y) process. Finally, a mechanism 
consisting of a (P,N) cascade and subsequent proton 
evaporation—called the (P,NVp) process—can con- 
tribute. 

The cross section for the Cu®(p,pn)Cu® reaction has 
been calculated from the MANIAC results for copper 
and from evaporation theory. The evaporation widths 
of Blatt and Weisskopf* were modified to correct for 
the level densities in different types of product nuclei 
by taking the maximum particle energy to be 1 Mev 
greater than energetically possible in getting the 
evaporation widths for nuclei giving rise to odd-odd 
products, and 1 Mev lower than energetically possible 
when the product was an even-even nucleus. The results 
are presented in Fig. 21. This shows the calculated 
cross section in mb (ordinate) of the Cu®(p,pn)Cu™ 
process as a function of bombarding energy (abscissa) 
in the range 80 to 350 Mev. Also indicated are the 
contributions of the different mechanisms. These show 


%” J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 373. 
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the expected energy dependence. The experimental 
results shown are those of Yule and Turkevich.* It is 
seen that here, although the energy dependence is 
given correctly, the calculated results are too low by 
almost a factor of two. Approximate calculations indi- 
cate that this result applies to (,pm) reactions in 
general—the calculated results starting from the 
MANIAC cascades are consistently low by similar 
factors. At the lower range of our energy scale this 
discrepancy might be attributed to contributions from 
pickup processes; an important addition to the cross 
section from this source at the highest energies seems 
improbable. Among the possible explanations is that a 
more realistic nuclear model with a diffuse edge extend- 
ing to larger radii than used in this work might lead to 
enhanced contributions to specific reactions such as 
this (p,pm) process. 

A final comparison with radiochemical results is an 
extremely crude calculation of the spallation yield mass 
curve for 340-Mev protons on copper. For this, the 
appropriate MANIAC results were combined with the 
following evaporation model: a unit mass change was 
assumed to take place for every 17 Mev of residual 
excitation. The results are shown in Fig. 22. This 
presents the cross section in mb as a function of the 
mass number of the product. The experimental results 
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Fic. 21. Cu®(p,pn)Cu™ reaction. Comparison between calcu- 
lated and experimental results. (The contribution of the three 
mechanisms to the calculated curve are shown.) The experimental 
data are those of Yule and Turkevich.* 


* H. Yule and Anthony Turkevich (unpublished results), Enrico 
Fermi Institute for Nuclear Studies, University of Chicago, 1957; 
H. Yule, Ph.D. thesis, University of Chicago, 1957 (unpublished). 
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Fic. 22. Copper spallation by protons. Solid line: MANIAC 
calculation with 360-Mev protons and a crude evaporation model ; 
dashed curve: Experimental data (including interpolated values) 
of Batzel, Miller, and Seaborg™ with 340-Mev protons. 


are those of Batzel, Miller, and Seaborg.” Since these 
workers used copper with a normal isotopic composition, 
the comparison at mass numbers above about 61 is not 
valid. It is seen that the main features of the experi- 
mental curve, namely, the high yields near the target 
mass, and the breadth of the distribution, are very 
well represented by the MANIAC calculations com- 
bined with the approximate evaporation treatment. 
Moreover, our calculations show that the relative 
yields of various residual nuclei are rather insensitive 
® Batzel, Miller, and Seaborg, Phys. Rev. 84, 671 (1951). 
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to bombarding energy in the range between 200 and 
350 Mev (Fig. 13). Likewise the excitation energy of 
these residual nuclei changes but little in this energy 
range (Fig. 15, Table IX, and Table X). Thus the 
calculation predicts that the main features of the 
spallation pattern of copper should not change signifi- 
cantly in the energy range 200 to 350 Mev. This is 
consistent with the impression of workers® in the field, 
although there appears to be no detailed experimental 
information on this point. 

The three comparisons presented indicate that the 
model of high-energy nuclear reactions that forms the 
basis of the present calculation can account at least 
semiquantitatively for many features of spallation 
reactions. Consistent discrepancies between specific 
predictions of the calculation and experimental obser- 
vations may be significant in indicating additional 
contributing mechanisms or in pointing the way toward 
refinements that should be introduced into the nuclear 
model used. 
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Monte Carlo Calculations on Intranuclear Cascades. 
II. High-Energy Studies and Pion Processes*{ 
N. Merropouts,} R. Brvins, AND M. Srorm,§ Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


J. M. Miter, Columbia University, New York, New York 
G. FRIEDLANDER, Brookhaven National Laboratory, Upton, New York 


AND 
ANTHONY TuRKEVICH, Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received December 9, 1957) _ 
The nuclear cascade calculations described in the preceding paper have been extended to incident ener- 
gies up to 1.8 Bev with the inclusion of pion production, scattering, and absorption processes. Again the 


MANIAC electronic computer was used. Several incident proton energies between 450 Mev and 1.8 Bev 
have been investigated, with Al*’, Cu™, Ru™, Ce, Bi, and U™* as target nuclei. Cascades initiated by 
pions of several energies up to 1500 Mev incident on Ru™ have also been studied. The elementary cross 
sections used and the assumptions made about details of the inelastic nucleon-nucleon and pion-nucleon 
processes are presented. The results of the calculation are summarized in tables and graphs giving data on 
transparencies, on numbers, energy spectra, and angular distributions of emitted cascade nucleons and pions, 
and on frequencies of occurrence and excitation energies of residual nuclei. The computed number distribu- 
tions, energy spectra, and angular distributions of emitted particles are compared with the results of several 
emulsion experiments with incident protons and negative pions. The agreement is generally satisfactory, 
but certain discrepancies are found, for example regarding spectra and angular distributions of emitted 
pions; some of these discrepancies are discussed in terms of details of the model used. The calculation 
predicts quite well the over-all yield distribution of spallation products of copper produced by 2-Bev protons; 
however, as at lower energies, the calculated cross sections for (p,pm) reactions are too low by factors of two 


or three. 





NUCLEAR MODEL AND INPUT INFORMATION nuclear characteristics chosen for the target nuclei were 
the same as in I, with the radius parameter ro always 
taken as 1.3X10-" cm. Neutrons, protons, and the 
three types of pions were distinguished throughout. 
The mass of all the pions was taken as one-seventh of 
the nucleon mass. No nuclear or electrostatic potential 
was included for the pions, and Coulomb scattering was 
neglected for all particles. 

The behavior of each cascade nucleon was followed 
as long as its kinetic energy was above an assumed 
“cutoff energy” as described in I. Cascade pions were 
followed until they either were absorbed or escaped 
from the nucleus. 

The total elementary cross sections for nucleons 
above 335 Mev and for pions above 51 Mev were put 
into the computer in the form of a table with entries at 
8 unequally spaced energies. Table I shows these 


HE nuclear cascade calculations described in the 
preceding paper’ have been extended to the 
interval 0.4-1.8 Bev in incident nucleon energy. Pion 
production (single or double), pion scattering and 
charge exchange, and pion absorption have been in- 
cluded with varying degrees of completeness and 
accuracy. The angular distributions in nucleon-nucleon 
scattering, pion-nucleon scattering and charge exchange 
have also been taken into account. Cascades induced by 
incident pions have also been investigated. This appears 
to be the first extensive attempt to carry such calcu- 
lations into the energy region in which pion effects are 
important. However, after the completion of the present 
computation, Nikol’skii e/ a/.? have published some 
results of a Monte Carlo cascade calculation involving 
162-Mev x~ mesons incident on emulsion nuclei. 
As i I, the calculations were performed relativisti- TABLE I. Total cross sections used in cascade calculation. The 
cally in three-dimensional geometry by means of the quantities o4;, 0; ;, and o;j(abs) are defined in the text. 














MANIAC electronic computer at Los Alamos. The a 6D 
* This work was supported in part by the U. S. Atomic Energy Kinetic oe Kinetic ee 
Commission. energy oii* aij> energy ou? ois? i j(nbe)4 
tA preliminary report of this work was presented at the ev) oho!) —) me) 
January, 1957, New York Meeting of the American Physical 335 24.5 33.0 49 16 15 20 
Society [G. Friedlander et al., Bull. Am. Phys. Soc. Ser. II, 2, 63 410 264 340 85 50 1 32 
(1957)]. : Wes 510 304 35.1 128 114 43 45 
t Now with Institute for Computer Research, University of 660 41.2 365 184 200 66 36 
Chicago, Chicago, Illinois. yar eu 840 47.2 37.9 250 =:110 44 18 
§ Now with Midwestern Universities Research Association 1160 480 402 350 51 23 0 
(MURA), Madison, Wisconsin. . 1780 44.2 = 42.7 540 200s 22 0 
1 Metropolis, Bivins, Storm, Turkevich, Miller, and Fried- 3000 41.0 42.0 1300 30 30 0 


lander, Phys. Rev. 110, 185 (1958), preceding paper, henceforth 


referred to as I. 


2 Nikaleb sz . . 5 m : * Based on data from references 3 to 9. 
Nikol’skii, Kudrin, and Ali-Zade, J. Exptl. Theoret. Phys > Rained ondian bees ais hath, 


U.S.S.R. 32, 48 (1957) [translation: Soviet Phys. JETP 5, 93 « ineend on date beeen ooticieaas Uh and 08. 
(1957) J. 4 Based on data from references 15 to 19. 
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elementary cross sections which, together with the 
nuclear constitution and size, were used to calculate 
the mean free paths of nucleons and pions in nuclear 
matter. Columns one and four give the kinetic energies 
of the nucleons and pions, respectively (in a system in 
which the struck nucleons are at rest). Column two, 
labeled o4;, gives the values of the total p-p and n-n 
cross sections used, as obtained from various experi- 
mental data.** Column three, labeled o,;, gives the 
values of the total m-p cross sections derived in part 
from direct measurements,!*" but mostly based on the 
differences between p-d and p-p cross sections’ * treated 
in a manner suggested by Glauber.’? Below 335 Mev, 
meson production by nucleons was neglected and the 
nucleonic cascade was followed as described in I. In 
Fig. 1 the total nucleon-nucleon cross sections used are 
compared with experimental data; linear interpolation 
was used between the points given in Table I. 

For the pions, o;; is the cross section for x~-m and 
x*-p collisions, o;; that for x~-p and r*-n collisions (not 
including absorption processes). Columns five and six 
of Table I list these pion-nucleon cross sections.” 
Meson absorption was assumed to occur via a two- 
nucleon mechanism, and column seven gives the 
effective cross section for absorption, o;j(abs).!°""* This 
quantity was defined as the cross section for the ab- 
sorption of a charged pion by a nucleon with isotopic 
spin projection of the opposite sign (i.e., a pair of 
nucleons must contain at least one proton to absorb a 
x~, at least one neutron to absorb a x*). The absorption 
cross section, @%;;abs), Was estimated from the cross 
section for the absorption of pions by deuterons in a 
manner suggested by Brueckner, Serber, and Watson.” 
Isotopic spin considerations indicate that the absorption 


3 Chen, Leavitt, and Shapiro, Phys. Rev. 103, 212 (1956), and 
C. Leavitt (private pose 

4 Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 (1955). 

5 Morris, Fowler, and Garrison, Phys. Rev. 103, 1472 (1956). 

* Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 103, 
1479 (1956). 

7 Block, Harth, Cocconi, Hart, Fowler, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 103, 1484 (1956). 

§ Dzhelepov, Moskalev, and Medved, Doklady Akad. Nauk 
S.S.S.R. 104, 380 (1955). 

® Shapiro, Leavitt, and Chen, Phys. Rev. 95, 663 (1954). 
wy; Nedzel, Phys. Rev. 94, 174 (1954). 

au _ Hill, Hornyak, Smith, and Snow, Phys. Rev. 98, 1369 
(1955). 

12. J. Glauber, Phys. Rev. 100, 242 (1955). The numerical 
values of the corrected p-m cross section used here differ somewhat 
from those given in reference 3 although both sets are based on the 
same experimental data and on Glauber’s correction term; how- 
ever, a different constant in the correction term was used here to 
give agreement with the measured n-p cross sections at 410 Mev 
and 1400 Mev. 

id 4 C. L. Yuan and S. J. Lindenbaum, Phys. Rev. 100, 306 
(1955). 

4 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

15 Brueckner, Serber, and Watson, Phys. Rev. 84, 262 (1951). 

16 Meshcheriakov, Bogachev, and Neganov, Izvest. Akad. Nauk 
S.S.S.R. Ser. Fiz. 19, 548 (1955). 

17F, S. Crawford and M. L. Stevenson, Phys. Rev. 97, 1305 
(1954). 

18H. L. Stadler, Phys. Rev. 96, 734 (1954). 

19 R, A. Schluter, Phys. Rev. 96, 734 (1954). 
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cross section for x® mesons should be 30;;;a»s). To deter- 
mine mean free paths for pions, the sum of absorption 
and scattering cross sections was used. 

Analytic expressions were devised to represent both 
the scattering and the absorption cross sections for 
pions with energies below 5i Mev. The total pion- 
nucleon scattering cross sections (0; and o,;) were 
taken from the estimates of Anderson, Davidon, and 
Kruse” for this energy region and increases made for 
the effect of nucleon motion in the manner indicated in 
I for the nucleon-nucleon cross sections. The absorption 
cross section data were taken from Frank, Gammel, 
and Watson.” If the cross sections are expressed in mb, 
the total energies (7) in units of m,°c?, and the momenta 
(n) in units of m,°c, the analytic equations giving the 
cross sections are: 


Cui= 3.7+286(y— 1)’, ' (1) 
Ci 6.5+23.9(y— 1), (2) 
7 4j(abs) = 16.4(0.14+77) /n. (3) 


In Fig. 2 the total pion-nucleon cross sections used 
in the calculation are compared with experimental data. 
Again, linear interpolation between the energies of 
Table I was used, and for all pions of energy greater 
than 1.3 Bev, the cross section for both «i and 47 col- 
lisions was taken to be 30 mb. Because of the limitations 
imposed by the computer memory, the higher-energy 
resonances in pion-nucleon interactions were ignored. 
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Fic. 1. Total nucleon-nucleon cross sections as a function of 
nucleon kinetic energy. The top graph (labeled o;;) shows the 
n-p cross section, the bottom graph (labeled o;;) shows the n-n 
and p-p cross section. Experimental points are shown by the open 
circles, the values used in the calculation by the crosses and by the 
lines connecting them. The analytic functions used at energies 
below 335 Mev (see I) are indicated by the dotted curves. 


® Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 
2! Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 
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This should have little effect on the results because 
the production of very-high-energy pions is quite 
infrequent. 

The cross sections for r°-nucleon interactions were 
taken to be the same for protons and neutrons and equal 
to the arithmetic mean of the r+ and m~ cross sections 
at the same energy. For pion energies above 51 Mev 
these cross sections were supplied in tabular form along 
with the x* and x cross sections. 

The parameters involved in the kinematics of the 
collisions were treated more crudely and were taken as 
constant within each of eight energy regions. For 
nucleon-nucleon collisions the parameters used are 
summarized in Table II. The energy of the collision in 
the center-of-mass system was calculated from the 
kinetic energies of the incident and struck particles and 
their relative directions of motion. The incident kinetic 
energy which would give rise to the same center-of-mass 
energy was then computed for a nucleon striking a 
stationary nucleon, and the collision parameters cor- 
responding to this kinetic energy were taken from 
Table II. The energy ranges are listed in column one. 
Column two gives the type of the collision (i or i). 
Column three shows the fraction (fine1) of the total 
cross section that was taken as involving pion pro- 
duction.*~7.*?.3 Columns for and five give the coefficients 
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Fic. 2. Pion-nucleon cross sections as a function of pion kinetic 
energy. The cross section for x~-m or x*-p collisions is denoted by 
o;i, that for x*-n or x~-p collisions by ¢;;. 0; j(abs) is the absorption 
cross section for charged pions (see text). Experimental points are 
shown by solid circles, the values used in the calculation by the 
crosses and by the lines connecting them. 


2 E. Fowler (private communication). 
23 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 
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of the angular distribution of the elastic scattering in 
the center-of-mass system when it is expressed in the 
form 

da/dQ2= A cos8+B cos*é+ 1. (4) 


The particular values of A and B chosen were obtained 
by a least-squares fit to the experimental data.*.*-*8 
The last column indicates the fraction (/,) of the meson 
production that is single pion production.’-’.* The 
remainder (1—/,) was assumed to be double pion 
production. Because of the paucity of available data, 
jf, was taken to be independent of the collision type. 
In single pion production, 11%*-?*.**° was taken 
as the fraction producing neutral pions in ii-type 
collisions at all energies. In ij-type collisions the cor- 
responding fraction was taken as 43%." In double pion 
production, 80% of the cases were taken as producing 
either two neutral pions or a x*r~ combination,” with 
the former occurring three times as often as the latter. 


TABLE II. Parameters used in inelastic nucleon-nucleon 





collisions. 
Energy range 
(Mev) Type f inei® Ab Bo Sx* 
335-410 ti 0.07 0.1 0 1.0 
ij 0.04 2.2 —1.0 1.0 
410-510 it 0.20 0.9 0 1.0 
ij 0.07 1.8 —1.1 1.0 
510-660 ui 0.31 2.7 0 1.0 
ij 0.15 2.3 —0,7 1.0 
660-840 ti 0.43 9.0 0 1.0 
ij 0.27 8.8 —0.2 1.0 
840-1160 ti 0.58 14.3 0 0.97 
ij 0.37 15.0 0 0.97 
1160-1780 it 0.65 19.2 0 0.80 
ij 0.36 294 0 0.80 
>1780 li 0.69 © 0 0.44 
ij 0.35 a 0 0.44 





* Based on data in references 4-7, 22, 23. 
> Based on data in references 4, 24 to 28. 
¢ Based on data in references 5-7, 23. 


The assumptions made here about the distributions of 
produced pions among the three charge types are 
doubtless not very reliable. They were based on the 
fragmentary data in the references and on isotopic spin 
considerations. The effects of this unreliability in the 
input data should not be serious, however, because the 
interaction cross sections of neutral pions were taken 
as the average of those for charged pions and also 
because charge exchange scattering occurs frequently. 
The parameters used to describe the details of the 
pion-nucleon collisions are listed-in Table III. As in 





*4 Marshall, Marshall, and Nedzel, Phys. Rev. 92, 834 (1953). 
26 Mott, Sutton, Fox, and Kane, Phys. Rev. 90, 712 (1953). 
26 B. Cork and W. A. Wentzel, Phys. Rev. 100, 962 (1955). 
27 Kelly, Leith, Segre, and Wiegand, Phys. Rev. 79, 96 (1950). 
28 Hartzler, Siegel, and Opitz, Phys. Rev. 95, 591 (1954). 
*” Fields, Reiter, and Sutton, Bull. Am. Phys. Soc. Ser. II, 1, 71 
(1956). 

%® Stallwood, Fields, Fox, and Kane, Bull. Am. Phys. Soc. Ser. 
IT, 1, 71 (1956). 
a £. Fermi, Phys. Rev. 92, 452 (1953); 93, 1434 (1954). 
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Table II, the energy range listed in column one is that 
of a pion hitting a stationary nucleon. Column two 
indicates the type of the interaction, ii or 77, as before. 
The symbol 0 refers to interactions involving r° mesons. 
Column three indicates the fraction (finei)**™ of the 
total cross section that involves inelastic processes 
including charge exchange. Column four gives the 
fraction (fee) of the inelastic events that is charge 
exchange. The next two columns (five and six) indicate 
the coefficients A and B of the angular distribution for 
elastic pion-nucleon scattering in the center-of-mass 
system according to Eq. (4).**-® In charge exchange 
scattering, the angular distribution was taken to be 
the same as in 14 scattering. 


TABLE III. Parameters used in pion-nucleon collisions. 





Energy range 

(Mev) Type finei* Sox> Ae Be Se* 

49-85 ti 0 0 3.2 —18 
ij 0.45 1.0 1.1 0.8 1.00 

0 0.42 1.0 3.4 —1.8 

85-128 ti 0 0 2.2 —2.1 
ij 0.57 1.0 1.9 0.7 1.00 

0 0.36 1.0 2.1 —2.0 

128-184 ti 0 0 1.9 —1.5 
ij 0.62 1.0 2.2 0.8 1.00 

0 0.36 1.0 1.9 —1.4 

184-250 it 0.03 0 2.2 —0.3 
ij 0.64 0.95 2.2 1.0 1.00 

0 0.37 0.90 2.1 0 

250-350 ti 0.06 0 2.6 2.0 
ij 0.62 0.89 2.0 1.4 1.00 

0 0.40 0.84 2.5 1.7 

350-540 il 0.16 0 3.0 4.0 
ij 0.56 0.72 2.7 2.6 0.98 

0 0.50 0.67 3.0 4.0 

540-1300 ut 0.30 0 3.0 4.0 
tj 0.58 0.51 3.0 3.6 0.91 

0 0.59 0.50 3.0 4.0 

> 1300 ii 0.88 0 3.0 4.0 
ij 0.94 0.06 3.0 4.0 0.24 

0 0.94 0.05 3.0 4.0 


* Based on data in references 32 to 34. 

» Estimated from isotopic spin formalism and data in reference 1 

¢ Values of the angular distribution parameters A and B [Eq. a) } are 
based on data in references 35 to 39, 


The last column of Table III gives the fraction of 
pion production that was taken to be single pion 
production.*** In single pion production, 55%: was 
taken to be x° production in ii-type collisions irre- 

|W. D. Walker and W. D. Shepherd, Phys. Rev. 100, 1264(A) 
(1955). 

% Eisberg, Fowler, Lea, Shepard, Shutt, Thorndike, and Whit- 
temore, Phys. Rev. 97, 797 (1955). 

“VY. P. Kenny, Bull. Am. Phys. Soc. Ser. II, 1, 71 (1956). 

35H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. 2. 

% Fowler, Lea, Shepard, Shutt, Thorndike, and Whittemore, 
Phys. Rev. ‘92, 832 (1953). 

7 Ashkin, Blaser, and Feiner, Bull. 

(1956). 

Stern, Ashkin, Blaser, and Feiner, Bull. Am. Phys. Soc. Ser. 
i, Live (1956). 

*R. S. Margulies, Phys. Rev. 100° 673(A) (1955). 

“ The value derived from reference 34 is 65%; 55% was used 
erroneously in the calculation, 


Am. Phys. Soc. Ser. IT, 1, 
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TABLE IV. Coefficients for the angular distribution of 
pion-nucleon interactions below 51 Mev. 











Cc ollision type A B 
it pm! —3.5 
ij 2.5 +3.5 
0 3.0 —2.0 
CE 1.5 —2.5 





spective of the energy, and 44% of the events were 
assumed to lead to r° production in 47 and in r°-nucleon 
collisions. This last number is the arithmetic mean 
between the values reported for 1.0-Bev** and 1.4-Bev™ 
x interactions with protons. In double pion production 
a quarter of the events were taken to make two neutral 
pions or a r*w~ pair, with the former occurring three 
times as often as the latter. The data on which these 
assumptions on pion production are based are even 
more fragmentary than those for nucleon-nucleon 
collisions; but again the results of the calculation are 
not expected to be sensitive to such details. 

For pion energies below 51 Mev, charge exchange 
was assumed to occur in 80% of all those pion-nucleon 
interactions in which it was possible. The angular 
distribution coefficients of Eq. (4) for this energy range 
are given in Table IV, where the coefficients listed 
under CE refer to the angular distribution in charge- 
exchange collisions. These quantities describing pion- 
nucleon interactions below 51 Mev are averages over 
the energy range derived from the poorly known phase 
shifts.2614 

A simplified arbitrary model was used for the 
dynamics of both single and double meson production: 
all resultant particles were assumed to have equal 
momenta in the center-of-mass system. The pion 
produced in single meson production was assigned a 
random direction in the plane of the reaction and then 
this plane was rotated randomly about the axis con- 
taining the reactants in the center-of-mass system. In 
double pion production, one pion direction was chosen 
randomly in the plane of the reaction, the other pion 
was taken to travel in the opposite direction, and the 
nucleon directions were chosen at right angles to the 
pion direction in the reaction plane. This plane was then 
randomly rotated about the axis containing the re- 
actants in the center-of-mass system. 

In the case of pion absorption, the two nucleons 
participating in the absorption were chosen randomly 
from the Fermi distribution, and the meson energy was 
distributed equally between the two in the center-of- 
mass system. The direction of motion of the resultant 
nucleons in this system was taken as isotropically 
distributed in space. 


‘1 Orear, Slater, Lord, Eilenberg, and Weaver, Phys. Rev. 96, 
174 (1954). 
42 Nagle, Hildebrand, and Plano, Phys. Rev. 105, 718 (1957). 
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Fic. 3. Calculated transparencies of Al’, Cu™, and U** for 
protons of various energies. 


RESULTS 


The particular combinations of targets and incident 
particles that have been investigated are listed in Table 
V. Usually 800 to 1000 cascades were followed for each 
case. The target nuclei investigated were, as in I, Al’’, 
Cu®, Ru’, Ce, Bi, and U8. The incident energies 
were chosen to cover the range up to about 2 Bev and 
to allow comparison with experimental data from 
existing accelerators. 

The output data for each cascade include the identity, 
energy, and angle of emission for each particle ejected 
from the nucleus during the cascade. In addition, there 
are recorded for each cascade the identity and excitation 
energy of the residual nucleus, and the number and 
momenta of the particles struck during the cascade 
process. Unfortunately it is not possible to present in 
this paper all the information obtained. 

As in I, the computer has also been employed to 
scan the output data for each case and to compile from 
them information such as the number distributions, 
energy spectra, and angular distributions of the various 
kinds of outgoing particles, as well as the mass and 
charge distribution and excitation energy spectra of 
residual nuclei. Some representative results are reported 
in the following paragraphs. 

Transparency.—The calculated nuclear transpar- 
encies of the various target nuclei for protons of several 
energies are shown in Table VI, and for Al, Cu, and U 
the transparencies are plotted as a function of energy 
(including the data of I) in Fig. 3. As is expected, the 
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TABLE V. Cases of “high-energy” cascades treated in the present 
investigation. (p, m, and x indicate incident protons, neutrons, and 
pions.) 








Incident 
energy Target element 


(Mev) Al Cu Ru Ce Bi U 


0 ee ee 
50 


© 
7 
134 Cg 
a 
7 





179 

210 

460 > pn 
690 p 
940 p p 
1500 7 
1840 p p p 








transparency decreases with increasing mass number 
at a given incident energy. The energy dependence for 
a given target reflects the behavior of the input data 
for the nucleon-nucleon total cross sections. The pion 
transparencies of Ru’ are listed in Table VII. The 
transparency of Cu for 460 Mev neutrons turned out 
to be 0.170+0.015, equal within the error to the proton 
transparency at the same energy. 

Average number of cascade nucleons emitted per inter- 
action.—The dependence of the average number of 
emitted cascade nucleons upon the mass number of the 
target and the energy of the incident particle is given 
in Fig. 4. The relative insensitivity of this quantity to 
the mass number of the target is rather surprising; it 
is probably the result of the balancing of two related 
quantities: the increase with mass number of the 
number of nucleons involved in the cascade, and the 
decrease with mass number of the probability that any 
given cascade nucleon will escape from the nucleus. 
The monotonic increase of the average number of 
emitted nucleons with increasing bombarding energy 
is not unexpected. 

Ratio of average number of emitted cascade protons to 
average number of emitted cascade neulrons.—The relative 
numbers of protons and neutrons ejected by the cascade 
process are indicated in Table VIII where the ratio of 
the average number of emitted neutrons to that of 
emitted protons is given. Data for the low-energy region 
are included (from I). The preponderance of neutron 
emission from heavy elements noted at lower bom- 
barding energies persists at the higher energies also, 
probably for the reasons discussed in I. It is interesting 
to note that for uranium, where the cascade has the 
best chance of becoming fairly extensive, the average 


TABLE VI. Calculated transparencies for protons. 











Kinetic 
(Mev) ain cus Rui Cen Bim ums 
460 0.25740.017 0.162+0.013 0.140+0.013 0.103+-0.011 0.083 +-0.009 0.070+0.009 
690 0.112+0.013 
940 0.093+0.012 0.055+0.009 0.053+0.009 0.032+0.007 
1840 0.134+0.012 0.090+0.011 0.078+0.014 0.053+0.010 0.031+0.007 0.037 +-0.007 
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Kinetic 

energy 
Particle (Mev) Transparency 
. 50 0.3154-0.017 
Fg 134 0.008+0.003 
© 179 0.010+0.004 
at 210 0.013+0.004 
™ 465 0.238+0.017 
© 1500 0.142+0.018 


ratio of neutron emission to proton emission is, over the 
whole energy range, greater than the neutron to proton 
ratio in the target nucleus. For each element the average 
ratio of cascade neutron to cascade proton emission 
goes through a flat minimum in the region of 200 to 
400 Mev. 

Pion emission.—The average number of pions emitted 
per inelastic event is shown in Fig. 5 for three incident 
proton energies and various target nuclei. Pion pro- 
duction is rather insensitive to the mass number of the 
target nucleus, probably because the increase in pion 
production with increasing nuclear size is compensated 
by the decrease in the probability for escape of the 
pions. Although the pion yields shown here depend 
upon pion production cross sections which are not too 
well known, and especially upon the assumptions made 
concerning the distribution of energy in pion production 
processes, it is not expected that the dependence on 
nuclear size shown in Fig. 5 would be significantly 
changed by more refined input data. 

The calculated distribution of the pions produced in 
proton-induced cascades among the three charge types 
is shown in Table LX. These results show that, especially 
for high incident energies, charge exchange scattering 
goes a long way toward washing out any details assumed 
for the production processes. The average numbers of 
emitted pions (and nucleons) for pion-induced cascades 
are given in Table X. 

Angular distributions of emitted nucleons and pions.— 
In Figs. 6 through 11 the angular distributions of 
emitted protons and pions for aluminum and uranium 
targets and for bombarding energies of 460 and 1840 


TABLE VIII. Ratio of average number of cascade neutrons to 
average number of cascade protons emitted in proton-induced 
reactions. 











Incident 
energy 
(Mev) Al Cu Ru Ce Bi U 
82 0.84 1.04 1.20 1.82 1.67 2.08 
158 oe 0.96 1.15 sed ae 1.96 
239 0.74 0.93 1.10 1.43 abe 1.61 
290 Per 1.00 1.12 oe 1.64 hs 
365 bes 1.00 eh ee sles 
460 0.79 1.02 1.16 1.43 1.59 1.89 
690 Fy 1.02 ea vie ‘ibe 5 ae 
940 ai 1.16 1.22 ne 1.89 2.00 
1840 0.92 1.18 1.25 1.56 1.75 2.08 
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Fic. 4. Average number of emitted cascade nucleons per in- 
elastic event plotted as a function of incident proton energy for 
three target elements. 


Mev are shown. The input parameters describing the 
angular distribution in nucleon-nucleon scattering are 
considerably better known than those describing pion 
production and pion scattering; hence the nucleon 
angular distributions are doubtless more reliable than 
those for the pions. The angular distributions of 
emitted protons and neutrons are essentially indis- 
tinguishable. 

The forward peaking of the cascade nucleon emission 
is clearly to be expected from the model. The strong 
forward and slight backward peaking of the emitted 
pions in the 1840-Mev interactions (Figs. 10 and 11) 
probably results from the fact that those pions produced 
in the forward and backward directions in the center- 
of-mass system, i.e., those with the highest and lowest 
energies, have much larger mean free paths than those 
with energies near the 180-Mev resonance peak. The 
absence of a forward peak in the pion distributions for 
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Fic. 5. Average number of pions (of all charge states) emitted 
per inelastic proton interaction with various target nuclei. 
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TABLE IX. Average number of pions of all types (7), and separately of 7°, x*, and r~ mesons emitted 
per inelastic event in proton-induced reactions. 





Target 


Pion 


Incident energy (Bev) 





element type 0.46 0.69 0.94 1.84 
AF??? tg 0.145+0.015 1.170+0.048 
a 0.049+0.009 0.5164-0.032 
at 0.076+0.011 0.401+-0.028 
™ 0.019+0.005 0.253+0.022 
Cu T 0.110+0.012 0.308+0.023 0.540+0.029 1.0564-0.038 
fa 0.035+0.007 0.113+0.014 0.196+0.018 0.483 4+-0.026 
at 0.054+0.008 0.148+0.016 0.232+0.019 0.310+0.021 
a 0.021+0.005 0.047240.009 0.112+0.013 0,263+0.019 
Ru T 0.118+0.013 0.490+0.027 1.1864-0.056 
3 0.036+0.007 0.184+0.017 0.501+0.036 
at 0.063+-0.010 0.202+0.018 0.329+-0.030 
0.019+0.005 0.103+0.013 0.355+-0.031 
Cel rT 0.120+0.013 1.022+-0.047 
ta 0.031+0.007 0.461+0.032 
at 0.067+0.010 0.289+-0.025 
™ 0.022+0.006 0.2724-0.024 
Bi Ca 0.099+0.010 0.524+0.028 1.030+0.043 
ta 0.034+0.006 0.187+0.017 0.447 +0.028 
at 0.042+0.007 0.176+0.016 0.27040.022 
7 0.023+0.005 0.161+0.016 0.315+0.024 
Us T 0.108+0.012 0.430+0.028 1.017+0.037 
3 0.044+0.008 0.164+0.017 0.427 +-0.024 
at 0.040+0.007 0.151+0.016 0.27640.019 
7 0.025+0.006 0.114+0.014 0.314+0.020 








the 460-Mev interactions (Figs. 10 and 11) is consistent 
with this explanation since, at this incident energy, 
pions with energies above the resonance region are not 
produced. 

Energy spectra of emitied protons.—The energy 
spectra of the protons emitted during the cascade 
process are shown for aluminum and uranium targets 
and two extreme incident proton energies in Figs. 12 
and 13. At both bombarding energies the proton spectra 
are shifted to lower energies for uranium as compared 
to aluminum, presumably because the greater cascade 
development in the larger nucleus leads to more energy 
degradation of the cascade nucleons. The spectra are 
remarkably insensitive to bombarding energy, with 
very few protons of energies in excess of 500 Mev 
emitted in the high-energy bombardments. The slight 
shoulder indicated at the high-energy end of the proton 
spectra from aluminum in Figs. 12 and 13 appears to 
be real. It is found in other calculated proton spectra, 


but appears to decrease in importance with increasing 
bombarding energy and with increasing A. 

Energy spectra of emitted pions.—Because of the 
relatively small numbers of emitted pions, only crude 
data on energy spectra can be given. The fractions of 
pions emitted in each of four energy intervals—0 to 45, 
45 to 90, 90 to 200, and greater than 200 Mev—are 
given in Table XI for protons of several different 
energies incident on copper and uranium. Again, these 
results may be sensitive to the input parameters and 
assumptions; in particular, for high incident energies 
the assumed equipartition of momentum among the 
products of inelastic collisions probably gives rise to 
the emission of too many high energy pions. 

Average excitation energy of residual nuclei.—The 
average excitation energy remaining in the struck 
nucleus (events without energy transfer are not in- 
cluded in the averaging) is shown in Fig. 14 as a function 
of proton bombarding energy for each of four different 


TABLE X. Average numbers of cascade pions and nucleons emitted from Ru™ interacting with incident pions of several energies. 











Incident particle 


Emitted 

particle 50-Mev x- 134-Mev x~ 465-Mev x~ 1,.5-Bev x~ 210-Mev x* 
T 0.365+0.022 0.351+0.020 0.828+0.037 1.992+0.072 0.3614-0.021 
a 0.100+0.012 0.127+0.012 0.249+-0.020 0.881+0.048 0.120+0.012 
at 0.003+-0.002 0.001+0.001 0.055+0.009 0.196+0.023 0.033 +0.006 
™ 0.263+4-0.019 0.223+0.015 0.524+0.029 0.915+0.049 0.207 40.016 
n 1.156+0.040 1.309+-0.037 1.829+0.055 4.34 +0.11 1.174+0.037 
p 0.369+0.023 0.492+0.023 1.0064-0.041 2.532+0.081 1.206+0.038 

n+p 1.525+0.046 1.801+0.044 2.836+0.068 6.86 +0.13 2.3804-0.053 
p/n 0.32 +0.02 0.38 4-0.02 0.55 +0.03 0.58 +0.03 1.03 +0.05 
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Fic. 6. Angular distribution of protons with kinetic energies 
between 30 and 90 Mev emitted in the bombardment of aluminum 
with protons of 460 Mev (294 protons included) and 1840 Mev 
(491 protons included). The ordinate scale gives fraction of protons 
per 0.2 interval in cosé. 


target nuclei. Data from I are included. Three out- 
standing features are apparent from this figure: 


(i) The average excitation energy at any given 
bombarding energy increases with the mass number of 
the target nucleus. 

(ii) The average excitation energy increases only 
slowly with the incident particle energy for energies 
below about 350 Mev. 

(iii) The average excitation energy increases rela- 
tively rapidly with incident energy for incident energies 
above about 400 Mev. 


The first feature is a clear consequence of the de- 
creasing probability for the escape of cascade nucleons 
as the size of the nucleus increases. It is quite consistent 
with the result, illustrated in Fig. 4, that the number of 
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Fic. 7. Angular distribution of protons with kinetic energies 
greater than 90 Mev emitted in the bombardment of aluminum 
with protons of 460 Mev (512 protons included) and 1840 Mev 
(880 protons included). The ordinate scale gives fraction of protons 
per 0.1 interval in cos@. 





Fic. 8. Angular distribution of protons with kinetic energies 
between 30 and 90 Mev emitted in the bombardment of uranium 
with protons of 460 Mev (300 protons included) and 1840 Mev 
(522 protons included). The ordinate scale gives fraction of protons 
per 0.2 interval in cosé. 


emitted cascade nucleons is rather insensitive to mass 
number and, indeed, decreases slightly with increasing 
mass number for incident energies below about 1 Bev. 
The second feature is a consequence of the fact that 
the nucleon-nucleon interaction cross sections decrease 
with increasing energy in this energy region; therefore, 
the escape probability for cascade nucleons increases. 
The rather pronounced increase in the rate of change 
of residual excitation energy with bombarding energy 
that occurs around 400-Mev incident energy is the 
result of the emergence of a new and efficient me- 
chanism for the transfer of kinetic energy cf fast 
nucleons to excitation energy of the residual nucleus, 
namely meson production and subsequent meson 
interactions. This process is a more efficient energy 
transfer mechanism than the purely elastic nucleonic 
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with protons of 460 Mev (388 protons included) and 1840 Mev 
(610 protons included). The ordinate scale gives fraction of protons 
per 0.1 interval in cos@. 
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Fic. 10. Angular distribution of pions (all charge states and all 
energies) emitted in interactions of aluminum with protons of 460 
Mev (91 pions emitted) and 1840 Mev (592 pions emitted). 
Ordinate scale gives fraction of pions per 0.2 interval in cosé. 


cascade because in nuclear matter the scattering mean 
free path of a pion created in a nucleon-nucleon collision 
is generally shorter than that of the nucleon that pro- 
duced the pion. Further, the pion has an appreciable 
probability of being reabsorbed, thereby effectively 
transferring a large part of the kinetic energy of a 
single high-energy cascade nucleon to at least three 
others: the partner in the production process and the 
two nucleons participating in the absorption of the 
pion. Actually, more than three nucleons will share in 
the transferred energy because of the high probability 
for several scatterings of the pion before it is absorbed. 
The curves shown in Fig. 14 suggest that the onset of 
double pion production may contribute to the further 
increases in average excitation with increasing bom- 
barding energy above 1 Bev. 

The mass spectrum of residual nuclei and their average 
excitation energies.—In Fig. 15 we show the dependence 
upon incident energy of the cross section for forming 
excited residual nuclei of various mass numbers in the 
proton irradiation of copper-64. The data obtained with 
other targets are in general quite similar to these. 
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Fic. 11. Angular distribution of pions (all charge states and all 
energies) emitted in interactions of uranium with protons of 460 
Mev (82 pions emitted) and 1840 Mev (442 pions emitted). 
Ordinate scale gives fraction of pions per 0.2 interval in cosé. 
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Fic. 12. Energy spectra of cascade protons emitted when 460- 
Mev protons are incident on aluminum and uranium nuclei. The 
arrow marked U indicates the lowest kinetic energy with which 
protons can emerge from a uranium nucleus according to the 
assumptions of the calculation. The corresponding cutoff energy 
for Al is at 4.6 Mev. 


Figure 16 exhibits the dependence of the average 
excitation of various residual nuclei upon the bom- 
barding energy in the irradiation of copper-64. It may 
be noted that, at a given incident energy, the mean 
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Fic. 13. Energy spectra of cascade protons emitted when 1840- 
Mev protons are incident on aluminum and uranium nuclei. As 
in Fig. 12, the arrow marks the cutoff energy for protons from U. 
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TABLE XI. Fraction of pions emitted in each of four energy intervals when copper and uranium nuclei 
interact with protons of several energies. 

















Pion energy Copper Uranium 
(Mev) 460 Mev 940 Mev 1840 Mev 460 Mev 940 Mev 1840 Mev 
0-45 0.48 0.27 0.23 0.47 0.37 0.26 
45-90 0.44 0.25 0.19 0.42 0.25 0.19 
90-200 0.06 0.13 0.09 0.11 0.09 0.11 
> 200 0.02 0.35 0.49 0.00 0.29 0.44 











excitation of residual nuclei increases almost linearly 
with the number of cascade nucleons emitted. This 
result is in some respects surprising but it is not. un- 
reasonable on the grounds that proliferation of the 
cascade results both in the emission and in the retention 
of a larger number of cascade nucleons. Another striking 
feature is the small slope of the curves of Fig. 16 once 
the incident energy exceeds what may be called the 
threshold for forming a given residual nucleus in the 
cascade. As might be expected, the excitation energy 
deposited in a cascade characterized by a given number 
of emitted nucleons (i.e., by a given AA) increases with 
nuclear size. This is illustrated in Fig. 17 where the 
average excitation corresponding to a few AA values is 
plotted against target mass number for two incident 
proton energies. 

The excitation energy spectrum of residual nuclet.— 
The excitation-energy spectra of several different 
residual nuclei produced by protons incident upon 
copper-64 are shown in Fig. 18. As might be expected, 
the spread in the excitation-energy spectrum as well as 
the average excitation increases with increasing number 
of emitted cascade particles. The spectrum for a given 
cascade product does not appear to depend strongly on 
incident energy. 


COMPARISONS WITH EXPERIMENT 

















calculations can be compared. The following com- 
parisons, however, serve to demonstrate the general 
usefulness of the model in the energy range under 
discussion, to point up some specific discrepancies 
between the predictions of the present calculations and 
experimental observation, and perhaps to indicate how 
some of these shortcomings of the calculation might be 
removed by refinements in assumptions and parameters. 

Interaction of 950-Mev protons with silver and bromine. 
—Lock, March, and McKeague* have studied the 
nuclear disintegrations of heavy emulsion nuclei by 
950-Mev protons, and their data can be compared in 
some detail with the results of the present calculation 
for 940-Mev protons incident on Ru’. Some difficulty 
arises from the experimental problem of eliminating 
interactions in light nuclei (C, N, O), which Lock et al. 
do“ by assigning to such disintegrations those and only 
those stars which have nine prongs or less and which 
contain at least one track between 10 and 50 u in length. 
This second criterion is based on the idea that particles 
of such short range can, in general, not penetrate the 
Coulomb barriers of heavy emulsion nuclei. However, 
as the authors themselves recognize,“ some events in 
light nuclei will also not be accompanied by the emission 
of particles of range less than 50 yw and will thus be 
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Fic. 14. Average excitation energy in residual nucleus, plotted 
as a function of incident proton energy for four target elements. 


“Lock, March, and McKeague, Proc. Roy. Soc. (London) 
A231, 368 (1955). 

“Lock, March, Muirhead, and Rosser, Proc. Roy. Soc. 
(London) A230, 215 (1955). 
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Fic. 16. Average excitation energy of various residual nuclei 
formed in the interaction of Cu with protons, as a function of 
incident energy. The numbers indicate the mass numbers of the 
residual nuclei. 


misassigned as heavy-element interactions. This effect 
will be the more important, the smaller the prong 
number. The facts that Lock ef al.” assign only 2 out 
of 292 events with <2 prongs and only 8% of all stars 
(instead of the 20 or 25% expected from the emulsion 
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Fic. 17. Average excitation energies corresponding to various 
mass changes plotted as a function of target mass for two incident 
proton energies. 
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TaBLeE XII. Comparison of calculated and observed mean 
numbers of particles ejected per star from heavy nuclei disinte- 
grations in emulsions. (Experimental data from reference 43.) 





Experimental Present calculation 


Shower particles 0.54+0.04 0.304-0.02 
Gray prongs 1.11+0.07 1.77+0.05 
Black prongs 2.614+0.11 3.55+0.07 
Total 4.26+0.18 5.62+0.09 
Charged pions 0.18+0.05 0.30+0.02 


composition) to light-element interactions almost 
certainly result from such incorrect identifications. 

If the above analysis is correct it may account for 
the deficiency of one- and two-pronged events predicted 
by the MANIAC calculation as compared to Lock’s 
data. The comparison of calculated and measured prong 
distributions is shown in Fig. 19 in two ways. In graph 
(A) the histograms are normalized to the total number 
of events, in graph (B) to the number of events with 
3 or more prongs, for which the scanning criteria should 
be more nearly correct. It is seen that the agreement is 
very good for prong numbers of 3 or greater. The 
calculated prong distribution includes a contribution 
(about 50% of all particles) from evaporation prongs, 
computed on the basis of each 50 Mev of excitation 
energy giving rise to a charged evaporation particle.” 
The discrepancy in frequency of one- and two-pronged 
events almost completely accounts for the difference 
between the over-all mean prong number per star as 
given by Lock* (4.26+0.18) and that deduced from 
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Fic. 18. Excitation energy spectra for different cascade products 
from the bombardment of Cu“ with protons of 460-Mev and 
1840-Mev incident energy. Cascade products of neighboring mass 
numbers are grouped together. 


“xk. J. LeCouteur, Proc. Phys. Soc. (London) A63, 259 and 
498 (1950), A65, 718 (1952); and Dostrovsky, Bivins, and 
Friedlander (unpublished calculations). 
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Fic. 19. Comparison of | aa 
calculated and measured | wy 
prong distributions result- one SN 
ing from the interaction of ee ' 
950-Mev_ protons with 120) ‘ 
heavy emulsion nuclei. The oe ‘ 
solid histograms represent 100 ' 


the results of the MANIAC 
calculation for 940-Mey 
protons incident on Ru™, 
the dashed histograms are ; 
the data of Lock et al. from 60} Bate. 
reference 43. In graph (A) } J ail 
the two sets of data are nor- eked A 
malized to the total number | arte 
of events, in graph (B) to 

the number of events with 20) 
3 or more prongs. 
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Casi ede ae 
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the present calculations (5.624-0.09). It is not so clear 
what causes the disagreement found when one compares 
the measured and calculated mean prong numbers in 
three separate energy intervals as is done in Table XII. 
Here, following Lock’s analysis and terminology, 
shower particles mean protons of kinetic energy greater 
than 450 Mev and charged pions above 68 Mev, gray 
prongs designate protons between 30 and 450 Mev and 
pions between 4.5 and 68 Mev, and black prongs are 
those protons and pions of still lower energy. For the 
purpose of constructing Table XII, all evaporation 
particles were assumed to be black prongs. The errors 
given are standard deviations corresponding to the 
statistical reliability of the numbers of events found. 
The mean number of charged pions emitted per 
interaction (see Table XII) appears to be somewhat 
overestimated by the MANIAC calculation. This may 
well be due to the assumptions made about energy 
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Fic. 20. Angular distributions of gray prongs and shower par- 
ticles resulting from the interaction of 950-Mev protons with 
heavy emulsion nuclei. The dashed histograms are the data of 
Lock et al. from reference 43, the solid histograms represent the 
results of the MANTAC calculation normalized to the observed 
number of prongs. The abscissa is the space angle between the 
outgoing particle and the incident beam direction. Standard 
deviations are given for the calculated and measured values in 
alternate angular intervals. 
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distribution in elementary pion production processes ; 
these assumptions tend to result in an overestimate of 
high-energy pions which have relatively large mean 
free paths in nuclear matter. It may also be significant 
that Lock et al.“ found no pions emitted from stars with 
10 or more prongs, whereas the analysis of the MANIAC 
data shows (12+3)% of all the charged pions to 
originate from such large stars. 

The angular distributions of shower particles and 
gray tracks reported by Lock ef al. are compared with 
the results of the Monte Carlo calculations in Fig. 20. 
Each set of histograms has been normalized to the same 
total area. The agreement is excellent except for the 
deficiency of very small angles (0-10°) in the calculated 
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Fic. 21. Energy spectrum of gray prongs resulting from the 
interaction of 950-Mev protons with heavy emulsion nuclei. The 
dashed histogram represents the data of Lock et al. (reference 43), 
the solid histogram gives the results of the present calculation, 
normalized to the experimentally observed number of particles 
and including about 7% pions plotted at equivalent proton 
energies. The standard deviations for the experimental data only 
are given; those of the calculated numbers are somewhat smaller. 
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Fic. 22. Kinetic energy distribution of fast protons produced 
when slow x~ mesons are absorbed in heavy nuclei. The results 
of the present calculation for Ru (full circles) are compared with 
the experimental data of reference 46 on Ag and Br interactions 
(open circles). 


distribution of shower particles. The angular distri- 
butions are, of course, much less sensitive to the possible 
misassignment of light-element events to Ag and Br 
than are the prong distributions. It should also be 
mentioned that, according to the calculations, the 
contribution of pions to the gray prongs is only 7%, 
whereas pions constitute 60% of the shower particles. 
Figure 21 shows a comparison of the calculated and 
observed energy spectra of gray prongs. For this purpose 
the pion kinetic energies from the Monte Carlo data 
were converted to equivalent proton kinetic energies 
(by multiplication by the ratio of rest masses). This 
corresponds to the experimental procedure in which the 
energies were deduced from grain density under the 
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Fic. 23. Comparison between calculated and measured energy 
spectra of charged pions emitted in the interaction of negative 
pions with nuclei. The solid histograms represent the MANIAC 
data for 465-Mev x~ mesons incident on Ru™, the dashed lines 
are the data of Blau and Caulton for 500-Mev x7 interactions with 
Ag and Br in emulsions. Spectra in three angular intervals as well 
as the over-all spectrum are shown. 
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assumption that all gray tracks were proton tracks. 
The agreement between calculation and experiment is 
very satisfactory. 

Absorption of slow x~ mesons in silver and bromine.— 
To provide a test of the pion absorption mechanism 
assumed, cascade calculations were performed to 
simulate slow x~ absorption by complex nuclei. Here 
each cascade was started by having a #~ meson with 
zero kinetic energy absorbed at a random location 
within the nucleus. The fast nucleons produced in the 
absorption process were followed in the usual manner 
and the numbers and energy spectra of emitted cascade 
protons were compared with experimental nuclear 
emulsion data. The most recent study of this type is 
that on o stars produced by m~ mesons reported by 
Azimov et al.“* These authors indicate that earlier 
work*’ may have been in error in underestimating the 
number of fast (>30 Mev) protons. The average 
number of such fast protons emitted per ~ absorbed 
is calculated to be 0.187+0.013; the experimental 
result of Azimov ef al. (assuming that 28% of all 
incident w~ mesons result in interactions without 
charged particle emission’’“*) is 0.143+0.013. The 
average kinetic energy of these fast protons is calcu- 
lated to be 57 Mev; that observed is 43 Mev. The 
calculated and observed energy distributions for protons 
having energy greater than 20 Mev are presented in 
Fig. 22. 

These comparisons indicate only qualitative agree- 
ment of the present Monte Carlo calculations with 
experiment. The deviations are significant and indicate 
deficiencies in the model of #~ absorption used—at 
least at these low energies. Three possible reasons for 
the lack of agreement between the calculations and 
experiments are: 


(1) Absorption of such low-energy 7 mesons may 
occur at least part of the time on more complex aggre- 
gates inside the nucleus—such as a particles. 

(2) There may be some preference for absorption on 
(PN) pairs as contrasted with (PP) pairs. This has 
been postulated earlier by DeSabbata, Manaresi, and 
Puppi® and by Tomasini® who performed simplified 
Monte Carlo calculations to compare with their emul- 
sion data on slow x~ absorption and found discrepancies 
similar to those discussed here. 

(3) Absorption may occur preferentially on low- 
energy nucleons inside the nucleus. 


Interaction of 500-Mev x- mesons with silver and 
bromine nuclei.—The experimental results from Blau 


46 Azimov, Gulianov, Zanichalova, Nizametdinova, Podgoret- 
skii, and Inidashev, J. Exptl. Theoret. Phys. U.S.S.R. 31, 756 
(1956) [translation : Soviet Phys. JETP 4, 632 (1957) ]. 

47 Menon, Muirhead, and Rochat, Phil. Mag. 41, 583 (1950). 

48 Gardner, Barkas, Smith, and Bradner, Science 111, 191 
(1950). 

“ DeSabbata, Manaresi, and Puppi, Nuovo cimento 10, 1704 
(1953). 
® A, Tomasini, Nuovo cimento 3, 160 (1956). 
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TABLE XIIT. Comparison of MANIAC results on 465-Mev x~ interactions with Ru™ with the experimental data of 
Blau and Caulton* obtained with 500-Mev x~ mesons incident on AgBr. 











Experimental Present calculations 





1. Fraction of events with n 
charged pions emitted 


2. Average number of “black prongs” per star. 
(Assume 50-Mev excitation per evaporation 
prong) 

raction of stars with at least one 
fast (>30 Mev) proton 
4. Mean energy of emitted r* 


n=() 0.60 0.53 +0.04 
1 0.38+0.06 0.43 +0.03 
2 0.01+0.03 0.032+0.009 
{Stars with r* 2.7 +0.1 2.7 +0.2 
\Stars without r* 4.3 +0.2 41 +0.3 
Stars with r* 0.40 0.40 +0.05 
Stars without r* 0.66 0.66 +0.06 
110 Mev 174 Mev 











* Reference 51. 


and Caulton’s investigation" of the interaction of 500- 
Mev negative pions with the silver bromide in nuclear 
emulsion are compared in Table XIII and Figs. 23 and 
24 with the results of the present calculations for 
465-Mev negative pions incident upon ruthenium-100. 
In the analysis of the Monte Carlo data each cascade 
was assigned a statistical weight equal to the scanning 
efficiency given by Blau and Caulton to the- corre- 
sponding type of event in the emulsion. This correction 
has a significant effect upon the degree of agreement 
found. 

_ The comparison between experiment and calculation 
given in Table XIII shows excellent agreement for the 
frequencies of various types of events, but the calcu- 
lated average kinetic energy (174 Mev) of the outgoing 
charged pions is significantly larger than that observed 
(110 Mev). In Fig. 23 the energy spectra of emitted 
charged pions are shown, both for all angles and 
separately for three angular intervals. Here it can be 


seen that the discrepancy in average energy noted above. 


arises primarily from the relatively large number of 
events with small energy loss and small scattering 
angles predicted by the calculation. The introduction 
of a pion-nuclear potential (especially a velocity- 
dependent one) would certainly alter the calculated 
spectrum of emitted pions, presumably in the desired 
direction (see the following section). However, without 
additional calculations it is not clear whether agreement 
with the experimental data could be obtained in this 
way. It should perhaps be pointed out that the dis- 
crepancy could also, at least in part, arise from experi- 
mental! difficulties. Small-angle scatterings with small 
energy losses might have been missed in the scanning. 

A comparison of calculated and observed angular 
distributions of emitted pions as illustrated in Fig. 24 
again shows the same difficulty, namely an excess of 
small-angle scatterings in the calculation as compared 
with Blau and Caulton’s data. There also appears to 
be a deficiency in the calculated number of pions 
emitted at angles greater than 150° to the beam 
direction. 

Interaction of 162-Mev negative pions with silver and 
bromine nuclei.—Nikol’skii et al.? have investigated the 


51 M. Blau and M. Caulton, Phys. Rev. 96, 150 (1954). 


inelastic interactions of 162-Mev negative pions with 
the silver and bromine nuclei in photographic emul- 
sions. Through a comparison of their experimental 
results with a simplified Monte Carlo calculation, they 
concluded that an attractive nuclear potential for 
pions should be included in a model constructed to 
represent these interactions. A comparison of their 
experimental results with the MANIAC calculation has 
been made by very small interpolations and extra- 
polations of the MANIAC results for 134-Mev and 
179-Mev negative pions incident on Ru™., 

The observed energy spectrum of charged pions 
emitted in the backward direction is compared with 
that obtained from the present calculation in Fig. 
25(A). There it is again seen that the calculation gives 
too many high-energy pions; but the discrepancy 
between calculation and experiment is not as large as 
it is for incident negative pions of 500-Mev kinetic 
energy. The effect upon the calculated spectrum of an 
attractive pion-nucleus potential of V Mev was in- 
vestigated as follows: V Mev was subtracted from the 
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Fic. 24. Comparison between calculated and measured angular 
distributions of charged pions emitted in the interaction of 
negative pions with nuclei. The MANTAC data for 465-Mev 2— 
interactions with Ru™ (crosses) are compared with the results of 
Blau and Caulton on 500-Mev x~ mesons incident on Ag and Br 
(solid circles). 








218 





NUMBER OF PIONS PER UNIT ENERGY 
Oo 


Be 
¢-4 
~ 





V4 


Len} 
=e 


er 


ane ot ‘ 


05 





20 40 60 80 100 120 140 
T, (Mev) 


Fic. 25. Energy spectrum of charged pions emitted in the 
interaction of 162-Mev x~ mesons with heavy emulsion nuclei. 
The experimental data of Nikol’skii et al. (dashed) are compared 
with the results of the present calculation for Ru™ (solid). The 
calculations were made with three ditferent assumptions about 
pion-nucleus potential: no potential (A), 18-Mev attractive 
potential (B), and 26-Mev attractive potential (C). 


kinetic energy of each pion emitted in an interaction 
induced by a pion with energy of (162+V) Mev; those 
pions that would thus be emitted with negative kinetic 
energies were assumed to be absorbed. In this manner 
the spectra corresponding to attractive potentials of 
18 Mev and 26 Mev were constructed; they are com- 
pared with Nikol’skii’s experimental data in Figs. 
25(B) and (C). It is seen that the observed energy 
distribution is reproduced fairly well when an attractive 
potential for pions is included in the model. A potential 
of 18 Mev gives perhaps a slightly better fit than one 
of 26 Mev; in any case the present result is in agreement 
with the conclusion of Nikol’skii ef al.* that the data 
can be fitted with an attractive potential of 24+6 Mev. 

The counter data of Miller® on the inelastic scattering 
of 150-Mev x~ mesons from C and Pb are, as the author 
points out, also inconsistent with the predictions of the 
model used here without a pion-nucleus potential. The 
predicted average energy of the pions scattered in the 
backward direction is much higher than observed. The 
introduction of an attractive potential here would again 
probably decrease the disagreement, but MANIAC 
data on pion-induced C and Pb cascades are at present 
not available for comparison. 


8 R. H. Miller, Nuovo cimento 6, 882 (1957). 
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Although the introduction of a pion-nucleus potential 
appears adequate to explain the energy distribution of 
inelastically scattered pions found by Nikol’skii ef al.’ 
the over-all angular distribution of the pions does not 
appear to be well represented by the present model, 
with or without a potential. The calculations predict a 
much stronger angular asymmetry (backward peaked) 
than is observed. Introduction of an attractive pion-nuc- 
leus potential into the model reduces the disagreement ; 
but even the MANTAC results corresponding toa 17-Mev 
potential are quite a poor representation of the experi- 
mental data, as shown in Fig. 26. It appears that a much 
larger potential would be required to obtain agreement, 
probably too large to be compatible with the energy 
spectrum data. Whether the agreement would be im- 
improved by use of a nuclear model with a diffuse 
boundary as Nikol’skii ef al.? suggest, has not been 
tested yet. 

Spallation of copper with 2-Bev protons.—The results 
of radiochemical] studies of spallation cross sections can 
in general be compared with the cascade calculations 
only if estimates of the cross sections for unobserved 
spallation products are made (some products are not 
observed because they are stable or have either very 
short or very long half-lives), and if the number of 
particles “evaporated” from the various excited nuclei 
remaining after the prompt cascade is also estimated. 
The mass-yield curve for the spallation of copper with 
2.2-Bev protons found experimentally by Friedlander 
el al.* is compared in Fig. 27 with that predicted by the 
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Fic. 26. Angular distribution of charged pions emitted in the 
interaction of 162-Mev z~ mesons with heavy emulsion nuclei. 
The experimental data of Nikol’skii et al. (solid) are compared 
with the results of the present calculation incorporating an at- 
tractive pion-nucleus potential of 17 Mev (dashed). The two sets 
of data are normalized to the same total number of emitted pions. 
The ordinate scale is arbitrary. 





% Friedlander, Miller, Wolfgang, Hudis, and Baker, Phys. Rev. 
94, 727 (1954). 
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MANIAC calculation for 1.84-Bev protons. The experi- 
mental curve includes estimates of unobserved cross 
sections made on the basis of rather crude evaporation 
theory calculations giving relative isobaric yields.™ 
The number of particles emitted by the excited nuclei 
remaining after the cascade was crudely estimated as 
follows: no evaporation was assumed for excitations 
below 10 Mev, loss of one mass number for excitations 
between 10 and 25 Mev, and loss of one additional mass 
number for every 0 to 17 Mev beyond 25 Mev. The 
adjustments that have been applied to both the experi- 
mental and calculated results are quite approximate, 
and details such as the magnitude and position of the 
slight maximum in the adjusted experimental mass- 
yield curve should not be taken too seriously. Never- 
theless, the general form of both curves could not be 
altered seriously by a more refined treatment, and the 
rather good agreement between the calculation and the 
experimental! results in Fig. 27 would probably persist. 
In this connection, attention should be called to the 
fact that the very differently shaped mass-yield curve 
for copper spallation with 340-Mev protons is also well 
reproduced by the Monte Carlo calculations (Fig. 22 
of I). At both energies the present calculation under- 
estimates the cross section for a mass change of one 
unit [(p,pn and (p,2p) reactions | by a factor of about 
3. This discrepancy appears to exist for (p,pm) reactions 
in general and, as already mentioned in I, may at least 
in part result from the assumption of a sharp nuclear 
boundary. 

The comparisons presented indicate that the ex- 
tension of the nuclear cascade calculations into the 
energy region where pion processes are important is 
reasonably successful. Many features of the experi- 
mental observations are reproduced at least semi- 

* The production cross section of 27 mb for V® quoted in refer- 
ence 53 was based on a half-life of 600 days. For the mass yield 


curve of Fig. 27, a 15-mb cross section for V“ was used, on the 
basis of recent half-life measurements of 330 days. 
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Fic. 27. Mass-yield curve for the products formed in the 
interaction of copper with protons of about 2 Bev.: The results 
of the present calculations for 1.84-Bev protons on Cu®™ sup- 
plemented by a crude evaporation calculation (solid histogram) 
are compared with the data of reference 53 on 2.2-Bev proton 
interactions with copper (dashed curve). 


quantitatively. Others are not, and the nature of these 
disagreements may indicate certain refinements in the 
model used which should be tried. Among these are a 
pion-nucleus potential, a diffuse nuclear boundary, a 
better approximation to the kinematics of r-production 
events, and changes in the assumptions about the pion 
absorption mechanism. 
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Interaction of Antiprotons with Complex Nuclei*} 
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The large reaction cross sections observed for antiproton collisions with complex nuclei may be understood 
in terms of strong absorption in the diffuse surface of the nucleus. Large values for the real part of the 
potential are not required. The elastic scattering of antiprotons is also discussed. 


I. INTRODUCTION 


HE cross sections for the interaction of anti- 
nucleons with nuclei’* and nucleons‘ are 
observed to be considerably larger than the correspond- 
ing cross sections for nucleons. The large nuclear cross 
sections will be explained here in terms of two essential 
facts: the observed nucleon-antinucleon cross sections 
and the diffuse nature of the nuclear surface.* 

Prior to their experimental detection, these large 
cross sections were predicted by Duerr and Teller® on 
the basis of a relativistic theory of nuclear structure.’® 
The basic feature of this explanation is an extremely 
strong attractive potential between antinucleons and 
nucleons. Calculations for this model will also be 
reported here. They indicate how this large interaction, 
if it exists, could be detected experimentally. 

No real attempt will be made to obtain detailed 


* This work was begun at the University of Minnesota with 
partial support from the U. S. Atomic Energy Commission 
Additional support has also been received from Office of Ordnance 
Research, U. S. Army. 

+A preliminary report of this investigation was made at the 
1957 Venice-Padua International Conference on Mesons and 
Recently Discovered Particles (to be published). The author is 
indebted to Professor G. Goldhaber for presenting the paper. 
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agreement with the limited experimental information 
now available. Only the general properties of the 
collision process will be investigated. The interaction 
of an incident antiproton with the target nucleus is 
represented by a simple two-body potential 
o(r)=(V+iW)[1+exp{(r—R)/ay}, (1) 
plus the electrostatic potential for a spherical charge 
density of radius R. This is the form of the optical 
potential introduced by Woods and Saxon"; V and W 
are the strengths of the real and imaginary parts of the 
antiproton-nucleus potential, and R and a are the 
halfway radius and diffuseness of this potential. 

The four optical model parameters in Eq. (1) are, 
in principle, determined by the mutual interaction of 
the nucleons in the nucleus and their interaction with 
the incident antiproton. These elementary interactions 
are not yet well enough known to justify a very detailed 
attempt to obtain the potential from them. Nor is 
there sufficient information on the nuclear cross sections 
to warrant an elaborate phenomenological search for 
the best set of parameters. Instead, the problem is 
simplified by assuming the same potential for anti- 
nucleons as for nucleons, except for the imaginary part 
W which has to account for the strong annihilation of 
antinucleons. The success of this simple approach 
implies that the fundamental problem is the elementary 
antinucleon-nucleon interaction.'” 


II. OPTICAL MODEL POTENTIAL FOR 
ANTIPROTONS 


Calculations have been carried out for antiprotons 
of 140-Mev kinetic energy for Ag, Br, and N. This 
energy is the average energy in the emulsion studies.*:* 
The choice of elements will give information on the 
dependence of the cross sections on atomic weight as 
well as allow an average to be taken over the emulsion 
contents. Exact partial-wave solutions of the Schréd- 
inger equation were obtained with a Univac Scientific 
Computer (E.R.A. 1103) using the program previously 
employed for studying proton scattering from nuclei 
for kinetic energies from 10 to 100 Mev.'*"* 

1 R. W. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

12 Considerable success in this direction has recently been made 
by J. S. Ball and G. F. Chew, University of California Radiation 
Laboratory Report UCRL-3922, August 28, 1957 (unpublished). 

13 Glassgold, Cheston, Stein, Schuldt, and Erickson, Phys. Rev. 
106, 1207 (1957). 


M4 A. E. Glassgold and P. J. Kellogg, Phys. Rev. 107, 1372 (1957), 
15 A. E. Glassgold and P. J. Kellogg (to be published), 
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For purposes of comparison, calculations for protons 
of the same energy were first carried out. Although the 
previous analysis of proton scattering did not 
consider energies as high as 140 Mev, a reliable extra- 
polation of the optical model parameters can be made 
to this energy. If the halfway radius is expressed as 


R=1,A*X10- cm, (2) 


the value of ro characteristic of the light elements in 
the emulsion is ro>=1.30; the appropriate diffuseness 
parameter is a= 0.65 X 10~" cm. The extrapolated value 
for the real part of the potential, which changes very 
slowly with energy near 100 Mev, is V—15 Mev for 
the above radius. A reliable extrapolation cannot be 
made for the imaginary part of the potential because 
the values of W determined below 100 Mev are some- 
what uncertain due to the absence of measurements of 
reaction cross sections. A rough estimate based on 
Goldberger’s method,'® will be used instead. The 
imaginary part of the potential is 


W =1/2hvpo’, 


where v is the incident particle’s velocity inside the 
nucleus, p is the nuclear density, and o’ is the effective 
two-body scattering cross section in nuclear matter. 
For protons, the effective cross section is 


op'=(N/A)apyopy+(Z/A)appo pp. (3) 


The proton is assumed to be scattered independently 
and isotropically by the target nucleons, opy and opp 
being the total nucleon-nucleon cross sections for the 
velocity ». The nucleus is represented by a Fermi gas 
and the requirement that both collision partners be 
outside the Fermi sphere after scattering leads to the 
factors a, 

7 Er 

a=1-—-—, 

SE 
where Ey is the Fermi energy and £ is the incident 
proton’s energy inside the nucleus. The calculated 
value is W p~~—12.5 Mev, which is in agreement with 
other estimates of a similar nature.’ 

We next assume that the most important difference 
between the nuclear interactions of antiprotons and 
protons is in the imaginary part of the antinucleon 
potential, which must account for the strong annihi- 
lation.’* This quantity is to be related to the experi- 

16M. L. Goldberger, Phys. Rev. 74, 1268 (1948). 

17 W. B. Riesenfeld and K. Watson, Phys. Rev. 102, 1157 (1956). 

18 There is no reason why the real part of the potential should 
be the same for antinucleons as for nucleons. In order to simplify 
the problem, however, this has been assumed for most of the 
calculations sae here. Because of the strong absorption, the 
cross sections for antiprotons at this energy are insensitive to the 
value of V as long as | V| is small. Additional calculations will 
be presented below to show the effects of making large changes 
in V. Using the phase shifts of reference 12, G. F. Chew and 
K. M. Watson (private communication) find a weak repulsive 
potential of V=+15 Mev, i.e., just the negative of the value 
used here. For a large imaginary part, | V| =15 Mev corresponds 
essentially to a black nucleus. 











221 


mental antinucleon-nucleon cross sections. Information 
on these cross sections is, of course, far from complete 
at the present time. Extrapolation of total cross section 
measurements by Cork, Lambertson, Piccioni, and 
Wenzel! (from 190 to 700 Mev) gives opp‘°—~150 mb 
for the energies of interest here. However, there is only 
meagre information on the scattering cross section; 
five emulsion events for an average energy of 140 Mev 
indicate opp“ = 75_3,+ mb.® In addition there are 
no measurements of antiproton-neutron scattering at 
these energies. 

A separation of the total antinucleon-nucleon cross 
section into annihilation and scattering is necessary in 
calculating the imaginary part of the antinucleon 
potential because the scattering contribution is modified 
by the Exclusion principle. The effective cross section 
for antiprotons is 


op = (N/A)[opn"+apyopn? | 
+Z/A[Lopp°"™+appopp |. (4) 


The a@ factors are not as important for antinucleons 
because only the scattered nucleon need be outside the 
Fermi sphere, 

3 Er 

a=1—-—. 

SE 
For antiprotons of 140-Mev kinetic energy, this gives 
only a 10% reduction. The assumption of isotropic 
scattering is, however, not a good one for antiprotons 
since their annihilation gives rise to strong shadow 
scattering, and the Exclusion principle is most effective 
in inhibiting small momentum transfers. Thus Eq. (4) 
may overestimate the effective cross section. On the 
other hand, the surface plays an important role in 
producing the large cross sections and here the Exclusion 
principle is not very effective. Multiple scattering of 
the incident antiproton should also be considered. 

The simple Goldberger model would be too crude 
were there more information on the antinucleon-nucieon 
cross sections. It should be sufficient, however, to give 
the order of magnitude of the absorption. More im- 
portant, it will be shown below that the exact value of 
the imaginary part will not be crucial as long as it is 
large enough. 

If the cross sections for the scattering of antiprotons 
from neutrons and protons are the same, Eq. (4) 
becomes 

op =opp?" +ap po pp. 
An upper limit can be found by ignoring the effect of 
the Exciusion principle completely (app= 1). This leads 
to |Wp| <75 Mev. This limit is practically reached 
in two situations: isotropic scattering (app~0.9) and 
very little scattering, the latter apparently being the 
situation at 450 Mev.’ A crude lower limit may be 
obtained by taking the annihilation and scattering 
cross sections to be equal and assuming that the 
Exclusion principle renders the scattering part com- 
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TABLE I. Optical model potentials. For all three cases the 
radius parameter is ro= 1.30 and the diffuseness is a=0.65X 10-" 
cm. 











Projectile V (Mev) W (Mev) 
of proton — 15 —12.5 
Pp antiproton — 15 —50 
ad antiproton —528 —50 








pletely ineffective (app=0):|Wpp| 237.5 Mev. The 
actual value will probably lie somewhere in between. 
The exact value will not matter once the lower limit is 
exceeded ; the value used here is Wp= —50 Mev. 

To investigate the explanation of Duerr and Teller,’ 
calculations were also performed for a large real part, 
V p= —528 Mev, which is the value given by Duerr'® 
at this energy. The imaginary part will be the same as 
in the other calculations for antiprotons, ie., Wp 
= —50 Mev. In Duerr’s formulation there is, at every 
energy, an effective static potential which approximates 
his velocity-dependent potential very accurately. There- 
fore the present calculations will give the correct 
scattering expected from his model. 


Ill. RESULTS 


The potentials for the three cases considered are 
given in Table I; P indicates protons, P antiprotons 
with the same real part as for protons, and P’ indicates 
antiprotons with a large attractive real potential. The 
radius parameter and the diffuseness are the same 
throughout, i.e., 79>= 1.30 and a=0.65X 10-" cm. 

The total reaction cross sections are given in Table II 
for Ag, Br, and N. The calculated values for protons 
(P) are in satisfactory agreement with experiment,” 
and thus verify the choice of parameters in this case. 
If these cross sections are divided by the “geometric” 
value +R’, then o‘” /xR*™1 for protons independent of 
atomic weight. This is in contrast to the situation for 
antiprotons (P) where this ratio increases from 1.62 

TABLE II. Total reaction cross sections for 140-Mev protons 


and antiprotons. The parameters for the three cases are given in 
Table I. 














Potential o‘*) (barns) o()/rR? 
Silver 

P 1.21 0.99 

Pp 1.99 1.62 

P’ 2.66 2.16 
Bromine 

P 0.98 0.99 

Pp 1.66 1.65 

Pp 2.26 2.25 
Nitrogen 

P 0.30 0.97 

P 0.63 2.02 

Pp 0.94 2.99 





19 J. H. Cassells and J. D. Lawson, Proc. Phys. Soc. (London) 
A67, 125 (1954), and Lees, Morrison, Muirhead, and Rosser, 
Phil. Mag. 44, 304 (1953). 
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for Ag to 2.02 for N. This increase with decreasing 
atomic weight indicates that a significant fraction of the 
absorption occurs in the surface region of the nucleus. It 
has been assumed, of course, that the surface thickness 
is independent of atomic weight. 

The importance of the surface region is more clearly 
displayed in Figs. 1 and 2, which give the “transmis- 
sion” coefficients 7, as a function of orbital angular 
momentum for Ag and N. A figure for Br is not given 
since this element is so much like Ag. The transmission 
coefficient is the ratio of the partial reaction cross 
section o,‘” for orbital angular momentum L to the 
maximum possible value, (2L+-1)2A’, i.e., 


Tr=op/(2L+1)aX?. 


A transmission coefficient of unity means complete 
absorption of the partial wave, i.e., a “black” situation. 
The continuous solid curves are for the nuclear form 
factor 


f(r) =U +exp{ (r— R)/a} 


plotted against the radial coordinate in units of A; its 
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Fic. 1. Transmission factors for the absorption of 140-Mev 
antiprotons by Ag. The parameters for the ™ sv potentials P, 
> and P’, are given in Table I. The solid curve is the nuclear 
form factor. 


maximum value is f(0)~1. For large Z an impact 
parameter LA may be associated with Lth partial 
wave. Hence the partial wave interacts in the region of 
the nucleus where the nuclear form-factor is f(L), if 
lengths are measured in units of A. Furthermore the 
ratio T',/f(L) is a measure of the absorptive power of 
the nucleus at distances LA from the center. 

The solid histograms are transmission coefficients for 
protons (P). For Ag the histogram resembles the form 
factor very closely, although there is not quite complete 
absorption of curves corresponding to small impact 
parameters. In fact T,/f(L)<1 for small L, but 
T1/f{(L)™1 for L>kR. This behavior is more apparent 
for N, which indicates that even for protons there is a 
slight (relative) increase in absorption at the nuclear 
surface. i 

The dash histograms labeled P show how the surface 
gives rise to the large reaction cross sections for anti- 
protons. First of all, waves with small angular momen- 
tum are now completely absorbed, i.e., T,/f(L)=1 
for small L. Furthermore, even where the form factor 
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decreases, the waves are strongly absorbed, i.e., 
T1/f(L)>1 for L~kR and for L>kR. This is the 
important effect because in obtaining the total reaction 
cross section, 


a=, Ty (2L+1)4k’, 


the high angular momenta striking the surface region 
(L2kR) are emphasized by the statistical weight, 
(2L+1). 

The dash histograms labeled P’ are the transmission 
coefficients for Duerr’s potential.’° The strong attraction 
further enhances the absorption in the nuclear surface, 
to the extent that o”/R? increases from 2.66 for silver 
to 2.99 for nitrogen. Ratios as large as these have not 
been observed in the experiments. 

The angular distribution of the elastic scattering for 
the three potentials of Table I are plotted for silver 
and nitrogen in Figs. 3 and 4. The curves for bromine 
are qualitatively the same as those for silver and are 
not shown. The differential cross sections in Figs. 3 and 
4 have been normalized to Rutherford scattering to 
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Fic. 2. Transmission factors for the absorption of 140-Mev 
antiprotons by N. The parameters for the three potentials P, 
?, and P’, are given in Table I. The solid curve is the nuclear 
form-factor. 


reduce the range of variation of the curves and to better 
display the small-angle situation. 

The solid curves for protons (P) are of the familiar 
diffraction type, i.e., the angular distributions have 
regularly spaced maxima and minima and they decrease 
rapidly with scattering angle. The angular distribution 
for antiprotons with a small real potential (P) are 
qualitatively the same, although there are some inter- 
esting differences which will be discussed below. The 
most striking feature of the three angular distributions 
is that the elastic scattering of antiprotons with a very 
large real potential (P’) does not decrease with scat- 
tering angle as rapidly as the other two cases. Thus, 
strong reflection is an important characteristic of the 
deep potential of Duerr’s theory. For scattering angles 
close to 180°, the elastic scattering for the large po- 
tential (P’) is about 10‘ larger than that for a weak 
potential (P). 

Another interesting difference between the three 
angular distributions is that the maxima and minima 
do not occur in the same places although the same 
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Fic. 3. Angular distribution of 140-Mev antiprotons elastically 
scattered from Ag, normalized to Rutherford scattering. The 
parameters for the three potentials P, P, and P’, are given in 
Table I. The solid curve is for protons. 


form-factor was used for the three potentials. A very 
simple explanation may be given of these shifts in the 
diffraction patterns. In the usual diffraction theory for 
a completely absorbing sphere of radius 6 without 
Coulomb effects, partial waves with orbital angular 
momentum L<L’=kb are completely absorbed, and 
all others suffer no interaction. Thus the total scattering 
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Fic. 4. Angular distribution of 140-Mev antiprotons elastically 
scattered from Ag, normalized to Rutherford scattering. The 
parameters for the three potentials P, P, and P’, are given in 
Table I. The solid curve is for protons. 
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and reaction cross sections are 
R®o "0 = k?o() = (kb)*, 
and the scattering amplitude is 
kf (0) =1i(kb)*LJ1 (kb sind) / (kb sin8) }. 


For a strongly absorbing diffuse nucleus the proper, 
but not the only, modification is to replace kb by L’, 
the maximum orbital angular momentum which is 
strongly absorbed. This is, in fact, the role of the 
radius 6 in the usual diffraction theory. More precisely, 
the critical L’ is defined such that 


Tr>$ L<L’ 
(5) 
T:<3 L>L’, 
and the cross sections and scattering amplitude are 
Ro = ko I= aL’, (6a) 
kf(0)=iL"(J,(L' sind) /(L’ sind) }. (6b) 


Now the position of the first diffraction minimum 4, 
for example, is determined by the first zero of the 
Bessel function : 


L'6,= 1.227. 


Thus the first minima for P and P’ should be shifted, 
relative to the first minimum for P, towards smaller 
angles because the reaction cross sections for these two 
potentials are larger. Furthermore, if the critical orbital 
angular momentum L’ is determined from Figs. 1 and 
2, the positions predicted by Eq. (7) are correct to 3°. 

For scattering angles smaller than the first diffraction 
minimum, there is usually an additional minimum in 
o(0)/cr(@) which appears only as an inflection point 
when (6) is plotted as a function of 6. This is an effect 
of the interference between the Coulomb and nuclear 
scattering amplitudes. The position of this minimum 
ine marks the transition from Coulomb to diffraction 
scattering. The rise in the cross sections for antiprotons 
over that for protons in the region @in.<@<4;, is 
however, only partially due to the change in sign of 
the Coulomb amplitude and the resulting constructive 
interference. Most of the increase is associated with 
the increase in shadow scattering which accompanies 
the strong absorption of antiprotons. It may be seen 
from Eqs. (6) and (7) that, when the shadow scattering 
is confined to a smaller cone, the total scattering has 
to increase since L’« 1/6; and k’a =xL”. 

This conclusion is verified by the lower part of Fig. 5, 
which shows the effect on the angular distribution of 
increasing the real part of the potential from V=—15 
to V=—90 Mev. The scattering at small angles is 
apparently very insensitive to the real part of the 
potential at this energy. On the other hand, the large- 
angle scattering is sensitive to the magnitude of the 
potential. Even for V=—90 Mev, the back-angle 
scattering is almost as large as that obtained for 


(7) 
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Duerr’s potential. To determine the sign of the po- 
tential, experiments on the elastic scattering of anti- 
protons from nuclei will have to be done at considerably 
lower energies. 

Figure 5 also shows the effects of changes in the 
imaginary part of the potential W and the diffuseness a. 
Changing the former from W= —30 Mev to W= —50 
Mev gives only a 10°/, increase in the reaction cross 
section and affects the elastic scattering very slightly. 
Increasing the magnitude of W further will have even 
less effect. Therefore, the conclusion’s reached in this 
article are relatively independent of the particular 
choice made for W, ie... W=—50 Mev. A similar 
statement can really be made for all the other param- 
eters since no attempt has been made to obtain detailed 
agreement with experiment. 


IV. DISCUSSION 


The above discussion indicates how strong absorption 
in the nuclear surface causes the large reaction cross 
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Fic. 5. Effect of varying the optical model parameters on anti 
proton scattering. In each case only one parameter is varied. 
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TABLE III. Mean free paths in emulsion. Annihilation in hydro- 
gen is not included and the experimental values have been 
corrected by about 5% for this effect. The calculations are for 
140-Mev protons and antiprotons, which is the average energy 
in the emulsion experiment. The potential parameters for the 
three cases are given in Table I. The corresponding reaction 
cross sections are also given. 


P Pp Pp’ 


Experimental* 
a”) (barns 0.64 1.14 159  —-1.12-40.10 
MM” (em) 32.8 18.3 13.2 18.5 +1.7 


* See reterence 6 


sections for antinucleons. Becausé no attempt has been 
made to deduce the exact values of the optical model 
parameters, either from the experiments themselves or 
from the nucleon-antinucleon interaction, a detailed 
comparison with experiment cannot be made. It should 
be noted that increasing the magnitude of any of the 
optical model parameters increases the reaction cross 
section. Thus there is no difficulty in obtaining suffici- 
ently large reaction cross sections and, at the same 
time, the proper elastic scattering. 

Table III presents the mean free paths and average 
reaction cross sections for 140-Mev antiprotons and 
protons in emulsion. These values were obtained by 
averaging the cross sections of Table II over the 
emulsion constituents. The annihilation in hydrogen is 
not included so that the experimental mean free paths 
have been increased accordingly by about 5%. There 
is excellent agreement between case P (very small real 
potential for antiprotons) and the experimental value.® 
On the other hand, the mean free path calculated from 
Duerr’s potential (P’) is several standard deviations 
away from the observed one. 

The calculated cross sections in Table I for case P 
also agree fairly well with measurements at 300 Mev‘ 
and 400 Mev.® To some extent this justifies the com- 
parison in Table III involving cross sections calculated 
for only the mean energy in the experiments. Of course 
the close agreement should not be overemphasized. It 
should be perfectly clear, however, that extreme values 
for the real part of the potential are not needed to 
obtain the large cross sections which have been ob- 
served. 

Table IV gives the integrated elastic scattering for 
various angular intervals starting at 2° in the center of 
mass system and including the interval from 2° to 
180°. The angular distributions are averages over the 
emulsion contents excluding 7. 

Some measurements of the elastic scattering of 
antiprotons have been reported by Goldhaber and 
Sandweiss.”” Ninety-two events in nuclear emulsion 

*%G. Goldhaber and J. Sandweiss, University of California 
Radiation Laboratory Report UCRL-3896, August, 1957 (unpub- 
lished). [Abstract presented at 1957 Venice-Padua International 


Converence on Mesons and recently Discovered Particles (to be 
published). ] 
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TABLE IV. Integrated elastic scattering in barns; KX stands for 
Rutherford scattering and the potentials for P, P, and P’ are 
given in Table I. 


Interval R P Pp P’ 


2°- 6° 1.892 1.22 1.45 1.85 
6° 12 0.177 0.16 0.31 0.44 
12°- 18° 0.033 0.022 0.061 0.10 
18°— 24' 0.012 0.010 0.011 0.068 
24°- 30° 0.005 0.001 0.005 0.042 
30°~-180° 0,009 $0.01 <0.02 0.11 
2°-180 2.13 1.42 1.86 2.01 


TasLe V. Number of elastic scattering events for Rutherford 
scattering (KX) and the three potentials of Table I. The total 
number of events is 92. 





Angular range R P P Pp Experiment* 
2 6° ~a eo: grass we 
6° 12 8 10 15 16 24 
12°- 24° 2 2 4 6 4 

24°-180° 1 1 1 5 1 








* See reference 20. 


were observed for antiprotons whose kinetic energies 
were in the range from 50 to 200 Mev. It is difficult to 
compare the results of the present calculations with the 
measurements because the calculations were done only 
at 140 Mev, the average energy in the experiments. 
Nevertheless the number of scattering events expected 
in each angular range considered by the experiment is 
given for the various potentials in Table V. For the 
reason just mentioned and because of the small number 
of events in the various angular regions, no definite 
conclusion will now be made on the basis of this data. 
Nevertheless, the calculated numbers indicate the 
possibility of determining the real part of the potential! 
from such measurements. 
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Associated Production of =° and 6,°; Mass of the :* 
F, EIsLer, R. PLANO, N. SAmios, AND J. STEINBERGER, Columbia University, Irvington-on-Hudson, New York 
and Brookhaven National Laboratory, Upton, New York 
AND 


M. Scuwartz, Brookhaven National Laboratory, Upton, New York 
(Received December 3, 1957) 


An event in which @;° and 2° production and decay are both observed, is described. This event yields a 
mass value for the 2° and demonstrates the associated production of the 6°. Additional events yielding 


mass values of the =° are reported. 





URING the course of studying the production 
and decay of strange particles in a liquid hydrogen 
bubble chamber, we have observed a most unusual 
event. This event, an example of the reaction *-+p— 
>°+ 6, has two features of exceptional interest. 

(A) The @ produced in this reaction is observed to 
decay via the long-lived 6.° decay mode first predicted 
by Pais and Gell-Mann.’ 

(B) The =° undergoes the decay A°+e*t+e-, per- 
mitting an accurate measurement of the mass of the 
>° hyperon. 

The above event occurred in a chamber 12 in. in 
diameter and 6 in. deep, filled with liquid hydrogen at 
a density of 0.06 g/cm*. The chamber was in a magnetic 
field of 13.1 kilogauss. The exposure was to a 950-Mev 
m- beam at the Brookhaven National Laboratory 
Cosmotron. 

Figure 1 is a photograph of the event. A x meson 
interacts at point A. Leaving the point of interaction 
are an electron and positron. Originating at point B 
and pointing to A is a V particle which is identified as 
a A® decay. \\econstruction in space of the 2° decay 
permits us to predict the vector momentum of the 
which was produced in the primary reaction. Upon 
examining the projected line of flight of the #, we do 
indeed find a V at C. Both prongs of the V are on one 
TaBLE I. Comparison of measured angles with angles expected 

for associated production and decay of 2° and 6°. 








Measured angle Expected angle* 





Angle egrees ) (degrees) 

Tin —®? 31.0+1.0 30.8 
Tin —A° 5.2+1.0" 5.4 
Tin —e* 54.741.5 54.7 
Tin OC 61.5+1.0 61.5 
>° (projected) 9.0+1.0 9.2 
x—p 62.544 61.5 
A°—p 6.9+0.4¢ 6.5 
A°—r 55.6+3.0° 55.0 
w—L* 54.5+1.0 

YP—L- 29.6+1.5 

Lt-L 61.341.5 








* Chosen so as to make consistent fit with known beam momentum of 
1090 Mev/c. 

b> From measurements on x~ and p, 

© Determined from total opening angle and measured moments. 


* This research is supported by the U. S. Atomic Energy 
Commission and the Office of Naval Research. 
1A. Pais and M. Gell-Mann, Phys. Rev. 97, 1387 (1955). 


side of the direction of flight so that it is clear that this 
V cannot arise from a two-particle decay. Furthermore, 
the elapsed time from production to decay is 10~° 
second in the # rest frame. This is ten times the lifetime 
of the ordinary 6,°, which decays into two pions. 
Measurement of the decay angles and momenta 
establish the decay mode as being consistent with 
either 
6—4t+yr+y, or 0)°—rt+er+y. 


Previously reported experiments** have established 
the existence of a neutral particle with a mass approxi- 
mating that of the 6,°, with three-particle decay modes 
including those mentioned above, and a lifetime of 
~10~7 second. In these aspects this particle fits the 
picture of the 6:° drawn by Pais and Gell-Mann.' 
Furthermore, it has been shown‘ that approximately 
one-half of the #’s produced in association with con- 
ventional hyperons can reasonably be accounted for 
only if one assumes a long-lived decay mode with a 
lifetime >3X10~* second. The event described herein 
is the first reported case where this long-lived decay 
mode is actually observed in association with a hyperon. 
As such, it provides one of the last remaining links in 
the verification of the theory of Pais and Gell-Mann. 
This is the only three-body @ decay observed by us. 
In the same photographs we have seen 450 A° production 
events, with an average potential @ decay time in the 
chamber of 5.5X10~-" sec in the # rest system. If one- 
half of the @’s decay in the three-particle modes with 
long lifetime (6,°), our single observation corresponds 


TABLE II. Comparison of measured and expected 
momenta of decay products. 


Measured momentum Expected momentum 


Track (Mev/c) (Mev/c) 
p 717 +30 740 
7 105 +10 103 
€ 95.44 6.0 95.4 
# 8.6+ 0.5 8.6 
i* 195 +10 ee 
L- 





2 Lande, Booth, Impeduglia, Lederman, and Chinowsky, Phys. 
Rev. 103, 1901 (1956). 
3 Fry, Schneps, and Swami, Phys. Rev. 103, 1904 (1956). 
‘Eisler, Plano, Samios, Schwartz, and Steinberger, Nuovo 
cimento 5, 1700 (1957). 
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Fic. 1, 2° and @,° associ- 
ated production and decay 
observed in a liquid hydro- 
gen bubble chamber. 


to a lifetime of 2255.5X10~"=1.2X10~7 sec. This is 
quite in line with the lifetime of (0.8+0.4)X10~7 sec 
reported by Bardon et al.* 

Details of the angle and momentum measurements 
of the complete event are given in Tables I and II. 
The x from the A° decays in flight at point D and its 
secondary y~ stops in the glass. The electron from the 
u- decay re-enters the chamber. The momentum of the 
x is established from the range and emission angle of 
the secondary w~. All other momenta are obtained from 
curvature measurements. 

Using the momenta of the A°, e+, and e~ and the angles 
between each of them and the projected 2°, we compute 
the Q of the reaction >°-A°+y. The A° momentum 
used was adjusted to provide the best fit to the known 
incoming-beam momentum (1090+15 Mev/c). We 
obtain 

Q=80+5 Mev. 


The error is due primarily to multiple scattering and 
secondarily to error in dip-angle measurement on the 
electron tracks. 


TABLE III. Tabulation of 2° decay Q values. 
QO (Mev) 
70+10 
75+12 
82+15 
7212 
82+13 
73+16 
76+17 


Event 


NOUS WH 





5 Bardon, Chinowsky, Fuchs, Lande, and Lederman, Bull. Am. 
Phys. Soc. Ser. IT, 3, 24 (1958). 





In addition to the above, we have observed seven 
other events each giving a Q value for the ° decay. 
The latter events were observed in a propane chamber, 
12 in. in diameter and 8 in. deep in a magnetic field of 
13.4 kilogauss. The measured Q values are listed in 
Table III. Each of these events was characterized by 
an observed decay of the A°® and the conversion in the 
liquid of the y. The first three events have been de- 
scribed previously.* In the case of the last four events, 
the Q is obtained by making use of the A° momentum, 
they momentum, and the angle between the A° and the y. 

Combining all events, we obtain 


0=77.443.5 Mev. 


This Q value may be combined with the measurements 
on the >~—° mass difference.’ The resulting Q value 
is Q=75.1_,*!* Mev. This gives a mass of the 2°: 
M =1190.3_,*!* Mevt using the latest value of the A° 
mass= 1115.2 Mev.* For comparison, the most recent 
values of the 2+ and =~ masses are: 


Mx*=1189.540.3 Mev,® 
My-=1196.5+0.4 Mev.’ 


6 Plano, Samios, Schwartz, and Steinberger, Nuovo cimento 5, 
216 (1957). 

7 Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, and Tripp, 
University of California Radiation Laboratory Report UCRL- 
3775 (unpublished). 

8 W. Barkas, Venice Conference on Elementary Particles, Sep- 
tember, 1957 (to be published). 

9R. S. White, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, April, 1957 (Inter- 
science Publishers, Inc., New York, 1957), p. VITI-31. 

+ Note added in proof.—We would like to thank Professor A. 
Rosenfeld for pointing out an error in these values as given in 
our preprint. 
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Zero Curvature Tensor in Einstein’s Unified Field Theory 


Max WyMAN AND HANs ZASSENHAUS 
University of Alberta, Edmonton, Alberta, Canada 
(Received December 11, 1957) 


In classical relativistic gravitational theory a zero curvature tensor is characteristic of the flat space-time 
of special relativity. However this result is not valid in Einstein’s forms of unified field theory. Our present 
paper derives and discusses all solutions of Einstein’s unified field equations that result from a zero curvature 


tensor. 


By obtaining a rather extensive class of rigorous solutions we had hoped that a detailed examination of 
their physical interpretations might clarify many of the ambiguities that exist, in the theory, at the present 
time. This hope was not realized as the detailed examination served to show that the present formulations 
of Einstein’s unified field theories cannot be considered complete. 


1. INTRODUCTION 


URING the past ten years Einstein has brought 
forward several modified forms of a unified field 
theory. The central theme of all forms is that gravi- 
tational and electromagnetic fields are representable by 
a nonsymmetric tensor g;; satisfying certain field equa- 
tions. The modifications consist in rather slight differ- 
ences in the field equations. 

In a paper by Straus! the problem of investigating 
the vanishing of the curvature tensor in these theories 
was proposed. However, in that paper nothing more 
than a start on the investigation was given. Our present 
paper gives a complete solution to the problem. It was 
our hope that an investigation into the physical inter- 
pretation of a class of exact solutions might clear up 
some of the ambiguity that exists in the identification 
of certain fundamental physical quantities. Instead we 
are afraid that the existence of the solutions that we 
have found merely adds to the confusion and indicates 
that the present form of the theory is far from complete. 

Briefly the form of Einstein’s theory we shall con- 
sider is as follows: Let X denote a coordinate system 
in a four-dimensional space. Further, in this space 
we designate the coordinates of a point P by (x*) 
= (x1 ,4°,27,a4). Let gi; be the components of a non- 
symmetric covariant tensor such that the determinant 
g=|g:;|%0. In this coordinate system the components 
of a nonsymmetric linear connection I‘; can be defined 
as solutions of the equations 


83,4 = Sajl “net gial*:;, (1.1) 


‘ 


where throughout this paper the “comma” notation 
indicates partial differentiation of the indicated com- 
ponent with respect to x*. In addition Einstein required 
aT to satisfy 

P*.;=T% 4. (1.2) 


If we define the curvature tensor R'jxm, based on the 
linear connection I‘, by 


R‘ jtm= iat _ie aes at l* pala — Del ony 


then in terms of the Ricci tensor Rj,= R*j,a, Einstein 


(1.3) 








1 E. G. Straus, Revs. Modern Phys. 21, 414 (1949). 





has put forward at least two sets of possible field equa- 
tions. All forms require Rj,+R.;=0 and the modifi- 
cations involve the equations satisfied by Rj,—R,,. 
However, in the problem under investigation we require 
the much stronger conditions 


Rjim=0. (1.4) 


Hence all forms of the latest versions of Einstein’s 
unified field theory are satisfied by the solutions found 
in this paper. 

At first glance the form of the theory seems to be a 
very natural extension of classical relativistic theory 
and Maxwell’s electromagnetic theory. Classical rela- 
tivity theory is formulated in terms of a symmetric 
tensor a;; and Maxwell’s theory can be formulated in 
terms of the skew-symmetric strength of electromag- 
netic field tensor f;;. Since every nonsymmetric tensor 
gi; can be put in the form 


gH hytF ;, 


where h;,=/;;, Fij= —Fj;, the extension to a theory 
based on a nonsymmetric tensor seems very slight 
indeed. However, as far as a satisfactory physical 
interpretation of such a theory goes, almost complete 
chaos seems to result. Assuming that the field equations 
are correct and that we obtain a mathematical solution 
for gij;, the question arises as to how we identify from 
gi; the many fundamental physical quantities that are 
required for a physical interpretation of the solution 
to be made. As a single example of the difficulties that 
arise we mention the selection of the metric tensor. In 
order to interpret space-time observations, we must 
select a symmetric tensor a;;, such that the line-element 


(1.5) 


ds? = a,jdx*dx! (1.6) 


tells us how such observations are to be interpreted. 
Similarly a skew-symmetric tensor /;; must be selected 
to interpret electromagnetic phenomena. With (1.5) 
confronting us, the simplest identification, at this time, 
is aij=hy;, fiz=F ij. However, beyond a doubtful sim- 
plicity, there is no logical reason for this choice. If we 
let (4) denote the inverse matrix of (/,;), then 
F=h'*h®F;;Fag is an invariant. Thus the choice 
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ay=(A+F hy, fu=(1+F)F ij leads also to a possible 
physical interpretation. Further, the two interpretations 
given, approximate each other when the components 
F;; are all small. 

In classical relativity based on a symmetric tensor 
a,j, the number of tensors of the second order or less 
that we can construct from a,; and their first and second 
derivatives are very few in number. For example, no 
invariants, except constants, can be constructed from 
a,, and its first derivatives. Only the Christoffel symbols 
can be constructed to serve as a linear connection if only 
a,; and its first derivatives are used. Thus we see that 
relatively few tensors exist by means of which we may 
identify physical quantities. However, for a theory 
based on a nonsymmetric tensor an infinity of tensors 
of all orders exist. The only hope to extract from this 
maze the proper mathematica¥ expressions to use for 
physical quantities would thus have to be physical in 
nature. So far no such physical assumptions have been 
put forward. 

However, since our purpose is to examine Einstein’s 
theory it seems only fair to use his identification. This 
means that throughout the paper /,; is identified as the 
metric tensor of space-time and F;; is taken to be the 
strength of the electromagnetic field tensor. Our 
purpose is to show that even granting this identification, 
the theory is not complete. 


2. EQUATIONS OF MOTION 


In any physical theory we must always have equa- 
tions of motion by means of which we can predict the 
behavior of test particles. For the classical theory of 
relativity it has been possible to give an approximate 
procedure by means of which, under suitable assump- 
tions, the equations of motion are direct consequences 
of the field equations. If we restrict ourselves to a 
neighborhood of a finite point in space-time, such a 
procedure is impossible in the unified field theory. We 
shall show that there exist solutions g,; of the field 
equations with the following properties : 


(1) gu=Pute utes; 

(2) g°;; are constants; 

(3) g'; is skew-symmetric and of first-order smallness 
in the coordinates ; 

(4) g’,; is symmetric and of second-order smallness in 
the coordinates. 


(2.1) 


Thus the first-order approximation determines the 
electromagnetic field tensor and the second-order 
approximation determines the metric tensor and all 
further approximations must reduce to identities be- 
cause (2.1) becomes the exact solution. 

As a consequence we can see that the equations of 
motion are not deducible, in general, from the field 
equations and must be added independently. Again we 
are faced with the infinity of mathematical possibilities. 

One of the major guides that Einstein uses in his 
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selection of equations is the principle of transposition 
invariance. We interpret this to have the following 
physical meaning. If all of the charges producing a 
given electromagnetic field are changed in sign, then 
this is mathematically equivalent to replacing F;; by 
—F,;. In view of (1.5) this is equivalent to replacing 
gi; by its transpose 2;;=g,;;. Thus the principle of trans- 
position invariance is taken to mean that the equations 
describing physical phenomena must be invariant to a 
replacement of g;, by %;. For equations describing 
results for charged test particles, this will of course be 
true only if we change the sign of the charge carried 
by the test particle. Einstein’s field equations obey the 
principle of transposition invariance. 

Since the description of motion involves our space- 
time observations, it is only natural to coordinate in a 
consistent manner the metric tensor with the equations 
of motion. To this end it is natural to require that 


dx‘ dx? 
hyj— —=1 (2.2) 
ds ds ; 


be an integral of any equations of motion that we may 
choose. ) 

Finally, since the field equations reduce to those of 
classical relativity when F;;=0, it is natural to assume 
under these conditions that the equations of motion 
should reduce to 


iy dx? dx* 


-=() 
jk\ ds ds 


ds? 


d°*x' 
| 1 (2.3) 


where {ar are the Christoffel symbols based on h,;. 


Beyond this, and the requirement that the equations 
retain their form in all coordinate systems, we have 
very little to go on. Certainly these clues are nowhere 
sufficient to determine the required form of equations 
of motion. 

If we define F'; by 

Fi,=h"*F,,;, (2.4) 


then from relativistic electrodynamics the equations 


d*x' i )dxidx* e dx! 
| | peste dee oc RET 
ds? \jki ds ds mo ds 
and 
d*x' dxidx* ee dx? 
—-+]"',,—_ —-+—F',—-=0 (2.6) 


dst ds ds my ds 


both seem worth investigating as possible equations of 
motion for a test particle carrying charge e and rest 
mass mo. Both sets satisfy all of the conditions that we 
have required of equations of motion. The fact that 
(2.2) satisfies (2.6) was shown previously,’ and the 
transposition invariance follows from the fact that the 


2M. Wyman, Can. J. Math. 2, 427 (1950). 
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skew-symmetric part of I'';, does not actually enter 
(2.6) : 

These equations, however, are only two examples of 
an infinity of such equations. Thus, for example, F;,; 
of (2.4) could be replaced by any arbitrary skew- 
symmetric tensor that changes sign when g;; is replaced 
by 2;;. Such tensors are easily constructed. 

We have chosen (2.5) and (2.6) to illustrate the 
incompleteness of the present forms of unified field 
theory. We have of course required that, if F;;=0, 
Eqs. (2.5) and (2.6) become identical. By means of 
the solutions we find in this paper, we shall show that 
in the next approximation the two sets give completely 
irreconcilable results. 


3. INTEGRABILITY CONDITIONS 


We are going to investigate the mathematical solu- 
tions of the equations 


Sin, n= Sasl t+ gial'*x;, (3.1 ) 
re =T*;,, (3.2) 
R'jem=0. (3.3) 


Although the equations are overdetermined, there is 
no question about their consistency since they always 
possess the trivial solution [;,=0 which implies that 
all of the g;; are constants. Even this trivial solution 
has an interesting nontrivial physical interpretation. 
Since the g;; are constants, we know that a coordinate 
system exists for which the line element takes the form 


ds* = (dx*)?— (dx')*— (dx*)?— (da*)’, (3.4) 


and at the same time the skew-symmetric tensor F;; 
is still a constant tensor. Such a tensor is of course 
always a solution of Maxwell’s equations, and hence 
for this particular solution we may interpret our 
unified field theory as simply a superposition of Max- 
well’s theory upon special relativity. Further, a constant 
electromagnetic field tensor may be attributed to a 
constant distribution of charge over an infinite plane. 
The equations of motion are easily solved and a charged 
particle, initially at rest, will move on a straight line 
with nonconstant velocity. 

It is interesting to note that this particular electro- 
magnetic field does not distort our flat space-time. If 
we interpreted our solution by means of the classical 
relativistic theory, we would obtain a completely 
different result. 

Let us turn to the general problem of solving Eqs. 
(3.1) to (3.3). If we, for the moment, think of the I‘;, 
as known, then the integrability conditions for (3.1) 
give 


LajR° ime t+ ial® jkm=0, (3.5) 


where R*,,,, is the curvature tensor based on the trans- 
posed linear connection f‘;,=I"‘,;. Thus (3.3) implies 
that 


Roinm=0. (3.6) 
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This is a result we might have anticipated from the 
fact that the field equations are transposition-invariant. 

As shown on p. 48 of Eisenhart,’ Eqs. (3.3) and (3.6) 
ensure that I"',,, fj, each have the form 


I*;,=A th, 
M,.j=T' = B*,b%, ;, 


where a*, and 6%; are two sets of four independent 

covariant vector fields and in matrix form (A‘a), (B'a) 

are respectively the inverse matrices of (a*;) and (b*;). 
By equating (3.7) and (3.8), we may write 


b%, ;= Aga? ;, .b%. (3.9) 


Considering these as linear partial differential equations 
to determine b*,, we find, after considerable manipu- 
lation, that the integrability conditions for (3.9) can 
be put into the form 


[A%gA™,(a%,, m—@%m, 3) | =O. (3.10) 
These may be integrated immediately to give 
a, 5— a%;, «= C%0°,07,;, (3.11 ) 


where the c%g, are constants of integration. Equations 
(3.11) are well known in the theory of continuous 
groups of transformations (Eisenhart,‘ p. 22). The 
constants c%s, are called the structure constants of this 
group. From (3.11) it is clear that c*s, is skew-sym- 
metric. Further, as is well known, the equations of 
integrability for (3.11) yield the so-called Jacobi rela- 
tions for the structure constants. Finally (3.2), (3.7), 
and (3.11) require that c*,.g=0. This means that our 
structure constants obey 


C*py= —C* 4p, (3.12) 

C8 pec pl oy 
+c%3,c®,,=0 (Jacobi relations), (3.13) 
C*ap= 0. (3.14) 


Roughly speaking, our plan of attack is to find all 
possible solutions of (3.12) to (3.14) for c%s,. For each 
such solution we find the general solution of (3.11) 
which in turn determines I'‘;, from (3.7). Finally, we 
then find the general solution of (3.1) for g,). 

However, it turns out that the equations involved 
possess certain general properties that enable us to 
diverge from the general plan of attack and shorten 
the work considerably. 


4. GENERAL PROPERTIES OF THE EQUATIONS 


Let us consider a*;(x), @*;(x) as two distinct solutions 
of (3.11) with the same structure constants, such that 


|a%;| |a*;|%0. Since the four vector fields a%; must be 


3L. P. Eisenhart, Non-Riemannian Geometry (American 
Mathematical Society Colloquium Publications, No. 8) (American 
Mathematical Society, New York, 1927). 

‘L. P. Eisenhart, Continuous Groups of Transformations 
(Princeton University Press, Princeton, 1933). 
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independent, only such solutions are of interest to us. 
We enquire into the existence of a second coordinate 
system X such that the equations of transformation 
x'=x'(#) satisfy 


Ox' 
—=A',(x)d*;(2Z). 
Oz 


(4.1) 


However, the integrability conditions for (4.1) are 
identically satisfied under the conditions imposed in 
this section. This means that the required coordinate 
system does exist and (4.1) may be written 


Ox' 
d*;(Z) =——a*,(zx), 
OF? 


(4.2) 


which is the ordinary law of transformation of covariant 
vector fields. Tracing through the implications, we find 
that a*;(x) and d*;(x) would lead to two determinations 
g(x) and g,;(x). However there exist coordinate 
systems such that 

Ox® Ax8 


9ij(2) oe _ 


Oz" OZ 


£ap(x). (4.3) 


From a physical standpoint all such solutions carry the 
same implication in that the two determinations are 
simply the different components of the basic tensor 
field in two different coordinate systems. 

This means that we need only determine a particular 
solution for (3.11). In our case we shall usually require 
that 


a*;(0) =5%. (4.4) 


Let us now enquire into the possibility that different 
sets of structure constants may also lead to solutions 
which represent the same physical situation. Let (&%g) 
be a nonsingular matrix of arbitrary constants, either 
real or complex. We denote the inverse matrix by 
(K%g). The quantities 4*; defined by 


h*;= k%ga°; (4.5) 


will also be solutions of equations of the form (3.11), 
whenever a’; is a solution of (3.11). Further, if we 
restrict ourselves to a*; such that |a®,;|0, then (4.5) 
implies that |4*;|#0 and the structure constants @%3, 
corresponding to (4.5) are 


€% By = kK? pK "pr. (4.6) 


Now the @%g, satisfy (3.12) and (3.13) simply because 
they are structure constants. In addition, c*ag=0 
implies @*as=0 from (4.6). Thus from any set of 
structure constants satisfying (3.12) to (3.14) we may 
generate by (4.6) an infinity of sets of structure con- 
stants satisfying the same relationships. However, from 
(3.7) any two ofthese sets of structure constants lead 
to the identical determination of the linear connection 
I'‘;,. This of course means that every member of the 
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set of structure constants generated by (4.6) is a repre- 
sentative of exactly the same physical situation, and 
hence from the infinity of sets we need only select one 
representative set of structure constants. For this 
reason we call any two sets of structure constants 
equivalent if they are related by (4.6). 


5. THE POTENTIAL gi; 


In the previous section we have dealt at some length 
with the properties of the structure constants and the 
solutions of (3.11). Let us assume that we have obtained 
a set of structure constants and a solution of (3.11), 
a*;, such that a*;(0)=6%,. Further, let us denote the 
initial values of gi; by 


g:;(0) = gj. 


This of course means that we may, by (3.7), consider 
I'‘;, as known and at the same time may write (3.8) in 
the form 


(5.1) 


b%, ;=Tib%. (5.2) 
We know that (5.2) is a set of integrable equations for 
b*;. Thus it is legitimate to select any particular solution 
such that b7,;(0) =6%,. 

Under these conditions (1.1) may be rewritten in the 
form, 


Li. k= LajA = 0%; et £iaP ad%;, k; (5.3) 
and in turn this becomes 
(A *,Biggij), ~=0. (5.4) 


Integrating (5.4) and using the initial conditions (5.1), 
we find that the general solution of (1.1) is 
£i= £°apa%,*,. 

At this stage it is clear how the remainder of our 
problem is to be completed. We must classify the 
structure constants into nonequivalent sets. For each 
such determination we need particular solutions of 
(3.11) and (5.2) for a%;, 6%; such that a%,;(0)=067,(0) 
=§*,;. Then, of course, (5.5) gives the corresponding g,;. 

We might also point out that we have kept all of our 
coordinates on an equal footing and have not specified 
the coordinate that is to be timelike in character. This 
specification is made through the initial values g°,;. 
Thus, for example, the specification 


(5.5) 


=) 2 6 9 
—« -1 0 0 ; 

frre o | -1 2 — 
0 0 -61 


immediately implies that x‘ is timelike in character and 
x!, 2°, «° are our spacelike coordinates. Further any 
solution given by (5.5) could only apply to neighbor- 
hoods of the origin of space-time for which the coordi- 
nates retain this character. 

It is well known that g’;; can be reduced, by coordi- 
nate transformations, to two forms for which /°,; has 
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the Galilean values, and F*,; contains at most two 
arbitrary constants. When we consider the four possible 
choices of a time-like coordinate, this means that (5.5) 
could, if we so desired, be reclassified into eight possible 
special solutions which may or may not be all different. 
Since the simplification of the initial values would result 
in a great number of special cases we prefer to retain 
(5.5) until we investigate physical properties of our 
solutions. 

In concluding this section we note that the trivial 
solution c*s,=0 results in the final solution g;;= g*;;, 
which has already been discussed in some detail in 
Sec. 3. For this reason we exclude this case in the future 
work of this paper. 


6. THE STRUCTURE CONSTANTS 


If the indices of the structure constants c%g, of (3.12) 
and (3.13) are allowed to run over the integers 1, 2, 
--+ g, then they are said to be the structure constants 
of a transformation group G,. Our problem is to deter- 
mine the nonequivalent sets of structure constants of 
all G,’s which also satisfy (3.14). For this case there are 
64 structure constants c%s,. However the skew-sym- 
metry of c%s, makes it sufficient to determine the 24 
constants c%s,, 8<y. The nonzero constants of these 
24 we shall call a basic set and in recording results shall 
give only a basic set. 

In the determination of all nonequivalent basic sets, 
we use many of the known results of Eisenhart.‘ We 
shall refer to this book by the letter “E.” 

From E, p. 155, problem 11, we can say that every 
G, contains a G2 or a G3. However, it is also known that 
every G, that contains a G; also contains a G; (E, p. 155, 
problem 6). Thus every G, contains a subgroup G;. The 
structure constants of all G,;’s are given in E, p. 137, 
problem 9. The basic sets are as follows: 


. All structure constants zero. 
. Cys=Cle3=C23=1. 
Co3= ° 


es Co3= ° 


1 
2 
3. Oy=1, 
4 
§ 


Cy3= Zz 


. O12 =Co3= a 


Since G; is contained in Gy, we now know all the 
¢%gy of G4 except when one or more of a, Sy takes the 
value 4. However, it is necessary in order that G; be 
contained in G, that c4y2:=c41;=c2.3=0. The remaining 
undetermined constants of G, are either completely 
determined by the relations (3.12) to (3.14) or remain 
arbitrary. We illustrate the procedure when the basic 
set of structure constants for G; are taken to be cy; 
=¢,3= ® 

From (3.14) we obtain ¢4=cn4=0, c4=2, and 
Outeautes=0. Using the Jacobi relations (3.13), we 
find that Oy=Cy=Cu=Cy=0, 20! y= 22 y= —y, 
and c's, ¢s4 remain arbitrary. Thus a basic set is 
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Oy3=Co3= i, Oy=Cu=h, Cu= —2h, y= 2, o144= 3a, 
@s4=3b, where 4, a, and } are arbitrary constants. 
However, if we use (4.6) to define an equivalent set of 
basic structure constants, where (k%,) is taken to be 


100 ~-a 
«110 10 —b 
)=|9 01 za] 
ea ae | 
then we obtain 
Cy=Cy=1, Cu=2, (6.1) 


as an equivalent basic set of structure constants. 

If we treat all of the five cases by similar procedures, 
we obtain a complete set of nonequivalent structure 
constants to be 


Case I: cy=1, 

Case II: Cy=Cy=1, 

Case IIT: Cy=1, Cu=—k, Gy=k—-1, 
Case IV: Cy=Cy=Cy=1, Cu=—2, 
Case V: Ceg=2, Cr=1, Ci3=—1. 


The reason that many of the indices do not seem to 
correspond with those of their subgroups G; is that 
Cases I, II, and III all contain the subgroup G; for 
which c*%s,=0 (none of a, 8, y=4). Thus many of the 
remaining cases do not yield any new nonequivalent 
basic sets. 


7. SOLUTIONS OF THE DIFFERENTIAL EQUATIONS 


We shall illustrate the procedure of obtaining a 
solution for (3.11) for Case IV of the structure constants 
and simply record the results of the remaining cases. 

When the structure constants of Case IV are used, 
Eqs. (3.11) written out in full become 


a; ,—a';, <=0, (7.1) 
a’, ;— a; ;= aa" ;— a’,a',, (7.2) 
@;, ;—@*,, ;=a',a?,— a? ;-+-0',a*;—a*,a';, (7.3) 
a; ,— a4; «= —2(a',a4;—a'ja',). (7.4) 


From (7.1) we have a';=¢',; where ¢! is an arbitrary 
function of the coordinates. Upon using this result, 
(7.2) may be written 


Lexp(¢")a’,], ;—Lexp(¢')a?,] =0. 


Hence a?;=exp(—¢')¢* ;, where ¢’ is also an arbitrary 
function of the coordinates. Similarly a‘;=exp(29')¢* ; 
and a*;=exp(—¢') (¢* :+¢’¢',,). 

We have of course determined the general solution of 
(3.11). For our purposes the particular solution given 
by ¢*=2* is sufficient. With this choice of $*, the 
matrix (a%;) and its inverse (A‘,) are given by 


(7.5) 
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{ 1 0 0 0 
aoe 0 exp(—=z") 0 0 16 
(a%))= a? exp(—z2") 0 exp(—2') 0 : (7.6) 
L 0 0 0 exp (2z") 
(1 0 0 0 
s\.1 0 ep) 0 0 77 
(A‘e)= —x 0 exp(z') 0 ‘ (7.7) 
0 0 0 = exp(—2z") 
This determines the nonzero components of the linear +e ; 6 C'# 
connection to be I*).=1, I,,;=—2?, M’y=—-1, Ma (b«,) = a. 1.0. (7.12) 
=—1, I',,=2. Equations (3.8) may be written . e 6.4. 6) . 
6%, >= T4;,b%;. (7.8) 0 0 0 1 
Hence, when we write them out in full, we have b*,, ;=0 My= (7.13) 
except for the following values of k and 7: Case IT: 
lig li iat aillalhad 1 xt A(x? 0 
5%, 4= 26%, 0%, 5= — 5%. are x 0 
° - ° P ° (a%;)= ’ (7.14) 
Although the general solution of (7.9) is easily obtained, 0 0 1 0 
the following particular solution is sufficient for our 0 0 _ Fore, 
purpose : 
1 0 0 0 ~ “ - . 
oie —x 1 0 0 (6*;)= : (7.15) 
=} _ atest) xt 1 of 710) : “ ; : 
2x4 0 0 1 
From (5.5) we know that once (a*,), (6*,;) are known Ma=Mu=1. (7.16) 
the general solution of (1.1) for g;; may be written down. Case IIT: 
To illustrate, we use the particular case of initial con- 
ditions given by (5.6). This leads to the solution: fexp(x*) 0 0 0 
= —1-ax?+2! ') (x2-+ala?-+ 28x) (oj=| 0 ot ee) : 1, (7.17) 
su" —i~-e exp(— 2") ( x Bx), i 0 0 exp[ (k—1)a*] oO} \"" 
82=a—2x'2 exp(—2'), gis=—2* exp(—z'), L 0 0 0 1 
gu=Bx? exp(—2'), g2i=exp(—2")(1#—a), Irerecw~ 
£22 —exp(—2'), £23= gu =O, (6 , ee 0 1 0 — kx (7 18) 
£31 = exp(—2") (x?+-2)2°+ 282"),  gs2= —exp(—2')2', d= 0 0 1 (k—1))’ : 
gs= —exp(—2"), gu=8 exp(—2'), we" ; 
gar = exp(2x")[ 2244-8 (22+-2'2x*) J, £a2= — Bx! exp(2z'), "= 9 I= —k, I*3,= (k— 1). 
gaa=—Bexp(2x!), gaa=exp(22"). Case IV: This was the illustrative example. 
Similarly, by using a different choice for the timelike eo ae eee 
coordinate and the corresponding simplified forms of Coss V: Tf we let B= (1—a2'—a'e')", then 
the initial values g°;; we may from this single deter- fH 2H —<H 0) 
mination of (a*%,), (6%,) find seven more solutions for o\,1(¢8 (i-)87 0 0 (7.19) 
gij. These eight solutions may or may not be inde- (a*;)= 0 0 #07 : 
pendent solutions in the sense that they may represent 0 0 0 1) 
the same physical situation. We shall in a later section . 
give further examples of our solutions and discuss their (HH —xH 2H 0 
physical interpretation. (6°,) = 0 H A 0 ‘ (7.20) 
For the remaining cases the matrices (a*%;), (6%;) eH 0 (1—x)H 0 
and the nonzero components of I'‘;, are recorded below. . 0 0 0 1 
Case Tl: =H, I"',,=2°H, I*;,=H, 
1 #0 0 I?,,=H, T?..= 27H, I) 39= (x1—1)H, 
01 0 0 " (7.21) 
(a*;)= 00 1 0) (7.11) I’,.=27H, My=2H, M3=2°H, 
0 0 0 1 T.3= (1—2x)H, I*33= 27H. 
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This gives a complete determination of all of the a*; 
and 6*;. As mentioned, the final solutions for the g;; 
are obtained from g;;= g°aga% 4. 


8. ORTHOGONAL COORDINATE SYSTEMS 


In order to investigate some of the physical inter- 
pretations of our solutions, without a great deal of 
laborious computations, we investigate the existence 
of orthogonal coordinate systems for the line-element 


ds*=hjjdx'dx’, (8.1) 


where, as before, /,; is the symmetric part of g,;. 

At any point in a Riemannian space-time based on a 
symmetric tensor a;;, it is always possible to find a 
coordinate system such that at that point a°;; takes on 
the Galilean values and (0a,;/0x*)9=0. Physically this 
is interpreted by the so-called principle of equivalence, 
which says that for any permanent gravitational field 
it is always possible to find, at any point of space-time, 
a coordinate system such that the effects of the gravi- 
tational field will disappear over an infinitesimal region 
of the point of interest. In this form the principle of 
equivalence could not hold in the unified field theory. 
For a nonsymmetric tensor to take on only the Galiliean 
values at a point in space, the skew-symmetric part 
of the tensor would have to vanish at that point. 
Further, if coordinate systems existed such that this 
was so over a finite portion of space-time, then the 
skew-symmetric part of the nonsymmetric tensor g;; 
would be zero everywhere in this region and g,; would 
become symmetric. This can happen only in the com- 
plete absence of an electromagnetic field. Thus the 
principle of equivalence cannot hold in general in this 
form of unified field theory. 

In our investigation of the physical interpretations 
of our solutions, we make the simplifying assumptions 
that the initial values of g;; are given by 


faa Cay 
gas=0, a8, 


where é, can only take the values +1. Physically we 
are assuming that the principle of equivalence does 
hold for at least one point in space-time. There is of 
course no real basis for this assumption and by its use 
we realize that we may be excluding some of our 
solutions that might be of physical interest. Our main 
reason for making the assumption is mathematical in 
nature, in that many of the laborious computations are 
simplified, and further that the resulting solutions prove 
sufficient to give insight into the problems still to be 
faced by this unified field theory. 

Using the initial values (8.2) and (8.3), we have been 
able to obtain orthogona! coordinate systems for (8.1) 
for Cases I, III, and V. For the other two cases we have 
reason to believe, but have been unable to prove, that 
such coordinate systems do not exist. We give the 
results only for Cases I and ITI. 


(8.2) 
(8.3) 
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Case I.—Using (7.11), (7.12), (8.2), (8.3), (5.5), and 
(8.6) yields 


ds*=e,{ (dx!)*+ a4daldx*+-a2dx'dat+-s2xtdatdx*] 
+ €2(da?)*+ e3(da*)*+-€4(da*)?, 


and the corresponding electromagnetic tensor deter- 
mined by 


Fy= — he x4, 


(8.4) 


Fy= ex", Fu = Seyx?x. 


When e2¢;=1 we use the transformation designated 
below by 7), and for the case ¢2¢,= —1 we use 7». 


Ti: 2 =7'—4(#)* sin(2#), x= # cos#, 


=f =F sin? 
T:: '=Z#—4(#)* sinh(2#), 2?=Z* cosh#, 


=H t= sinht. 
In either case the line element reduces to 
ds*=e,(dZ')*+ e2(d#)*+e;(d#)" 
+ (#)*Les— fer (#)* (de). 


Hence, by specifying the time coordinate this line- 
element takes one of the following four forms. In each 
case we give a more suggestive notation. 


51: =i, Pur, P=s, H=§, 

ds*= df —dr’—dz*—r(1+ 49") (dé)?, (8.5) 
S:: #=s, F=r, F=i, H=8, (8.6) 

ds?= d?—dr’—d2—r(1—49°)d, (8.7) 
S;:3 B=2, #P=t, F=y, H=z, 

ds*= df? —dx*—dy’—(1—}F)d2’, (8.8) 
Sy: B=y, H=x, FP=2, H=1, 

ds? = x7 (1+-42°)d? — da? —dy*— dz’. (8.9) 


The corresponding values of the electromagnetic 
tensor, in the coordinate systems, are determined by 


35:2 Fy=}?', aa: Fy= —4hP, 
Se: Fyu= —}y’, Sat Fy= —4y?. 


Case III.—Using the corresponding results for this 
case we obtain 


ds? =e, exp(x*)[ (dx!)?+-a'dx'dat | 
+e. exp(—kat)[ (dx*)?— ka®da'da* ] 
+e; exp[ (k—1)a*][ (dx*)?+ (k—1)datdx* | 
+e(da‘)’, 
and 
Fy4=4e,x' exp(x*), Fo= —}kx*e2 exp(— ka), 
Fx = 4 (k— 1) ae, exp[. (k— 1 )a*]. 
The transformation 
a'=# exp(—3#), 2=% exp[}(1—k)#], 
v=F exp(hk#), x4=F 
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reduces this line element to 


ds? =e, (dZ')?+ e2(dZ*)*+ e;(d#)*+ {e,.—}[e.(Z')? 
+ ek? (£*)?+-€3(k—1)?(#)?]} (dz*)*. 


Owing to the symmetry of the line-element with a 
replacement of k by 1—& and an interchange of # and 
#, this yields only three independent solutions for the 
various choices of a time-like coordinate. Again we give 
suggestive notations. 


Ss: #=2, P=y, FP=2, H=1, 
ds*= {1+ }[a?+ ky’+ (k—1)*2? ]} dP —d? 
—dy’--dz*, (8.10) 
Ss: #=1, F=x, FP=y, #H=z, 
ds? = df? —dx*—dy’— {1+ 1}[P-Rx 
— (k—1)*y? ]}d2*. (8.11) 
S;: #=x, P=i, P=y, H=z, 
ds? = d?—dx*—dy’— {1-4 [2° -—k¢ 
+(k—1)*y"}}dz*. (8.12) 


The corresponding components of the electromagnetic 
tensor in these coordinate systems are 


Sei Fy= —4x, Fu= bky, Fyu= —4h(k—- 1)z, 
ces Fy, = ht, Fu = tke, Fyu= —_ } (k—- 1 )y, 
Sr: Fy= —4}x, Fu= — tht, Fyu= —4(k—-1)y. 


Of these seven solutions only S; is not likely to be of 
physical interest. If the suggestive notation is correct 
and “?” is our time-like coordinate, then the signature 
of (8.2) remains —2 only if we restrict —2</<2. Thus 
this would be of physical interest only for a restricted 
interval of time. Solutions S;, S4, and Ss are regular, 
in the sense of not having singularities and any change 
in signature, over the whole of any finite portion of 
space-time. 

We shall go on to analyze the physical interpretations 
of these solutions in the next section. 


9. PHYSICAL INTERPRETATIONS 


Of the two classes of solutions found in the previous 
section, the second class is the easier to interpret along 
classical lines. In this case the electromagnetic tensor 
found is an exact solution of Maxwell’s equations and 
F;; is derivable from a generalized electromagnetic 


potential vector. For example, for (8.10), by taking 


k=1 we obtain 
ds=[1+3 (x*+y*) Jd?—dx?—dy*—dz?, (9.1) 
and Fy=—}x, Fu=4y. Clearly Fj; is derivable from 
the vector K;=[0, 0, 0, }(2*—y*) ] by 
Fiyj= Ki, 5—K;j,¢. (9.2) 


The classical interpretation would attribute the electro- 
magnetic field to a distribution of charge along the 
infinite planes y= +x or along any of the equipotentials 
a’—y’=constant. Further, the relativistic treatment 
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for weak fields would seem valid for (9.1) in the 
neighborhood of the origin when (2.5) are taken to be 
the equations of motion. For a neutral particle these 
equations become, on neglecting the cubes of the 
coordinates, 


dx/dP=—1x, dy/dP=—ty, &2z/d?=0. (9.3) 


The corresponding Newtonian potential for this weak 
field is V=}(2*+-y). Such a potential corresponds to a 
distribution of mass of density 4 inside an infinite 
cylinder. 

The classical physical interpretation of our solution, 
on the basis of (2.5), then is that we have separate 
fields—a gravitational field due to an infinite cylinder 
of density 4 and an electromagnetic field due to a 
charge distribution along one of the curves 2°—y* 
=constant. Further, there is no apparent interaction 
between the fields. We see no reason why, for small 
cylinders, exactly the same physical interpretation 
could not be made in the unified field theory. In this 
theory it might be possible to give other interpretations, 
which allow for interactions. However, the classical 
interpretation is the simplest and, as mentioned, there 
is no obvious reason why this interpretation might not 
be correct. Finally, under (9.3) a neutral particle will 
move on a closed curve that under suitable initial con- 
ditions will be an ellipse. 

Let us now investigate the same solution with (2.6) 
as our equations of motion. Again we consider a neutral 
test particle. 

We first solve the problem in the coordinate system 
originally given in Case III. In this coordinate system, 
for k=1, we have I'y,=1 and T.44=—1 as the only 
nonvanishing components of the linear connection. 
We call attention to the fact that I'‘;, is not symmetrical 
and I"y,;=I%42=0. In this coordinate system, (2.6) 
becomes 





dx! dx! dx! a3 ‘ 
ds? ds ds ds* 
(9.4) 
Px dx? dx d°x4 
—_—_——- — =0, =(), 
ds? ds ds ds? 


For our purposes the solution of (9.4) can be taken to be 


x'=c,exp(—a‘), a?=c,exp(x*), 22=0, at=s. (9.5) 


Upon using the transformations given in Case III, (9.5) 
becomes, in our suggestive notation, 
(9.6) 


Hence the path of a neutral test particle is given as a 
hyperbola xy=c,c2 and 


@x/dP=1x, dy/d?=}4y. (9.7) 
This effect for weak fields could not be interpreted as 


gravitational in character unless we allow negative 
mass. 


x=c,exp(—}t), y=c.exp(}/), s=0, t=s. 
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The examination of the particular solution of the 
field equations, given by Case III, shows that its 
physical interpretation is completely different depend- 
ing on whether (2.5) or (2.6) are used as equations of 
motion. Obviously, if a third set of equations of motion 
were to be selected, we might have a third independent 
physical interpretation of exactly the same solution. 
Since the problem of selecting a suitable set of equations 
is far from solved, there seems little point to attempting 
to give physical interpretations of the remaining solu- 
tions found in this paper. 


10. CONCLUSION 


We have, in this paper, discovered a set of rigorous 
solutions of Einstein’s latest form of unified field theory. 
It was hoped that an examination of these solutions 
would clarify a great deal of ambiguity that arises in 
the identification of fundamental physical quantities. 
Instead of this clarification, our solutions have shown 
that the unified field theory is not complete, in that 
equations giving the motion of test particles have to 
be selected. 


In regard to equations of motion, we would like to 


WYMAN AND H. 


ZASSENHAUS 


emphasize that (2.5) and (2.6) are put forth only for 
basis of illustration. Actually it is our opinion that 
neither set is suitable for a unified field theory. These 
equations act to separate the actions of the two fields 
and enable us to label the effects as gravitational or 
electromagnetic in character. Thus the present theory 
and these particular equations of motion would have 
little claim to be a unified theory. Its character would 
be closer to a theory of two distinct fields which interact 
with each other. 

Finally, to conclude this paper we would like to make 
a few general remarks about Einstein’s present form of 
theory. Basing his theory on a nonsymmetric tensor 
introduces too many degrees of freedom in the sense 
that an infinity of tensor quantities can be defined in 
terms of such a tensor. For this reason we believe that 
a mathematical type of approach is doomed to failure 
and a more physical type of approach should be used. 
Certainly an intermediate theory based on a symmetric 
tensor and a generalized electromagnetic potential 
vector is worth further investigations and might point 
the way to a clearer understanding of a theory based on 
a nonsymmetric tensor. 
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Effect of a Gravitational Field, Due to a Rotating Body, on the Plane of 
Polarization of an Electromagnetic Wave 


N.L. Batazs 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received December 9, 1957) 


It is shown that for electromagnetic waves the gravitational field of a rotating body acts as an optically 
active medium. Thus, the plane of polarization of the wave rotates while it passes through this field. The 
effect is small. The angle of rotation due to the gravitational field of the sun is about 10~” radian. 


I 


T is well known that according to the general 
theory of relativity, gravitational fields influence 
electromagnetic ones. To be specific, the rays associated 
with an electromagnetic wave are not straight but 
curved if the wave passes through a gravitational 
field, and the frequency of the wave is changed if the 
gravitational potentials are different at the points of 
emission and observation.! The two effects are con- 
nected. The change in frequency shows that the phase 
of the wave is affected; but then, in general, so will be 
the rays, since they are the orthogonal trajectories of 
the surfaces of constant phase. However, an electro- 
magnetic wave is not completely characterized by the 
rays and its energy; it also has a state of polarization. 


1 There is no change in the frequency if the gravitational 
potentials are the same at these two points, even if the wave has 
passed through a region where the potential was different. If it 
were otherwise we could violate the law of conservation of energy. 





Will this polarization be uninfluenced by a gravitational 
field? This effect, if it exists, must be independent of 
the two effects mentioned since they must take place 
even if the field is a scalar one and the latter effect 
obviously cannot take place in a scalar field. For this 
reason its order of magnitude may also be quite 
different. Unfortunately, we shall see it is much less. 

In this paper we shall find that if the gravitational 
field is caused by rotating bodies the plane of polariza- 
tion of the wave can change, in a manner similar to 
that which would occur if the wave passed through an 
optically active medium whose optical axis coincides 
with the axis of rotation of the source. The effect seems 
to be too small to be observed in practice. 

In Sec. II we shall discuss the effect using essentially 
the equivalence principle. This treatment already 
gives approximately the size and sign of the effect. 

In Sec. III we derive the results using Maxwell’s 
equations in the presence of gravitational fields. 
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The effects of a gravitational field are completely 
contained in the metric tensor, gj. If two different 
observers associate the same metric tensor with a 
given portion of space-time they will observe the same 
gravitational field, and the physical phenomena taking 
place in that portion of space-time will be influenced in 
thé same way by the gravitational field for both 
observers. (This is essentially the equivalence principle.) 

We shall make use of this fact to show that according 
to the general theory of relativity a physical process 
occurring in the presence of a gravitational field 
generated by a rotating body has locally the same 
appearance as if the same process would take place in 
the gravitational field of the same body without 
rotation, while the frame of reference of the observer 
is rotating with a certain angular velocity of much 
smaller magnitude and opposite sign from that of 
the body. 

The metric tensor of a weak gravitational field 
generated by-a rotating body is given by the following 
expressions? : 


f= £22= gss= (1—2¢/c’*), 
gua= (1+2¢/c*), (1) 
_= — i(g14,824,834) ay ee (2G/AR*)LX R. 


R is the radius vector from the center of the mass to 
the point of observation; L is the angular momentum 
of the body; ¢ is the Newtonian gravitaticnal potential 
of the mass, except for a small addition which is essen- 
tially the gravitational potential of the mass associated 
with the energy of rotation of the body. (Since this 
contribution is small and will not influence the effect 
we seek, we may disregard it.) In the derivation of (1) 
one has assumed that the gravitational field is small 
and that R is large compared with the linear dimensions 
of the body. 

The diagonal elements of g,, are responsible for the 
frequency shift and bending of light rays in the presence 
of a gravitational field. 

We shall show that y causes a rotation of the plane 
of polarization. 

It is interesting to observe that while the diagonal 
elements depend only on the gravitational potential, 
the off-diagonal elements, collected in y, contain the 
angular momentum of the source. The latter does not 
appear in the nonrelativistic theory and in this sense 
the effects due to the vector y are truly relativistic, 
stemming entirely from the fact that the gravitational 
field is described by the metric tensor. 

If the body were not rotating, y would vanish, but 
the diagonal elements would stay the same (except for 
the unimportant term mentioned). If we transform 


2L. Landau and E. Lifshitz, The Classical Theory of Fields 
(Addison-Wesley Press, Cambridge, 1951), p. 328. (Observe 
that we use an imaginary time coordinate while the book uses a 
real one.) 
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now to a frame of reference rotating with angular 
velocity 2, the diagonal elements remain essentially 
unchanged (g44 receives a small additional term which 
can be neglected as long as 2 is small) but y will become 
22X R/c.* Hence at the point R the metric tensor will 
have the same value as for the rotating body if the 
directions of Q and L are opposite and Glw/c?R*’=Q, 
where J is the moment of inertia of the rotating body 
and w the magnitude of its angular velocity. If the 
physical process takes place in a portion of space whose 
linear dimensions are negligible compared with R, we 
can then say that the two physical situations, ro- 
tating body and fixed frame, fixed body and frame 
rotating with the above-specified angular velocity, are 
equivalent. 

Hence, to investigate how the plane of polarization 
will change, it is sufficient to contemplate the following 
situation. Let a plane wave travel in the direction of L, 
passing the body at a distance R in the equatorial plane. 
We subdivide the path into three sections. In section 
(3) the influence of the gravitational field cannot be 
felt; in (2) the wave is under the influence of the gravi- 
tational field. (See Fig. 1.) In view of the results in 
the last section we shall consider, instead of the ro- 
tating body (rotating counterclockwise in Fig. 1), a 
rotating frame (dotted lines in Fig. 1). The two frames 
should coincide as the light wave enters region (2). 
Now we pursue the wave as seen from the rotating 
frame until it reaches frame (3). We now turn back 
the dotted frame to its original position. The path in 
this arrangement, /’, will be approximately the actual 
path (neglecting the bending due to the static field, 
and the fact that the angular velocity will vary as 
the distance between points along the path and the 
origin vary). The electric vector E’ of the plane wave 
will be turned now with an angle relative to the position 
E it would occupy along path /, which is the path in the 
absence of rotation. This angle will be approximately 


* Reference 2, p. 246. 
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(D/c)(GIw/c?R*) since in each second the frame turns 
an angle Glw/c?R*, and it takes D/c seconds to pass 
through the region. Let us take D~R and R to be 
about the order of the radius of the body. [This is 
admittedly crude, since Eq. (1) was derived by assuming 
that R is much larger than the radius of the body. ] We 
then get for our effect Ag=Glw/AR?~GM/ce since 
I~MR’. For the sun we take M~2X10* g, w~10-° 
sec; then Agy~4X10-" radian, which is a very small 
quantity. 


Ill 


We shall now show that this effect can also be derived 
by using Maxwell’s equations in the presence of a 
gravitational field. 

If the gravitational field is given by the gj tensor, 
and the field by the Fy, tensor, the equations which 
have to be satisfied are 


OF ./0%,+0F 1;/0x,+-OF p1/x;=0, 


0(g'F*) /dx,=0, (2) 
if no charges and currents are present; g is the absolute 
value of the determinant of gix. 

If the gravitational field is strong, it is somewhat 
complicated to discuss the relation between Fy, and 
the electric and magnetic field. If, however, the gravita- 
tional field is weak, as is always the case in practice, 
we can interpret Eq. (2) easily. This we shall now do. 
As in (1), the metric tensor is given by 


1—2¢ 0 0 71 
0 1—2 )) 1 
= Out vin 0 0 : 1—29 pe (3) 
v1 1¥2 173 1+2¢ 


The trivial difference between (1) and (3) consists of 
putting c=1 in (3) and introducing explicitly y«, 
the small part of gix. 


Also, put 
0 B, = B, — iE, 
|l-B, 0 B, —é&, 
iS eae <a | 
‘Ek, if, iE, 0 
Then the form of Eq. (2) is simply 
curlE+0B/di=0, divB=0, (5) 


curlH+0D/di=0, divD=0, 
with 
B=H+M, D=E+P, 
P=aE+(yXB), M=aB-(yXE), (6) 
a=—29¢. 
Hence the effect of the weak gravitational field manifests 
itself as if a material medium were present with an 


electric and magnetic polarization. Equation (6) gives 
the relation between the polarization and the field 
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strength. At first sight Eq. (6) does not appear to be 
of the correct form to produce optical rotation. For 
it is well known that in an optically active medium the 
polarization depends on the field strength and its 
derivatives. Thus it seems that if the constitutive 
equations are as given by Eq. (6), the gravitational 
field will not act as an optically active medium; hence, 
there will be no rotation of the plane of polarization. 
However, we must realize that ordinarily we consider 
the optical constants to be actually constants along 
the ray, while in our case it is essential that y is zero 
at a large distance from the rotating body, while finite 
in its neighborhood. Indeed, we shall see that Eq. (6) 
defines an optically active anisotropic medium, if y 
is not a constant. 

We expect that the effect will be the largest if the 
direction of propagation of the wave coincides with the 
axis of rotation of the body. Let us then try to find the 
following solutions of (5) and (6). A wave packet 
is proceeding in the +2 direction which is also the 
axis of rotation of the body. Its lateral extent in the 
x, y plane should be limited and much smaller than 
R which is the distance in the equatorial plane between 
the path of the wave packet and the center of the 
rotating mass. These solutions are to be accurate to 
first order in y but not more. 

The effects of the gravitational field manifest 
themselves through a and y. If only a were present we 
would obtain the bending of light rays, but no change in 
the polarization. This, then, does not interest us. 
Hence we shall put a=0, and keep only y. In this way 
we can investigate the effect of y unadulterated by 
other effects. 


Putting, then, (6) with a=0 into (5), we obtain 


curlD— (B-grad)y+ (y- grad) B+0B/d/=0, 
curl B+ (D-grad)y— (y-grad)D—dD/dt=0, (7) 
divD= div B=0. 


Let us assume that D= (D,,D2,0), (B= Bj,B2,0). Then 
the gradient operator will correspond to differentiation 
with respect to x and y. (y has no z component either.) 
What about the x, y derivatives of y, B, and D? It is 
easy to verify that, barring points on and near the 
equatorial plane, 071/0y>>07,/dx and Oy2/0x>dy2/dy. 
Hence we shall neglect 0y,/dx and 0y2/0y. The remain- 
ing derivatives are 0y,/dy=a/r'=0o, 072/0x=—0; 
a=2G/c, if we take y= (a/r’)(y, —x, 0), which corre- 
sponds to a rotation along the positive z axis. 

If a true plane wave would propagate in the z 
direction the x and y derivatives of (D,,D2) and 
(B,,Bz) would be zero. If the wave has a finite extension 
this cannot be strictly true. However, if we confine 
our interest to the central part of the wave packet this 
will be true to a good degree of approximation. Actually 
at the end of the calculation we can verify that with this 
solution (y-grad) B, etc., are small compared with the 
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other terms in the equation. Taking into account 
these approximations, we have satisfied (approximately) 
the divergence equations; the other two equations give 


—0B,/d2+o0D,—D,=0, 
0B,/dz—cD,—D.=0, (8) 


—dD,/dz—0B,+B,=0, 

OD,/d2+0B,+ B,=0, 
where the dot indicates partial differentiation with 
respect to ¢. Let us introduce now D\+1D,= D,e~“', 


D,—iD,= D_e~*', and the similarly constructed B_, 
B,. We obtain 


dD_/dz+ (¢+w)B_=0, 
dB_/dz—(¢+w)D_=0, 


dD,/dz+ (o—w)B,=90, 
dB,/dz—(¢—w)D,=0. (9) 
If o were independent of z the solutions would be of 
the form D_=d_e*, where d_ is a constant (z has the 
coefficient w since c=1). If o is not a constant but a 
slowly varying function of z, we can attempt a solution 
by writing D.=d_e“*+", where the derivatives of 
l(z) are small. If we do this, we get the equations 
i(w+dl/dz)d_+ (¢+w)b_=0, 
— (o+w)d_+1(w+dl/dz)b_=0, 
i(w+dl/dz)d,+ (o—w)b,=0, 
— (o—w)d44+14(w+dl/dz)b,=0. 


(10) 


[We have two pairs of homogeneous equations, a pair 
for each of the sets (b,, d,) and (b_, d_). For a solution 
to exist, the determinant of the coefficients in each 
pair must vanish, This results in 
dl_/dz+a=0 
dl, /dz--o=0 


for the minus pair, 


(11) 


for the plus pair, 
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where we have neglected (d//dz)? and o?. Hence 


L= f adz, L--f odz=—l,. 


—» —2 


(12) 


We can now easily verify that with this /, (y-grad)D, 
etc., are small compared with the other terms in the 
equation. | 

The expressions (12) solve our problem. We see that 
the two circularly polarized components of the plane 
wave, the +, — vectors, travel with different velocities, 
and this fact gives rise as usual to a rotation of the 
plane of polarization. Since / would be zero if y is a 
constant, the effect depends on y being a function of 
x and y, just as we have said in the discussion of Eq. (6). 

We obtain, then, 


D,(z)=de‘**" cos], (z), 


13 
D_(z)=de'“?-“9 sinl, (z). (13) 


From this we see that if /, (z) is positive, the D vector is 
rotating from the x axis toward the y axis as the wave 
is proceeding in the z direction. This is a rotation along 
the positive z axis. Since we have taken y to correspond 
to a rotation of the body along the positive z direction, 
we see that the plane of polarization rotates in the 
same sense as the body does. 

Moreover, the total angle of rotation is given by 
Ag=2GI1/CR? if the ray passes from minus infinity to 
plus infinity along a path which is parallel to the axis of 
rotation and intersects the equatorial plane at a 
distance R from the center of the rotating body. 

Both the sense and the magnitude are the same as 
the results obtained in Sec. II by more qualitative 
considerations. 
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Dispersion Relations for Compton Scattering* 
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The perturbation formulas for Compton scattering with radiative corrections are written as dispersion 
relations. The purpose is to learn something about (1) the number of subtractions that are needed in the 
relations, (2) the analytic continuation of the scattering amplitude into the unphysical region, and (3) the 
role of the infrared divergence, It is found that one subtraction is needed to obtain dispersion relations but 
that these equations still depend on the fictitious mass of the photon. To obtain relations which contain only 
physical quantities another subtraction is made. It is suggested that the imaginary part of the amplitude 
has fewer singularities than the amplitude itself, and consequently may, in some cases, be continued by 
means of the phase-shift expansion. Finally, it is shown that the Born approximation is equivalent to the 
so-called one-electron-intermediate-state contribution to the dispersion relation. 





I. INTRODUCTION 


N spite of the great amount of work done on the 
theory of the dispersion relations,’~* there have 
remained several unsolved problems of both practical 
and theoretical importance. Two of these problems 
are particularly troublesome. One concerns the number 
of arbitrary constants which must be included in the 
dispersion relations. The other is the problem of finding 
the scattering amplitude for energies for which scatter- 
ing is not physically possible. These two problems are 
formulated explicitly in the short review of dispersion 
theory which we give below. This review also serves to 
fix the notation. 

The present paper represents an attempt to under- 
stand more thoroughly these problems by working out 
in detail an actual example. The perturbation calcuia- 
tion of Compton scattering was chosen because it is a 
well-known process,*:’? and because it was hoped that 
the gauge invariance properties of quantum electro- 
dynamics might lead to simplifications. During the 
course of the work it was found necessary to study 
thoroughly the infrared divergence, since the formal 
equations first obtained depend divergently on the 
fictitious photon mass. No actual comparison with ex- 
periment is contemplated. Meson-nucleon scattering 
may be handled in the same way but here perturbation 
theory is known to be inadequate. 

Section II contains preliminary kinematics, while in 
Sec. III the actual dispersion formulas are obtained. 
The infrared divergence is considered in Sec. IV and the 
unphysical region in Part V. Part VI contains a discus- 

*A dissertation submitted to the University of Chicago in 
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+ National Science Predoctoral Fellow. Present address: De- 
partment of Physics, University of Pennsylvania, Philadelphia, 


Pennsylvania. 
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sion completing the proof of Sec. III. The usual “deriva- 
tion” of the dispersion relations starts from the defini- 
tion of the R-matrix,’ (S=1+iR) 


R= (2r*4holo)4e,' ei f d'x dtye* ily 


X (gs| (iu(9) 5-(2))41 Pr), (1) 


where p, r and q, s are the momenta and spin coordinates 
of the initial and final electrons, respectively; k, ¢ and 
1, e’ are the momenta and polarizations of the photons. 
This may be simplified by taking out a 6 function of 
momentum conservation and other kinematical factors 
in order to deal with an invariant scattering amplitude. 
The Feynman amplitude is defined by 


R= (2r)8*(p+k—q—l)m(2)-* (4pokogolo)*F, 
Fig (2m) (page) f dinero ad 


x (q| Gu(4x)j-(—42))+1P). (2) 


The relation between F and the ordinary scattering 
amplitude T is® 


m 1 d*q Pdl 4 
r=" (—_ f = —i(p+k—-o-D ) F, 
4n\|p-ki 4 god ly 
(3) 
do 
—— 8 > | T|?. 
dQ final spin, initial spin, 


polarization polarization 


As usual, one proceeds by replacing the Feynman 
amplitude by the causal amplitude M, defined by 


M=ig!e(2n)'w- (page) f dinero « 


X (q\n(x)Ciu(4x), j-(—4x)]1p), (4) 
ee n(x)=1, xo>0; n(x)=0, x0<0. 


8 ao Symanzik, and Zimmerman, Nuovo cimento 1, 205 
(1955). 

*C. Mgller, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
23, No. 1 (1945). 
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DISPERSION RELATIONS FOR COMPTON SCATTERING 


The causality condition that the commutator of two 
observable fields at space-like points should vanish, 
together with the step function 7, insure that the matrix 
element in M vanishes for x9 <0, x?>.2,*. At this point 
one introduces the covariant variables 


P=4(p+q), Q=k-l=q—-p, K=h(k+)), 
v=—P-K/m, M=Q (5) 


These have especially simple relationships to the energy 
of the incident photon in the system in which P=0 
(the Breit system), so we will often consider ourselves 
to be in that system. In the Breit system 


=(0,£), Q=(A,0), K=(xw), 
z=an, mv=Ew. (6) 
We define x by 
w=([w*— (A/2)*}}, w>A/2, 
w=i[(A/2)*—«*}!, —|w| <A/2, (7) 
w= —[w*— (4/2)? ]}, w<—A/2. 


It is seen that M has the symmetry property 


M*(—w, fi, rs, — &)=M (w,fi,sr,A). (8) 


When we define the dispersive and absorptive parts of M 
by replacing the step function by the sign function }« 
and 1/21, respectively, there are simple symmetries for 
the quantities D and A. [M=D+iA, n(x)=}e(x) +4], 





D(K,e'«)=D(—K, e€’), A(K,ée)=—A(—K, ee’). (9) 
The dispersion relation is then 
A(v’ ‘) 
D(v,A) = =f dy’ (10) 
v—y ° 


where & is the principal value and where we have as- 
sumed that the integral converges. In case it does not, 
one must use auxiliary denominators to insure con- 
vergence. This is equivalent to a subtraction procedure. 
Such a procedure introduces constants not determined 
from the dispersion theory itself, and thus it is im- 
portant to know how many constants are needed. This 
is one of the problems which motivated the present 
work. 

The relation between the dispersion relation and the 
causality principle may be seen as follows. We would 
like to prove that M(w) is the boundary value of a 
function analytic in the upper half plane. It is well 
known that this implies a dispersion relation if the 
function has the right symmetry. Because of the step 
function , the amplitude M is a Fourier transform of a 
function which vanishes for x» <0. If we let w take on a 
positive imaginary part, we can only improve the con- 
vergence of the xo integral. However, by the definition 
of w the space part of the exponential would take on an 
imaginary part tending to make the d*x integration 
diverge; the commutator condition guarantees that 
the time component will dominate, i.e., | Imax| <Imwxo, 
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and we can conclude that we may continue M into the 
upper half complex plane. This argument has been 
made rigorous only recently.!°-” 

The next problem to be faced is the expression of the 
quantities D and A in terms of physically significant 
objects. It may readily be proved that D corresponds to 
non-energy-conserving intermediate states, while A 
corresponds to energy-conserving intermediate states; 
hence the designations “dispersive” and ‘“‘absorptive.” 
It may also be shown that for |w| >A/2, F=D+ie(w)A. 
Finally it is known that D corresponds to the real part 
of the amplitude, and A to the imaginary part. In the 
forward direction A is related to the total cross section 
by the optical theorem. In nonforward directions, A 
may be thought of as a generalized cross section. 

The integration in Eq. (10) goes over all real values 
of w; yet it is clear physically that we must have 
w>A/2 for any actual scattering process. The sym- 
metry requirement defines M for w<—A/2, but it 
remains a basic problem to be able to relate the ab- 
sorptive amplitude to measurable quantities in the 
“unphysical region” (|w!/<A/2). This is the other 
problem which motivates the present work. 

To see what contribution one may expect from the 
unphysical region, one writes the matrix element in the 
formula for A as a sum over states. Only states which 
have a total of one electron will contribute, since j, 
conserves the number of electrons. The states of lowest 
mass which contribute to the sum are the one-electron 
states, the one-electron plus one-photon states, ---, 
the one-electron plus one-pair states, etc. Writing down 
the contribution from the one-electron intermediate 
states, 


B= efe2aytmr(pop yf atretrn rm 2 


Xd (a|5(0)|)(| ju(0)|)— f aver e-P0-+ 


spin 


x 2 (q| g.(0)|n’)(n’| 7,(0)|p), (11) 


PZJ=P,?= — mi’. 


If energy momentum is to be balanced, w= — A?/4E in 
the first term and w= A?/4E in the second. Actually it is 
possible and important that we are able to evaluate 
explicitly the one-electron contribution. This may be 
done by using general theorems to write 


(q| 4.(0)|p)=—0.2(g| A, (x) | p)| 20 
= im/( pogo) *(p—q)*Dre(q—p) 
ap. xi(g)P.(q—p)u(), 


10N. N. Bogolyubov (to be published), also, Bogolyubov, 
Medvedev, and Polivanov, ‘Problems of the Theory of Dispersion 
Relations,” lecture notes reproduced by Institute for Advanced 
Study, Princeton (unpublished). 
Symanzik, Phys. Rev. 105, 743 (1957). 
2H Lehmann and R. Jost, International Congress on Theo- 
retical Physics, Seattle, September, 1956 (unpublished). 


(12) 
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Fic. 1. Mass spectrum of intermediate states in 
Compton scattering. 


where I’, is the renormalized vertex operator and Dr, 
the renormalized photon propagator. By definition of 
the coupling constant," and by Lorentz and gauge 
invariance, one can then show that 


i(g)T.(qg— p)u(p) =a(q)LeF i((q— p)*) 
+ paFupl pF o((q— p)*) ]u(p), 


where F,2(x)=1 for x=0, (p—@)*Dr.(p—q)=1 for 
(p—q)?=0, and ya is the anomalous magnetic moment 
of the electron. The sum over spin states may be 
carried out, with the result 


By —— rti(q) (eYu +paP uel) } u(n) (m/En) 


spin 


Xa(n) (€¥,—MaT roke)U(p)5(Pot+Ko— E,) 


(13) 


—crossed terms, (K->— K, uv). 
= — (4/2E)U(g) (€Y¥u+HaFuplp) (— ty: (P+K)+m) 
X (€¥u—MaFreke)U(p)d (w+ A*/4F) 


— crossed terms. 


‘ 


This one-electron, or “bound state” contribution is 
conventionally explicitly removed from the absorptive 
amplitude. It is clear that the one-electron, one-photon 
states will also contribute at this energy, and that there 
will be a continuous spectrum of energies greater than 
this. We must, in some cases, differentiate between the 
bound state energy, which we designate by ws= — A?/4E, 
and the onset of the continuous spectrum at the energy 
wa. The identity of ws and wy leads to a further problem 
associated with the infrared divergence. Techniques 
used to prevent the infrared catastrophe lead to the 
inequality w4~wg. (The energy wa corresponds in the 
center-of-mass system to energy wc=0, but scattering 
through an infinite imaginary angle.) We designate by 
wp=A/2 the energy at which actual physical processes 
can begin to take place. A diagram of this mass spec- 
trum is given in Fig. 1. Because of the symmetry be- 
tween positive and negative energy, we also include the 
other branch as shown. 

Finally, the scattering amplitude is not a simple 
scalar function but a matrix in spin space. One cannot 
then think of real and imaginary parts in the ordinary 


13K, Watson and J. Lepore, Phys. Rev. 76, 1157 (1949). 
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way. The way in which this circumstance modifies the 
dispersion relation is discussed in the next section. 


Il. KINEMATICS 


In this section we set forth some kinematical pre- 
liminaries which we need to write the Compton scatter- 
ing amplitude in dispersion relation form. We must 
express the amplitude in terms of scalar functions. One 
can consider the scattering amplitude to be an element 
of a vector space. If a set of basis vectors are chosen 
for this space, the scattering amplitude may be ex- 
pressed as a linear combination of the basis vectors, 
with coefficients that are scalar functions. Explicitly, 
we wish to write the causal amplitude as 


M (v,A,fi,e'e,rs) =>; Mi (v,A*)] (v,A,f,e’e,rs), (15) 
where the /,; are appropriate invariant products of the 
spin matrices and polarization vectors, as well as func- 
tions of the variables vy and A, and the M’s obey dis- 
persion relations. In the following, the /’s are often 
referred to as the invariants, while the M’s are called 
the amplitudes. To determine the number of invariants 
that are necessary, we use the invariance principles that 
are available. These are invariance under the full 
Lorentz group, gauge invariance, charge conjugation 
invariance, and crossing symmetry. 

It is clear that the matrix element is bilinear in the 
polarization vectors ¢ and ¢’. In fact, we may write the 
scattering amplitude in the form 


M=i(q)&'M,,¢u(p), (16) 


where we have suppressed the usual factors (kolo), 
(m/po)', etc. Since the polarizations are vectors, M,, is 
a second rank tensor. If a basis for four-space is chosen 
consisting of the orthogonal set of vectors n,, 


K, Q, P’=P—(P-K/K®K, N, 


Nyu=téurpePr’K,Qe (17) 
(the 7 in the definition of V arises from the convention 
of considering the fourth component of a vector to be 
imaginary), then M,, is of the form 


My =Lee.e' M°Coe' My” , (18) 
where C,,’ is a scalar matrix. Gauge invariance requires 
é’ -l=e-k=0, or equivalently, ¢’-(K+40)=e-(K—40) 
=0(0. We can now eliminate K from the list of the n’. 
Gauge invariance also requires that if we replace ¢« by k 
or é’ by /, the matrix element vanishes. This has the con- 
sequence that M,,(K,+40,)=0, (K,—40,)M,,=0. 
Since we have eliminated K, and (?+0, the coefficient 
of Q in the sum (18) vanishes. Thus we are reduced 
to the four tensors P,’P,’, N,N,, P,'N,&P,’'N,. It 
follows from parity conservation that the coefficients 
of the first two are scalars, and those of the last two are 
pseudoscalars. 











DISPERSION 


In order to include all possible scalars, we must con- 
sider the y matrices. The possibilities in case we have 
no y’s are v, A’, and 1. With one y only, we consider 
y P’, y-K, v-Q, y-N, and 7s. The quantities y-Q and 
y:P are effectively c-numbers by virtue of the 
Dirac equation and the commutation relations. In 
addition, y-V may be eliminated since y-V =ysysv-N 
~l(y-P’'y Oy Ky -N)y N~yey Py Oy K~ sy -K 
or 7s. All higher powers of y matrices may be reduced 
to one of the four possibilities 1, ys, y-K, ysy-K so that 
there are eight invariants. These may be reduced to six 
by using charge-conjugation invariance and crossing 
symmetry. Either of these two symmetry principles 
alone does not reduce the total number of invariants, 
but only imposes additional conditions on the corre- 
sponding amplitudes. To see the consequences of these 
principles, consider the Green’s function 


G(P,K)= f dtx d'x! dty dty'e* *tiv-v-it-a'—ia-y’ 


x (0) e(y’— ya’ y Wary) A,(x)A,(2’))y | 0), (19) 


which will give the correct transformation properties. 
The charge-conjugation operator @ has the properties 


€/0)=|0), CYee= (YC")a=Car¥y, 


CWsC= (Csaba, CAC=—A, —y,7=C—4,C, 
CtC=1, C™=—-C. (20) 
This leads to 
G,2°(P,K) =(CG,»7 (—P, K)C™)as. (21) 


When the crossing relation is imposed, we obtain 

M,,(P,K)=M,,(P, —K)=CM,,7(—P, —K)C, (22) 

to find the six invariants 
P,'P,’, P,/P,/iy .K, 
(P,'N,—N,P,')v6, 


N,N., N,N .Aiy-K, - 
(P,'N AN, P,’)ysiy-K. _ 
The reason we needed both the crossing and charge- 
conjugation principles is that under either one sepa- 
rately, the scalar parameter »>= — P-K/m changes sign. 

The time-reversal invariance does not lead to any 
further conditions. If we wish to choose our invariants 
in a special coordinate system, so that we write the 
invariants as matrices in spin space, it is simpler to 
invoke time-reversal invariance, rather than crossing- 
charge conjugation. 

Further conditions are needed for the real and 
imaginary parts of the M’s to correspond to the dis- 
persive and absorptive parts of the causal amplitude. 
The invariants must satisfy the conditions 


I;*(—Ko, —A, hi, €'€, rs) = I,(-K, 4, ee’, sr) 


=e(i)];(K,A,e’e,sr) (24) 


where ¢(1)=-+1. 


RELATIONS FOR COMPTON SCATTERING 


243 


Two sets of invariants are listed below. The invariants 
of (25) are understood to stand between the spinors 
ui(q), u(p), while the other set of invariants are con- 
sidered to be matrices in spin space for the Breit 
coordinate system. 


T1=5by, I,=K,K,, I3=6,,17K, I,=K,K,iy-K, 
T5=(K, (eX A/2),+K,(4X 4/2), bys, (25) 
Ie=[(K,(2XA/2),—K,(2XA/2), Wsiy-K, 

Tqg=eé-e, Ig=n-en-€, I,=¢-ewio-nXA/2, 
Th=n-é'n-€i0-(2XA/2)(w/r’), 

T.=((e -A/2)e-2X A/2—(e-2XA/2)€-A/2 | (26) 


Xio-n(w/n*), 
T.=[(e -n)e-mXA/2—e -(2XA/2)(€-2) ] 
X (w/m*)ia -A/2. 


It is found convenient to introduce a set of eight 
invariants which appear fairly naturally. The eight 
amplitudes corresponding to these invariants charac- 
terize the scattering; however, they are not uniquely 
determined by a knowledge of the scattering amplitude. 
These invariants are found as follows: write the scatter- 
ing amplitude in the form 


(Liv: 47-9, °K, AS )c a) 


where we take from each bracket some combination 
of the expressions enclosed. The matrices iy-p and 
iy -g are eliminated by use of the Dirac equation and the 
commutation rules for the y matrices, while the-matrix 
iy -K is moved to the middle bracket. This is done at the 
expense of sometimes having to replace y,, y, by 
K,, Ky; Puy Py OF Yu, J». It is always possible to choose 
a gauge such that e-P=e’-P=0, so that the p,, p, and 
Guy J» may be replaced by K,, K,. When the charge 
conjugation-crossing conditions are imposed, we obtain 
the eight invariants /;: 


I,=6,,, Is=K,K,, 
Ip=K,K,iy-K, 
Tp=i(ypKyty Ky), Le=vuty Ky yty Kru, 
Ty=i(y,K,—yK,)ty -K. 


Ic=6,,17-K, 


Iz= 10 ur, within 
27) 


These particular invariants have the virtue that they 
do not introduce any w-dependence arising from the 
normalizations of the basis vectors in four-space. They 
are useful in finding the energy dependence of the 
scattering amplitudes. 

It is straightforward to express the eight invariants 
Tr in terms of the six (25) or (26). The results of this 
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calculation follow. 




















I4=h, Tp=1s, Te=Ts, Ip=I,, 
8m?w 1 conn 
Ig=- I, I a por 
Ed*x* A’x? Ex’ 
_ 2a 2 4E 
Tp= —e —I,, (28) 
nA? 
16m” 16Ew 8mw 
Ig=- I, e-———15+ Ts, 
Aox’* 2a? A*x? A?x? 
8m 4E 
In=—I,4+-— I. 
A’ A? 
E E 1 
I4=—la, Ip=—Is, Ic=—wl,.+—lI, 
m m wm 
x 8 4 4 
Ip=—olpt—l, [p=——1,+—1,-—I., 
wm Aw A*w A*w 
(29) 
2 1 16E 8 
Ip=—I,——I., Ic= I,——I,.4+-—I,, 
mw mw md? A? A? 
2w 8x? 4Ex’ 
In=—Ip+—it-—I, 
m i w mw 
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Ill. DISPERSION RELATIONS 


In this section we shall find the exact form of the 
dispersion relations obeyed by the fourth order Compton 
scattering amplitude. From the work of Nambu, we 
expect that each diagram together with its “crossed” 
diagram will have a dispersion relation. We may then 
consider the diagrams one by one. The first radiative 
corrections to the Compton scattering are described by 
the diagrams of Fig. 2 and the corresponding crossed 
diagrams. It is well known that the vacuum polariza- 
tion diagrams N do not contribute to the matrix ele- 
ment, since the vacuum polarization effect is zero for a 
free photon. Similarly, the self-energy diagrams M 
contribute only mass and spurious charge renormaliza- 
tions. Thus we will start with the simplest nontrivial 
diagram, the self-energy diagram L. This diagram makes 
a contribution of the form 


ti(q)y,{ AL iy -(P+K)+m}? 
+ BLiy:(p+hk)+m}" 


The constant A is eliminated by the mass renormaliza- 
tion; the constant B is a spurious charge renormaliza- 
tion cancelled by diagrams K. Note that B contains 
an infrared divergence which is just compensated by 
the self-energy operator since the total diagram is not 
infrared divergent. We write down the expression for 
the observable contribution, keeping a small photon 
mass \} where necessary to prevent the infrared 
catastrophe. 


Ly}yu(p). (30) 


Gr (+k) - n](1- x+-22m*x/( 1—x*)/[mtat-+?(1— x) }} +m (142) 





= f dx x(1— -of's 


—K=(p+k)?+m?= —2E(w+A?/4E+22/2E). 


We now express the spin factors in the numerator in 
terms of the invariants J; and obtain for the Feynman 
amplitude Fc, for instance, 


— 
So(w,a)=—~ f dx x(1—x) 
0 


T 
f r 1— 2+ 22m?x(1—2°)/[m?x?+2(1—x) ] 
x z ’ 
0 m’x2+-)?(1—x)—xx(1—x)s—te 





where §c is the contribution to F¢ from this diagram. 
¥¢ is a function of w only through the dependence on x 
in the denominator. (We often use w, the energy of the 
photon in the Breit system, as the variable instead of v, 
since there is the trivial relation Ew = mv between them.) 
Making the change of variable 


A? m?x?+-)?(1— x) 
2Ew' +-—+\?=——___—_.,, x/=x 
2 x(i—x)z 


in this integral, and interchanging the order of integra- 


mx?+-d?(1— x) —«x(1—x)s—te 


tion, we obtain at once 


- da a 
Fo(w) = —— {= f dx x(1—x) 
0 


waw—w-—iel 


: AP? m*x*+d*(1—2) 
xf dz i(w top =) 
0 4e 2E 2E(1—x)xz 





1 m*x(1—x*) 
x——_—_( 1-242 — -)}. (33) 
2Ex(1—<x)z m’?x*+-d?(1—x) 


The expression in braces is identified with (1/4) Im$¢(w’) 
by remembering the formula 1/(*—ie)=@/x+in6(x). 
Since the argument of the 6 function must vanish, we 
are able to restrict the w’ integration to values greater 
than wa. Adding the contribution of the corresponding 
crossed diagram (w——w, J;7—+/7), we find 


P £® 2wdw’ 
Re Fo(w,A)=— f ———Im Se(w',A). (34) 


we Ye, Ww"? — 


4 VY. Nambu (to be published). 
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This is the formula obtained by Goldberger and 
others.?~ In order to have an expression relating the 
real and imaginary parts of the same function, we must 
use the causal instead of the Feynman amplitude. This 
may be seen by writing the last equation as an integral 
from zero to infinity: 





P p® 2(ww’)dw’ 
Re F(w)=— f 1m §(w")FIm §(—w')] 
Tr 0 ® —w* (35) 


The Feynman amplitude is defined by 
F(w) = F(w) + F(—w), 


and thus ImF does not appear under the integral. 
(The + depends on the crossing parity of the particular 
invariant.) When we consider § to be a function of a 
complex energy {, we may drop the ie convention in 
the denominator and define 


F(w)= Lim §(f). 


{—~w +ie 


The Feynman amplitude is defined as 


F(w)= Lim §(f)+ Lim $(—$), (37) 
{[—-w +i fw —te 
and the causal amplitude as 
M(w)= Lim $(¢)+5(—$). (38) 


Sw +46 


Since ({) is analytic except on part of the real axis, 
M (w) is the boundary value of a function analytic in the 
upper half plane, which may be taken as the reason that 
there is a dispersion relation for it. The Feynman 
amplitude does not have this property. On the + real 
axis, ImM=+ImF, but only for values of the energy 
large enough so that Im$(—!w|)=0. For energies in 
the unphysical region there is no simple relation. It is 
necessary to go to the special coordinate system to 
write the dispersion relations in this simple form, since 
otherwise the crossed and uncrossed amplitudes would 
not be so simply related. Finally, these remarks will 
hold only if the expression of the spin factors in terms 
of invariants does not introduce any explicit w de- 
pendence into the amplitudes other than that in the 
denominator. The use of the invariants (27) achieves 
this. 
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Fic. 2. Feynman diagrams for Compton scattering. 
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Fic. 3. Contour C for integration of Eq. (39). 


A somewhat more general way to derive (34) is to 
recognize at once the analytic character of the function 
§(¢) and use Cauchy’s theorem to write 


1 F(¢") 
F(¢)=— | ——dr’. (39) 
2ri c t 


If, for large |¢|, ¥(¢)-0, then the integral over the 
large circle (Fig. 3) will tend to zero. Unless there is a 
pole-like singularity at {=w., the small circle will give 
negligible contribution. The relation ¥({¢*)= $*(¢) and 
the definition of $(w) then allow us to reduce the re- 
maining integral to the form (34). It is therefore im- 
portant to know the behavior of the amplitudes for 
large energies, since if we can find the analytic character 
of the amplitudes by inspection, we shall be able to 
write down dispersion relations of the proper type 
immediately. If the amplitudes do not drop off at 
infinity, but increase or approach a nonzero constant, 
one must use generalized dispersion relations which 
involve the value of the scattering amplitude at some 
given energy. Unfortunately, it is not trivial to tell 
what the behavior is, unless we can explicitly evaluate 
the integrals, because in general the amplitude has a 
singularity at infinite energy. It is also impossible to tell 
from computed values of the cross section since the 
cross section mixes up the amplitudes and thus mixes 
in the energy dependence of the invariants. 

We continue by considering the vertex diagrams K. 
There is only one new feature, which is the appearance 
of the term 


a 1 z 
<a(g)| bin (P+K) +m} fade fay 
Qn 0 0 


1 z 
Xmz(1—s)onakat+ f dxf dy mx(1—x) 
0 0 
Xone Lin: (P+K)+m}.} up), (40) 


a = mx?+N01 —x—y(x—y) ]—«(1—x)y—ie. 


This is the term that gives rise to the anomalous mag- 
netic moment in the fourth order. If one notices that 
the anomalous moment appears explicitly in the expres- 
sion for the one-electron contribution, one is not sur- 
prised that something unusual takes place here. The 
point is that if we express the y matrices in terms of the 
invariants, we necessarily introduce explicit w depend- 
ence into the amplitudes. This dependence occurs in 
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two places; (1) there is a factor x appearing in the 
denominator, and (2) there are possible factors P-K 
appearing in the numerator. Due to the factor in the 
denominator, it is possible to assert that the contribu- 
tions to the amplitudes approach zero for large en- 
ergies. However, when we use Cauchy’s theorem as 
in Eq. (39), there will be a contribution from the pole 
at x= 2E(w—wg) =0 where we= — A*?/4E—)?/2E. Note 
that we must distinguish w,4 from wz even though they 
coalesce in the limit A—>0. This gives rise to a term 


(w—wp)F(w)|w=wn emal—iy:-(P+K)+m] 
(P+K)*+-m* 





vO mm 
W—-WwWB 2r 


; = x(1—x) 
xf ax f dy———,_ (41) 
0 0 mx?+-)? 


in addition to the ordinary dispersion integral. The 
integral is easily evaluated to give (e/2m) (a/2m), which 
is just the quantity needed to give the proper contribu- 
tion to the one-electron terms. 

Finally, we consider the irreducible diagram J. This 
may be written 


1 Zz y 
Jn= a f ax f ay f dz 
0 0 0 


X [Pw (P—ie)? +O (0? —ie) ]u(p), 
B= m?x2+d"[1—2— (y—2z) (x— y+) ]+A*s(x—y), 


Pyw=raLiy: (q—1)+mhy[—iv: (p+k—-1) +m] 
XvL—-ty:(p-r)+mIn, 
Ow =3{2y.L—tv(q—n) +m inn 
— neu —iy: (ptk—r)+m)yvrvern 
+2y.vL—iy:(p—-n+mIn}, 


r=ky+px—Iz. 


(42) 


The denominator has the same singularities, namely for 
w>wa. In addition, it has a singularity for A?< —4m’. 
The significance of this singularity will be discussed 
later. In the term in which the denominator is squared, 
the expression of P,, in terms of the invariants J; intro- 
duces explicit w dependence through possible factors 
P-K in the numerator. It might be thought that this is 
compensated by a more rapid decrease at large energy 
due to the squaring of the denominator, but this is 
not so. Direct evaluation of the integrals shows that 
the integrals behave as (1/w) Inw for large w.'® After 
multiplication by the explicit factor P-K, we find a 
logarithmic asymptotic dependence. This means that 
from this term there arise contributions which cause us 
to use the generalized “‘subtracted”’ dispersion relations. 

To give an idea of what the imaginary part of an 


15 Some of the results of Feynman and Brown (reference 6) are 
directly applicable. 
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amplitude looks like, we write down part of Im&,: 


From graph L, 





a {[x°—(2dAm)*]}! 1 [ 4m? 34x—4m’? 
5yy—m 4——-———|I, 
Qn k mtu K m’+-K 





(43) 
From graph J, 
a : dg 1-—2¢ 
2x Yo 1+5(«/m*) 14+5(1—$) (A*/m’) 

To summarize, it has been seen directly that the 
causal amplitudes are analytic in the upper half plane. 
The “intrinsic” energy dependence, that is, the energy 
dependence found by using the invariants /7, is at most 
logarithmic for large energy, which necessitates the 
use of dispersion relations with one subtraction. In 
addition there is a pole which gives the anomalous 
moment part of the one-electron amplitude. 

The situation is very similar in meson perturbation 
theory.'® Practically the same formulas apply, with the 
simplification that there are only two distinct ampli- 
tudes when we suppress the isotopic spin indices. There 
is no anomalous moment term, but there is a contribu- 
tion to the one-nucieon terms from the fourth order. 
This appears because of ambiguities in the renormaliza- 
tion prescription which are not present in electro- 
dynamics. The Watson-Lepore coupling constant which 
appears in the one-nucleon terms is expressed (to 
fourth order) in terms of the renormalized perturbation 
coupling constant. 

Use of the amplitudes (25) and (26) introduces new 
energy dependence. This is found by looking at the 
relationship of the amplitudes M; to the complete set 
M; or M, which may be read directly from Eqs. (29), 
(30). New pole-like singularities are introduced by the 
factors ~’ appearing in some of the denominators. 
Explicit w’s appear in some of the coefficients. The =’s 
appear because of the normalization of the invariants, 
the w’s from a mixing of invariants of opposite crossing 
parity. We may get rid of the =’s at the expense of 
worsening the behavior for infinite w; alternatively, we 
may explicitly take into account the singularities intro- 
duced. Since the dispersion relations obtained must be 
further modified to take into account the infrared 
divergence, we shall not write them down at this point. 


IV. INFRARED DIVERGENCE 


Up to now, we have ignored the problem of the infra- 
red (IR) divergence. In previous work with meson 
fields, the IR divergence was no problem because the 
electromagnetic field interactions were either neglected 
completely or taken into account only to lowest order. 
In the special case of forward scattering there is no IR 
divergence either. It is true that by using the usual 


16 E. Kazes (private communication). 
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technique of keeping a fictitious small photon mass, one 
can write the scattering amplitude in dispersion form. 
This has been proved in the preceding section. However, 
this amplitude is not by itself a physically significant 
quantity, since it depends on the unreal photon mass. 

One is at first tempted to dismiss the whole problem 
by invoking the work of Bloch and Nordsieck,!”? who 
showed that one is allowed to set the photon mass equa! 
to zero when computing physically significant quanti- 
ties. The problem is just that; we are using quantities, 
the scattering amplitudes, which are not directly 
measurable. It is only from the cross section, which 
includes the contribution from the inelastic cross 
section, that the infrared divergence cancels. The ob- 
jection of not working with physical quantities has not 
been raised against dispersion relations in general, 
because as long as the scattering process is considered 
to be completely elastic, the scattering amplitude may 
be found directly from the cross section. On the other 
hand, if we can observe only Gelastict+ inelastic WE are in 
more difficulty. 

The fundamental reason for the divergence is well 
known to be the fact that the series expansion in eé is 
not valid for soft photon processes. We therefore say 
to each order of a, the infinity of @etastic will be canceled 
by those of ginelastic. In computing the elastic amplitude 
to order e', it is found that there is a term alM™, 
where J is IR-divergent, and M“® is the lowest order 
(e*) amplitude. The elastic cross section will contain a 
term 2aloxKtein-Nishina. The double Compton (emission 
of an extra photon) cross section in lowest order (a*), 
when integrated over the angles and energy of the soft 
photon up to some experimental energy resolution AF, 
contains a term a@J¢Kiein-Nishina With J=—2/. This 
exactly cancels the divergence in the elastic cross sec- 
tion. Bloch and Nordsieck have shown that this cancel- 
lation occurs in all orders (where one must of course 
include the triple, etc., Compton effects). Note that 
the divergences will mot cancel from the scattering 
amplitude; one divergence occurs in the e* amplitude, 
the other only upon integration of the e® cross section. 

Since we have a scattering amplitude which depends 
in a divergent way on the photon mass, we shall also 
have dispersion relations which depend in a divergent 
way upon this mass. In fourth order, the way in which 
this occurs is as follows [see Eq. (43) ]: The real part 
of the scattering amplitude has a term proportional to 
In(m/X); the imaginary part is finite for all values of 
the energy except in the neighborhood of w=w.4. Near 
this point, there is a peak going as 1/(w—wg) to a 
height 1/A. Figure 4 illustrates this behavior. 

The dispersion relations derive their usefulness from 
their ability to correlate physical quantities directly. 
As a method of computing Feynman diagrams they 
have the same drawbacks as the old-fashioned perturba- 
tion theory. It would be highly desirable to be able to 


17 F, Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937). 
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Fic. 4. Behavior of Im near the threshold of the 
continuous spectrum. 


write relations involving quantities which are in prin- 
ciple measurable. To do this it is obviously necessary to 
write relations between finite quantities. This we are 
able to do, but we must expect a certain loss of informa- 
tion in the resulting relation. 

There are a number of approaches possible. Since it is 
possible to view the infrared divergence as arising 
because we have attempted to make a power series 
expansion of a nonanalytic function, one may hope to 
extract this part of the dependence as a factor; the 
rest of the scattering amplitude could be handled as 
usual. This idea was used by Newton,'* who solved the 
problem for an electron interacting with a constant 
uniform magnetic field. Another approach is to recog- 
nize that physically the final state is not a pure state, 
but is a mixture of pure states containing arbitrary 
numbers of soft photons. In order to describe this state 
one conventionally uses a density matrix. 

Aside from over-all factors, the cross section for 
scattering of a photon by an electron is given by 


(P px, S'ppSP pu), (44) 
where ®,, is the initial state (assumed pure), py is the 
density matrix for the final state, and S is the scattering 
operator. We assume that the final state is known to 
consist of one electron, one hard photon, and an un- 
known number of soft photons whose total energy is less 
than some small AE. It is assumed that AE<m, |p|, 
lq!, |k!, |). The final-state density matrix may be 
written 


je a Zz (9,1); pie 1,)®* (q,L,h; wines 1,). (45) 
, Zine bane 


(qg, 1, etcs, are adjusted to give momentum-energy 
conservation ; we neglect this change here.) The number 
of photons emitted is just proportional to the density 


18 R. Newton, Phys. Rev. 96, 523 (1954). 
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of states. The S-operator has matrix elements given by 


(Dot ds-- te SB yy) = (Wat.tr---1n*, VY pe!”). (46) 
This may be transformed in the canonical way. 
(Worn: P 1a, V+!) 
= (2x) "2h: 2lg- 2(1i)o- «+ 2(Un)o }-4 
x fare d‘y dty, ---d*y,, 
X (q| Guy) jo(x) jury) > ++ jun(n))+|P)- (47) 


It might be thought immediately of value to be able to 
write dispersion relations for the amplitudes thus ob- 
tained. The difficulty is to replace the time ordering by 
a causal commutator; this has been accomplished by 
Polkinghorne.'® In order to do so, he fixes the ratios of 
the energies of the outgoing photons. Since we are 
interested in integrating over all soft photons, we cannot 
fix their energy-ratios. Instead, following Bloch and 
Nordsieck, we will treat the soft photons classically. 
This may be done by noting that for (/;)o=w<<lo, ko 
the contributions to the integral /@yo' extends over a 
much wider range than the contributions from the dx» 
and dyo integrations. We can then neglect the regions of 
the integration such that yo' xo, yo™(1/ko), (1/lo). 
This allows us to write (47) 


(2n)-* 4 Aho: oT] (205) 4 f d*x f d‘y 
x| fan fe nXq| (jury) + jun (¥n))4 


yo >O 


X (j.(x) j.(y))+| p) exp(itk-x—il-y—i Do Ly) 


+ fay. fesalG.i00s 


yo <O 
X Cjur(1)* +» jun(Yn))+| P) 


Xexp(ik-x—2l-y—7 Fly.) }. (48) 


The current operators j(y,;) correspond to very soft 
photons, thus to classical fields. In this case we can 
ignore the time ordering and the current operator 
acting on the electron vector |p) will give the classical 
result. 

j(x)|p)= —evd*(x—vx0) |p), v=p/po, 


jo(x) | p)= — e8*(x—vx0) | p). 


The Fourier transform of the current may be readily 


(49) 


19 J. C. Polkinghorne, Nuovo cimento 4, 216 (1956). 
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computed and the total matrix element becomes 


(2n)-*(Aloks)-3 f dted*yei® =i8-4(| (5,2) j(y))4 | 9) 
XII sus(2;)(2u,)-4, 


Pen sae 
(an)'Ng-d pel 


f d'x f d*ye*-2-it-v(g] (j(x) j(y))4 | p) 


(50) 
where 


is recognized as the Feynman amplitude for elastic 
scattering. 

To compute the cross section it is necessary to carry 
out the sum over the soft photons indicated in the 
definition of the density matrix. The sum over polariza- 
tions is as usual accomplished by summing over all the 
indices. The sum over the momenta may then be written 


1 | Sus(2i) |* 
E— fey -@I 
2 


W; 


(51) 


The »! arises from the equivalence of the photons. The 
integrations and summations could easily be done 
except for the restriction on the total soft photon energy. 
This can be handled by the method of Jauch and 
Rohrlich,”" who insert the factor 7(1—}°w,;/4E) into 
the summation. The step function 9 has the convenient 
representation, 
a gig (i Zwi/ de) 

do- — 


1 
id chests 
2ri J _» o—te 


The summation can now be performed giving the result 


1 * do ss @ 
(az,a)=— f e”" ex f mag two E 
0 


2ri J_.o—te w 





(52) 





(53) 
C=(e#/a) f das, 


which is essentially the result obtained by Jauch and 
Rohrlich. (Some care must be used since we have 
inverted the order of summation and integration whose 
convergence is not uniform. For instance, the upper 
limit AE may not be extended to © in spite of the fact 
that if the exponential is expanded and the o integra- 
tion done first, there is no contribution to the w in- 
tegration above AE.) The result of Jauch and Rohrlich 
contains an error.” They also evaluate the contri- 
bution of the soft virtual photons and find a factor 
exp(—aC /o4¥ dw/w). This is wrong because it effec- 

20 J. M. Jauch and F. Rohrlich, Helv. Phys. Acta 27, 613 (1954); 
Theory of Photons and Electrons (Addison-Wesley Press, Cam- 
bridge, 1955). 

21 F, Rohrlich, Phys. Rev. 98, 181 (1955). 

2D. R. Yennie and H. Suura, Phys. Rev. 105, 1378 (1957). 
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tively assumes the classical virtual photons to be cut off 
above energies corresponding to AE. Actually there is 
no definite cutoff, and so one can only find the limiting 
behavior.” 

The cross section may now be written 


a(v,A,AE)=lim M*(v,A,A)b(AE,A,A)M(v,4,d), (54) 


4-0 


which we abbreviate M*(v)bM(v). Note that 3 is real, 
and that b does not depend on v. The theorem of Bloch 
and Nordsieck guarantees that M*bM is finite, which 
leads at once to 


b[ReM(v) P< oo, b[ImM(v) P<, cM(v)<m, (55) 


where =). Since M(v) has a dispersion relation, so 
should cM (vy). It does not follow that cM(y) will obey 
a finite dispersion relation. By this we mean that the 
dispersion integral will still depend in a divergent way 
on A at frequencies yv-v,4. This behavior has been il- 
lustrated in Fig. 4. For »=v,4 the IR divergence is 
increased from logarithmic to linear. (This is perhaps 
to be expected since v4 corresponds to the center-of-mass 
photon energy w.=0.) Even the lowest order amplitudes 
are divergent in this way. This does not bother us much 
in the real part of the amplitude but in the imaginary 
part it causes the divergence of the dispersion integrals. 
Suppose the dispersion relation is 


a 


1 dy’ 
RecM (v) = cB(v)+- ——ImcM(v’). (56) 


, 
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Since the left-hand side of Eq. (56) is finite, the infinite 
parts of cB(v) and of the integral must cancel. (B is the 
one-electron contribution.) B(y) is finite for y¥*v4 so 
that the infinity is due to c, which is infinite as a power 
of a logarithm (in a given order), implying that ImcM (v) 
must behave as (v—vg)~'In(y—vg) for v-v,4. This 
suggests that we modify the scattering amplitude M by 
considering instead M’(v)=(v?—v,*)cM(v). M’(v) is 
singular only as a power of a logarithm for »->v,4 and 
the dispersion relation for M’ will be finite. Unfor- 
tunately, we have to make another subtraction since 
we have increased the order of the function at infinity. 
We cannot expect to obtain a finite dispersion relation 
without losing some information, however. In order to 
obtain a finite relation, it is clear that we must subtract 
off the infinite part ; this method of subtraction gives a 
physical meaning to the terms subtracted. It has the 
further advantage that it depresses considerably the 
importance of the unphysical region. On the other hand 
it makes more difficult than ever any possible experi- 
mental test of these dispersion relations and introduces 
an additional constant into the theory. Less drastic 
subtraction procedures have been considered. They all 
suffer from the disadvantages that they depend in 


% The error can be traced to Eqs. (16)—(33) of their book. 
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detail on the specific form of the Hamiltonian, and the 
subtracted quantities have no physical meaning. It has 
not been conclusively shown that this is the best method 
possible, however. 

We give at this point the dispersion relation obeyed 
by the amplitudes (26). Note that the one-electron 
contribution disappears completely from the final 
expression. 

y— ve y— vy 

-_ ReM x’ (vo) 


ata ve ve— ve 








ReM,'(v) = ReM),/ (v1) 





P ® 2v'dv’ ImM,'(v’)(v?— ve?) (v-— v1") 
+—f . ny) £59) 
wT “0 


(v=) (nd) (vv) 
M)'(v)=cM(v)(?— ve"), 
AN=aee ee. 
M,, also obeys the simpler relation 
ReM,'(v) =ReM,,'(v) 
@ ® 2v'dv’ ImM,’(v’)(v?-— ve?) 
® (v2 A)(v— vt) 





wT Ho 


V. UNPHYSICAL REGION 


As pointed out in the introduction, one must know 
the imaginary part of the scattering amplitude for all 
real values of the frequency. The amplitude can be found 
for |v| > |»4| by direct measurement and crossing sym- 
metry, but there is no simple procedure for frequencies 
in the range |v|<|v4|. We are assured of a unique 
value for the amplitude in this range, since it is known 
that the amplitude is the boundary value of an analytic 
function. This information is not enough to enable us 
to make a continuation from the experimental data for 
two reasons. One is that the amplitude is measured only 
at a finite number of points and there are an infinite 
number of analytic functions with given values at these 
points. The second is that even though an analytic 
continuation is unique, it is extremely unstable, i.e., an 
arbitrarily small change in the initia] data can result in 
an arbitrarily large change in the values of the continua- 
tion. Associated with these difficulties is the fact that 
we are given no practical way of making the required 
continuation. For these reasons, it is a mistake to think 
that the scattering amplitude is, even in principle, 
measurable in the unphysical region unless we can 
supply additional information that will insure an ap- 
proximate correct continuation. 

Practically, it has usually been assumed that the 
unphysical region is unimportant. In meson theory 
various theoretical estimates lead one to feel that 
nothing very spectacular happens there, at least for 
small enough momentum transfers. In electrodynamics, 
one has confidence in the theory, so, strictly speaking, 
the problem does not arise at all. We wish to study the 
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situation in electrodynamics with a view to future 
application to less well known theories. 

What we need to make a successful continuation is a 
prescription which will take us from the experimental 
data of the physical region to the unknown values in the 
unphysical. In practice, the data points are fitted to 
some formula which is given by theory. In low-energy 
scattering theory this fit is usually made by means of 
phase shifts. (For Compton scattering this method is 
not particularly helpful, since the recoil is large and the 
number of phase shifts needed would also be large.) 
If the continuation by means of the phase shifts is to be 
reasonable, the terms neglected in the physical region 
should not become important in the unphysical region. 
For this to be true, it is at least necessary that the series 
converge in the unphysical region. It is well known that 
it does not.* 

The phase shift expansion is an expansion in Legendre 
polynomials which depend only on the center-of-mass 
scattering angle, and which have coefficients depending 
only on the center-of-mass photon energy. The coeffi- 
cients may be measured directly for all positive energies. 
The known structure of the polynomials and the formula 
cosé= 1—A?/2k.? give the expression for the amplitude 
in the unphysical region. The analytic properties of the 
scattering amplitude considered as a function of z= cos@ 
for fixed k, determine the convergence of the expansion. 
It is clear that one needs to know something of the 
properties of M as a function of A’. In the present case 
the analytic properties of the amplitude as a function 
of A? may be inferred by inspection of the integrals, but 
more generally, one has to consider the scattering 
process in which we fix v and consider A* to be the free 
variable. This process corresponds to pair production in 
photon-photon collisions (or two-photon pair an- 
nihilation). 

The singularities of the amplitude correspond to the 
thresholds of physical processes.” Real pair-production 
singularities appear at 





(p+b)*=— (2n+1)%m" (58) 
for which 
y=2n(n+1)m+ va, 
2n(n+1)m A? = (2n+1)? 
nt Om? CIn(n+1) 
where n=number of pairs=0, 1, 2, ---. In the fourth 


order only n=O occurs, since a real photon (for which 
k?=0) cannot produce a real pair and conserve mo- 
mentum. A singularity corresponding to real pair 
production in photon-photon collisions occurs at 


(k—1)?= — 2m?, (59) 


for which 
A?=—4m?, 2=1+2m?/k2. 


2K. Symanzik (unpublished). 
26 R. J. Eden, Proc. Roy. Soc. (London) A199, 256 (1949). 
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This singularity has already been noted in the expres- 
sion for the irreducible diagram. In higher orders there 
is a threshold for real photon-photon scattering which 
occurs when (k—/)?= A? <0. This photon-photon singu- 
larity is very unfortunate since it prevents extending the 
range of z outside the interval (—1,1) by means of 
the Legendre expansion. If we regard the sixth order 
as being too small to measure, we can continue the 
amplitude into the unphysical region some distance at 
least, since there is no singularity at A?=0 in the fourth 
order. The singularity of importance is then the one 
at v= —va4. If A*>4m’, the photon-photon singularity 
will also be important. 

In this situation the most satisfactory solution would 
be to find an extrapolation formula involving a finite 
number of parameters not necessarily based on a phase 
shift analysis. One possibility is to find the functional 
form of the scattering amplitude by a classification of 
its singularities. This problem is being studied. 

A suggestion that may be helpful in practical cases 
is as follows: one intuitively feels that the more initial 
information given and the less final information re- 
quired, the better the possibility of obtaining accurate 
final information. Thus it may be important to re- 
member that we are interested only in the imaginary 
part of the amplitude in the unphysical region. ImM is 
not an analytic function, for it is of the form Im(v) 
+Im%(—v), where Im%(v) vanishes identically for 
v<v,. If Im were analytic, it would be identically 
zero. This does not rule out the possibility that Im is 
analytic in pieces; in fact, for the present problem, 
one may look directly at the function and see that it can 
be represented by two analytic functions, 


ImS= 9 (y), 
a=), 


v>va 


60 
V<VaA,y ( ) 


where J(v) is given (in part) by (43). In the physical 
region, the imaginary part of the amplitude coincides 
with $(v) for energies at which real pair production is 
not possible. There is no singularity at y= —v4 but the 
singularity at A?= —4m? remains. In addition there is 
an unimportant singularity at 2m(v—v,4)= —m?. If the 
singularity at A’=—4m’ does not interfere (i.e., 
A?<4m?*), the phase shift expansion can be used to 
make the continuation. Similar considerations apply to 
meson scattering except that the higher orders are 
much more important. 

The fact that the imaginary part of the amplitude 
can be continued better than the whole amplitude may 
be made plausible in terms of a phase shift argument. 
For, let 

M(k.,0) = (2ik.) "3D (214-1) (2*'— 1) Pi(cos@). (61) 


We are interested in k,-0, for which we assume 
6,0. The total amplitude will go as 


M (kp) RAD (21+-1)6:(k)Pi(1—A*/2k2), (62) 
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while the imaginary part will behave as 


ImM (k,6)—k"'S (21+-1) (61)?P(1—A*/2k.?), (63) 
and since 6; is small, will tend to converge better than 


M itself. 
VI. CHOICE OF INVARIANTS 


Two other problems remain if we are to write the dis- 
persion relations in the form indicated in the introduc- 
tion. Both of these are related to the ambiguity in the 
choice of invariants. In the kinematics section, several 
sets of invariants were found by which it is possible to 
express the scattering amplitude as a sum of products 
of invariantXscalar amplitude. This nonuniqueness 
may have important effects on the form of the disper- 
sion relations, and thus raises the possibility that there 
is a more convenient set of invariants for which fewer 
subtractions would be needed. The other point is that 
in the dispersion relations of Sec. I the one-electron 
term appears, while in the formulas derived in Sec. II 
the Born approximation appears. It has been noticed 
that for some choices of invariants the one-electron 
term equals the Born approximation, while for others 
this is not the case.*® 

Since the invariants represent a basis for a vector 
space, it is clear that to go from one set of invariants 
to any other we may take linear combinations. If J; is a 
set of invariants, then any other set of invariants J; 
may be found by putting 


Ji=DLj ail, 


The relationship between the corresponding ampli- 
tudes is 


deta; ;#0. (64) 


M/(=>D.Meaj;; M’=CjMjBj, (65) 


where §,; is the inverse matrix to aj;;. 

The functions a;;(v) and §;;(v) can be restricted to 
certain fractions of polynomials by noting certain re- 
strictions based on Eq. (24). First, the functions a(v) 
and 8(v) must be real for real v. Second, if J; has crossing 
parity e(7) and J, has parity e(&), then a,; must have 
crossing parity e(7)e(&); in particular, it must be either 
even or odd in v. To insure that if M/ obeys a dispersion 
relation so will M’, and vice versa, requires that a 
and @ be analytic in the upper half plane. Because of the 
symmetry of the functions, all the singularities lie on 
the real v axis. There are no essential singularities in the 
a and 8, since we could not integrate around them (or 
if at infinity, the integral along the infinite hemisphere 
would not converge). Branch points are also eliminated 
since the function must remain real along the real axis. 
Thus we are limited to polynomial fractions, even or 
odd in », having no singularities off the real axis. The 
further condition that the elements of the matrix 
inverse have no singularities off the real axis is some- 
what more clumsy. 


26 M. L. Goldberger (private communication). 
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In going from one set of invariants to another, one 
must either introduce new singularities (unless the 
original function happened to vanish at that point) or 
else worsen the behavior for infinite v; both of these 
procedures involve introduction of additional terms in 
the dispersion relation. There are two cases in -which 
no increase in complexity occurs. The first is in the 
case where ReM(v) is odd; one may then consider 
instead the amplitude (1/v)M(v). This effectively does 
not introduce a singularity into M, so that (1/v)M will 
obey a dispersion relation with the same number of 
subtracted constants as M. The opposite case is also 
true; if ReM(v) is even, vM(v) will obey a dispersion 
relation with the same number of subtractions as is 
needed for M, since we can take the principle value at 
infinity. 

Let the behavior of each amplitude at infinity be 

M ((v)—a;f(v)+0(f(r)). 


Here /(v) is the functional form of the strongest asymp- 
totic energy dependence and not all of the a,’s are zero. 
If we consider a new set of amplitudes M;,’(v)= }a,;M; 
in which the coefficients a;; do not decrease at infinity, 
it will be impossible that these amplitudes all have 
better behavior at infinity than the original ones. For 
if they did, we must have }-a;j;a;=0, i=1---6, which 
is impossible for nontrivial a; when the determinant of 
a;; does not vanish. The a;; must decrease at infinity 
if the resulting amplitude is to be better. This is possible 
only if the a;; have singularities, and these singularities 
will contribute unless the original amplitudes happen 
to have a zero at the point of the singularity. Starting 
with the amplitudes as defined in Sec. II, it can be seen 
that there are no such zeros, which demonstrates that 
there is no set of invariants which is significantly 
simpler. 

Next consider the form of the one-electron terms. 
These arise from “cutting” the time ordered diagram A 
below (Fig. 5). In the lowest order A becomes A’, which 
is simply the lowest-order Compton-effect diagram with 
positive-energy intermediate states. By the thick lines 
we mean the full physical electron and photon. The 
crossed diagrams must be included. When the dispersion 
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Fic. 5. Feynman diagrams with positive-energy 
intermediate states. 
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Fic. 6. Feynman diagrams with negative-energy 
intermediate states. 


relations are applied to the absorptive parts of these 
diagrams, we do not expect to get the full Born ap- 
proximation, but only its positive-energy part (by 
which is meant only positive-energy intermediate states 
in the terminology of old-fashioned perturbation 
theory). To include the negative-energy part, we need 
to consider diagrams such as Fig. 6. In order for energy- 
momentum to be conserved, as well as to maintain the 
free particle character of the intermediate states, it is 
necessary that the energy of the incident photon be 
infinite. This leads to a “delta function” at infinite 
energy. 
The sum of the diagrams A’ and B is, very loosely, 


e r® dy’ 
B(v,A)= -—f 
mM ¥ 2» 


, 
_fiteeet 





X {a(g)y,.L—ty:(P+K)+m] 

Xv,u(p)[6(v—ve)—5(v+ ©) ] 

—ti(q)y.[—iy:-(P—K)+m] 
Xr.(p)[6(v+y2)—5(v— ~%) }}. (66) 


This is a shorthand way of indicating that we are to 
express the spin factors in terms of a set of invariants, 
remove the invariants from the integral, and do the 
integration. If the entire numerator is removed in this 
fashion, in the resulting integration the terms at 
infinite frequency will vanish, and we will obtain the 
Born approximation from the one-electron terms only. 
If some extra powers of y are left after removing the 
invariants, the 6 function at infinity may make a con- 
tribution. It is also true that if we leave a polynomial in 
the denominator, we would not get the Born approxi- 
mation since we have introduced a singularity in the 
denominator which must be handled in the normal 
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fashion. However, in all those cases where we do not 
get the Born approximation from the one-electron 
terms alone, we have to use modified dispersion rela- 
tions for the continuous part of the amplitudes, since 
we must have subtractions or special terms to account 
for singularities. It turns out that we may as well 
assume that the one-electron term gives the Born 
approximation, since the difference between it and the 
Born approximation cancels upon making the subtrac- 
tion. [I.e., if we have to make a simple subtraction, it 
will be true that B(v)—B(vo)=E(v)—E(v), where B 
is the Born approximation, and £ is the result obtained 
from the one-electron terms alone. | 

This completes our proof of the dispersion relations 
for Compton scattering. It should be emphasized that 
it is based on perturbation theory. If perturbation 
theory is valid even at the highest energies, the proof 
holds generally. There are certain reasons to believe 
that no more subtractions are needed because of the 
inclusion of higher orders. Certain diagrams in the sixth 
order have been estimated and there are other intuitive 
arguments.”’ 

On the other hand, van Kampen”* has pointed out 
that if simple dispersion relations are obeyed by all 
orders of the perturbation expansion, it is then possible 
by use of the unitarity condition to generate the entire 
series from the lowest order terms. He shows that such a 
situation is not possible, and gives a simple example of 
a case where the amplitude as a whole has a dispersion 
relation but successive terms in the power series ex- 
pansion need more and more subtractions. Since we 
cannot express ImM entirely in terms of ReM in the 
present case, there is no question of generating the S 
matrix entirely from its lowest order terms. 

Other approximation schemes, for instance the 
Tamm-Dancoff approximation, may not have disper- 
sion relations to each order. In the case of the Tamm- 
Dancoff approximation, this is because crossing sym- 
metry is not maintained. 
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Within the framework of the Chew-Low-Wick development an analysis of the scattering of photons from 
a nucleon is carried out. It is shown that an exact relationship exists between the Compton effect amplitude 
and the experimental meson-nucleon scattering phase shifts for all multipoles except magnetic dipole and 
electric quadrupole provided that effects arising from currents inside the nucleon source (i.e., line currents) 
are slowly varying functions of photon energy. That part of the magnetic dipole scattering which can be 
described in terms of the isotopic vector part of the anomalous magnetic moments of the nucleon is also 
treated exactly. The cross section for the Compton process is evaluated on the basis of the electric and 
magnetic dipole contributions only, since a nonrecoil theory is clearly expected to be poor for photon energies 
greater than 300 Mev. Fairly good agreement with experiment is achieved. 


I, INTRODUCTION 


NE of the most useful applications of the Chew- 

Low! formalism has been in the derivation of 
relationships between various processes involving 
mesons, nucleons, and photons. It has proved possible, 
using the assumption of a static nucleon, to relate 
certain parts of the matrix element for single meson 
photoproduction,? low-energy double meson photo- 
production,’ anomalous magnetic moments, and other 
structural properties of the nucleon‘ to the meson 
nucleon scattering phase shifts. In this paper a similar 
relationship is derived for photon nucleon scattering 
for all multipoles except magnetic dipole and electric 
quadrupole. It should be emphasized that our calcu- 
lation is not based on a “one-meson”’ approximation, 
but that we have considered the effects of all ‘“n 
mesons” in the intermediate states. 

The assumptions involved in deducing this relation- 
ship are the usual ones of the static theory. We describe 
the nucleon by an extended source function p(x) with 
Fourier transform »(k), and assume the interaction 
between this source and the meson field is linear in the 
field, thus coupling only P-wave mesons. The result is 
derived only to lowest order in the electromagnetic 
field. The principal assumption which is made is the 
absence of interaction between the nucleon and any- 
thing but P-wave mesons. Thus for any multipole other 
than M1 or £2, the meson absorbing the incident 
photon through the meson current, or through the 
interaction current, must also be the meson which 
emits the final photon. As a result, one may establish a 
correspondence between the diagrams of Fig. 1(a) and 


* Now at the California Institute of Technology, Pasadena, 
California. 
+ Now at Stanford University, Stanford, California. 
1G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956); G. C. 
Wick, Revs. Modern Phys. 27, 339 (1955). 
2G. F. Chew and F. E. Low, Phys. Rev. 101, 1580 (1956). 
2R. E. Cutkosky and F. Zachariasen, Phys. Rev. 103, 1180 
1956). 
' 4H. Miyazawa, Phys. Rev. 101, 1560 (1956). 
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those of Fig. 1(b). On the other hand, if the meson 
upon which the incident photon is absorbed is allowed 
to interact before emitting the final photon, the cor- 
respondence breaks down. In order to interact, the 
meson must be P wave, and the photon must be 
magnetic dipole or electric quadrupole. Consequently, 
different techniques are required to handle these multi- 
poles. The greatest part of the magnetic dipole con- 
tribution is trivially related to the scattering amplitude 
by observing that the isotopic vector anomalous 
moment absorption of a photon of momentum k and 
polarization e is identical with the absorption of a 
neutral meson of momentum (kXe). 

The most unpleasant feature of the static theory in 
its application to the Compton effect is in the nun- 
locality of the interaction, expressed by the presence 
of the cutoff v(k). As has been discussed often before® 
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RH. Capps and W. G. Holladay, Phys. Rev. 99, 931 (1955). 
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the nonlocality produces a violation of gauge invariance 
unless some mechanism describing the transfer of charge 
from the nucleon core to the point of emission of the 
meson is put in. This is usually done by introducing 
line currents.® These serve to restore gauge invariance, 
but also produce extra electromagnetic interactions 
which cannot be neglected. It is known® that gauge 
invariance determines the coefficients of the two 
leading terms in the expansion of the scattering ampli- 
tude in powers of the photon energy, the first of these 
being just the usual Thomson amplitude. These 
coefficients are not reproduced if the line currents are 
neglected. 

The fact that the line currents are not unique means 
that it is pointless to attempt to calculate their effects 
explicitly. Our approach will be to use the fact that we 
know what the two leading terms will be if gauge 
invariance is maintained, and assume that the only 
important effect of the line currents is to produce these 
terms. Any further contribution of line currents must 
be of order (k/M)?, and hence negligible in the energy 
range of interest here. We shall therefore not include 
line currents, but imitate their effect by subtracting 
the difference of our nongauge-invariant calculation and 
the low-energy theorem. 

Relativistic dispersion relations have also been used 
to investigate this problem.’ Such an approach has the 
advantage of not requiring a cutoff and allowing in 
principle the inclusion of nucleon recoil effects. On the 
other hand these treatments suffer from the fact that 
in practice they are essentially a “one-meson approxi- 
mation” and furthermore require some guesses about 
the high-energy behavior of the matrix elements. It is 
hoped that the static theory as developed in this paper 
will shed some light on the validity of the various 
assumptions used in a dispersion relation approach. 


II. CALCULATION 


We wish to evaluate the Compton cross section using 
second-order perturbation theory in the electromagnetic 
coupling. The unperturbed system is to be the meson- 
nucleon system, in the static approximation. Then the 
unperturbed Hamiltonian is the usual one of the Chew! 
theory, namely: 


H= > w,'a.+)>, (Vet V,ta,*). (1) 


The notation is standard. «x is an index denoting the 
momentum « and charge state x=1, 2, 3 of a meson. 
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Furthermore, 
On= (x?+-y?) i, 


ifo o’XK 
V.= (41) (=) Tr, 
ioe (2u,)! 


where fo is the unrenormalized coupling constant, and 
wis the meson mass. ¢ and 7, are spin and isotopic spin 
operators for the nucleon. The unperturbed eigenstates, 
that is, the eigenstates of H, are denoted by y,~, with 
energy E,. The superscript (—) is used to indicate the 
eigenfunction with “incoming wave boundary condi- 
tions.”* In addition the unperturbed Hamiltonian 
should include the Hamiltonian of the free radiation 
field. This will be suppressed. 

The perturbing Hamiltonian describes the interaction 
of the electromagnetic field and the meson nucleon 
system. This will contain two parts, linear and quadratic 
in the charge e. Both will include contributions from 
line currents. According to the philosophy which we 
have adopted for handling line currents, however, we 
do not need an explicit form for them. We must merely 
remember to subtract the two lowest terms in the 
photon energy from the expression we get ignoring line 
currents, and then insert the low-energy theorem. This 
method of treating the line currents corresponds to the 
“subtractions” which are made in the dispersion theory 
approach to this problem.’ The perturbing Hamiltonian 
neglecting line currents is then all we need to consider. 
This is 


and 





Hya=— f i(3)-A dete fo o(aers 


e 
+—A0). (2) 

2M 
Here A(x) is the photon field operation, ¢(x) is the 
meson field operator, and j(x) is the total current 
operator (except for line currents) of the meson-nucleon 
system. These operators are all in the Schrédinger 
representation. The last term in Eq. (2) represents the 
amplitude to scatter from a static nucleon, and gives 
the Thomson cross section. 

The matrix element of interest is now obtained by 
doing first order perturbation theory in the terms in e?, 
and second order perturbation theory in the j-A term. 
Explicitly, we wish to calculate: 


e 
M (ke — We’) =2—[a"(0)}*-A(0) +2¢ f [A’(x) }*- A(x) ol d*(x)6(x) |vo) 





ol —fj-A* lv.) | —fj-Alvo ol —S7-Alvn Oda | —fj-A* lo 
py il Wyn) | S35 V0) _ Wl Si Pn) I-Si- Ive) 


n k—E,,+1 





(3) 
n k+E, 
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In this equation the matrix elements of the photon 
field have been explicitly evaluated, and thus 


1 
A(x) =——ee‘t-*, 


A’ 


(x) =———e’e*®’*, 

(2k)! 
where ke and k’e’ are the momenta and polarizations 
of the initial and final photons. We have also taken 
k=k’; that is, we have assumed energy conservation. 

This is perhaps an appropriate place to discuss 
briefly the kinematics involved in the static model. 
Under the assumption that the nucleon is infinitely 
heavy, on which the static theory is based, there is no 
distinction between, for example, the laboratory and 
center-of-mass coordinate systems. The calculation is 
done in either system, and in both the nucleon is at 
rest before and after the collision. In actuality, of 
course, the nucleon is not infinitely heavy, so the system 
used cannot really exist. The question then is whether 
this fictitious system best approximates the real 
laboratory system or the real center-of-mass system, 
or perhaps something else. The fact that k=’ in the 
fictitious system and that k=’ also in the real center- 
of-mass system indicates that the fictitious system used 
in static model calculations should be identified with 
the actual center-of-mass system. This will be done 
here. 

One further comment should be made. If line current 
effects are introduced into Eq. (3), making the theory 
gauge-invariant, it is easy to show explicitly in a 
manner similar to that used by Capps’ in a perturbation 
(in f*) calculation of the process, that the Thomson 
limit actually does result at zero photon energy. 

We now turn to the explicit evaluation of the matrix 
element M (ke — k’e’). We shall restrict ourselves to 
electric dipole and magnetic dipole scattering, and shall 
discuss the electric dipole effect first. Consider the terms 
in Eq. (3) involving the current. This current consists 
of an interaction current and a meson current: 


ia) = ey9(—" 


B 


JoCrse 6(x)— 2° ¢(x)73 ] 
—iel (x) Vo*(x) —o*(x) V(x) ]. 


It may also be decomposed in a different way.! We write 
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where we have defined 


l(E,,pke) =e-+-——_____. 


ie if o-l(E,-1,pke) 
a (are) - 
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BY PROTONS 


where 


(Wo jx\¥o)=0, 


[ay,j.]=Lay,joJ=0. 
It is easily seen from parity conservation that j, and 
j. contribute only to magnetic dipole Compton scat- 
tering. For the present, therefore, we shall replace j 


by jr. 
Consider the matrix element 


(1.01 fien 


This vanishes for n=0, by definition of j,. The sum on 
n in Eq. (3) therefore runs from one to infinity instead 
of zero to infinity. The matrix element, then, represents 
single photoproduction (n= 1), double photoproduction 
(n=2), triple photoproduction (m=3), etc. If the 
photon which is absorbed here is not magnetic dipole 
or electric quadrupole, one of the final mesons (namely 
that one which coupled to the photon) cannot be a 
P-wave meson. It therefore cannot interact with the 
nucleon, so we may write 


v.~ = ay Vr 


where p is the non-P-wave meson which absorbed the 
photon. In general, for any multipole photon, we have 


and 
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H-E, 


fie -Al »)- (vy. 1 |. fel 
1 
— (ve hy ly," oe jx A 
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1 | 
prt - V;\vo). (8) 
H+a, | 


As indicated above, the second term here contributes 
only to magnetic dipole and electric quadrupole scat- 
tering. For: present purposes we therefore restrict 
ourselves to the first term. We note that j, may be 
replaced by j here, by virtue of Eq. (5). 

The commutator is readily evaluated. We obtain 


Vn? = ap 'Wn—r' 7 Sila 1 -, (7) 


and hence 
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The symbol 6,_1;.—»,2 vanishes unless the state »—1 is a one-meson state, containing a meson of momentum k— 
and charge a. In the following discussion, we shall be interested in two vectors 1; those for the initial and final 
photons. For convenience in writing, these two vectors will be denoted I(E,) and I’(E,). Also, L shall be used for 


I with the sign of k changed. 
The >, terms of Eq. (3) have then been reduced to 


ANT Ya)? | [ay SH-A]| Yo) Ho] Lap, SGA]! Prana | [ap S5-A*] | Yo) 





3 — 


E,-1+w,—k—te 


E,-1+wptk 
(11) 


No approximations have been made in obtaining this result for any multipole other than magnetic dipole or 
electric quadrupole. Several diagrams included in this equation are shown as examples in Fig. 1 (a). 
The >-,, in Eq. (11) may now be evaluated by making use of the relation 


ie Y ol ira: |Wn-) Wn |o77a|Wo)d(En abe, 


we n=l 


(12) 
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D sin*6sr(w){é| Ps! jXa’| Orla), 
Kv? (x) JT 


K 


where Py and Q7 are the usual angular momentum and isotopic spin projection operations, defined by 


(i| Pya| j)= (1/4) 0505, 
(a’|Q1j2|a)=4ra’Tay 


(i| Pxy2| j)= (1/42) (365-0105), 
(a | Qs/2|a) =} (3bara—Ta’Ta). 


(13) 


Replacing n—1 by n in Eq. (11), separating out the n=0 term, and employing Eq. (12), we finally obtain for 


the >-,, terms of Eq. (3) the result: 
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+the complex conjugate of the entire last integral with the interchanges k +k’, e« e’. 


In deriving this result we have dropped the term 
proportional to 6,~1;%~p,adn—1;x-pa since this is a 
vacuum polarization effect and does not give a contri- 
bution to the scattering proper. (See Fig. 2.) 

The three terms in Eq. (14) arise from the following 
sources. The first comes from the n—1=0 term of Eq. 
(11) and represents single photoproduction of a meson 
p followed by radiative capture of p. The second comes 
from the sum of all the other terms, with #-l from each 
commutator. The last results from the cross terms 
between a o-l from one commutator and a 6n_1;%~p, a 
from the other. It therefore appears only in the n—1=1 


—[2(k’—p) -I(wy_x’) —io- (k’—p) X (wp_v) J 


)E-20e+0) Hepes) tio. (k++) XM(op4s)]| 


(14) 


term of, the sum. Equation (14) is an exact expression 
for the scattering of all multipoles except M1 and £2, 
together with some M1 and £2 scattering. As it stands, 
it is an unpleasantly complicated expression, which 
simplifies, however, on picking out just the electric 
dipole amplitude. This amplitude may be extracted 
using the appropriate electric dipole projection oper- 
ator. 

Denote the electric dipole amplitude of the first term 
of Eq. (14) by 


(e2/2Mk)[Ai(k)e’-e+ By (k)io-e’Xe], 
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and of the second and third terms of Eq. (14) by 
(e?/2Mk)[ Ao(k)e’-e+ Be(k)io-e’Xe ]. 


We first discuss A; and B;; that is, the first term in 
Eq. (14). Physically, this represents the single photo- 
production of a meson followed by its radiative capture, 
together with the crossed analog of this. Consider the 
expression 





2e-p(p—k 
eee (15) 


Wp—k 


This is the matrix element, in perturbation theory, to 
photoproduce a positive meson p from a photon ké. 
The electric dipole part of this can be written: 


Pei(p— ke) =k Lfso-e+ fp(o-e—3P*a- pp-e) ]. 
(16) 


Here fs and fp are the amplitudes to produce § and D 
wave mesons, respectively ; they are functions of k? and 
w,’. Note that since k#wy,, this amplitude is off the 
energy shell and hence does not describe a physical 
process. For the case k=w,, we have as the S- and 
D-wave electric dipole photoproduction cross sections 


p " 2p 
s(wy)=—| fs(k=wy)|*, on(wp)=—| fo(k=wp)|*. (17) 
T nT 


It should be noted that the exact prediction of the 
static theory for fs and fp is obtained by evaluating 
them from Eq. (15). This is again because only P-wave 
mesons can couple to the nucleon in this model. 

Using Eqs. (15) and (16), we see that 


e 1 aneet, 
Ai(k)=—— | pu,2dw, 
Mk ”) ai) 


Baie 
é 1 | fs|?—| fol? 
—B,(k) = —— f porte,(—"—-), 
2Mk r w,’— kh’ —ie 
A, and B, could therefore be easily evaluated directly 
from this expression. It is of interest, however, to 


transform these equations a bit further. Suppose for 
the moment that we ignore the meson current. Then 


7 1 
fo (~) - 
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Wy)? 





(18) 





and fp=0. 


Furthermore, 
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We therefore obtain 


2Mk rk 


and 


Performing the subtractions to take care of the line 
currents, we have the amplitude of interest : 


e 
—§{A,(k)—A1(0)—kA1'(0) ] 
2Mk 


--= fae éo,(—"_), 


e 
[B,(k) — B,(0)— kB,’ (0) ] 
Mk 


g s(Wp) 
2 -- f= Wy 5 oot 


Then equations are seen to be identical in form with the 
dispersion relations of Gell-Mann and Mathews.’ The 
only differences are (i) that they have in principle 
(though not in practice) included recoil and (ii) that 
they use experimental values for os(wy) whereas we, 
to be consistent, should use the predictions of the static 
theury. 

If the meson current is retained, the identification of 
our Eqs. (18) with the electric dipole dispersion rela- 
tions is not quite so immediate, because the amplitudes 
fs and fp in Eq. (18) are off the energy shell. By using 
the (by now) standard arguments for deriving dis- 
persion relations for a static potential, for example, it 
is seen that the off-energy shell amplitudes in Eq. (18) 
can be put on the energy shell. Thus Eqs. (20) hold 
with the meson current included as well (with a slight 
modification for the presence of D waves). 

As stated above, the consistent procedure for us to 
follow would be to use the static theory to calculate 
as and op. This is easily done since perturbation theory 
is correct for S- and D-wave mesons. This model agrees 
fairly well for low energies; however, it does not do so 
well for high energies. A better numerical result would 
therefore presumably be obtained if we inserted experi- 
mental values for os and op. We have done this. 

The remaining part of Eq. (14), namely Az and Bz, 
can be evaluated in a similar way by using the electric 
dipole projection operators. These terms correspond to 
multiple meson production, followed by inverse 
multiple meson production. The final expressions for 
A, and By are quite lengthy and will not be reproduced ; 
we shall content ourselves with a brief summary of the 
numerical results. A» turns out to be almost independent 


(20) 
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of k, up to at least k= 2y. Its actual value is about 1.8, 
and it varies by less than 1%. By is not constant, but 
it remains very small; its maximum value in the range 
0 to 2u is about 0.05. Once the subtractions are per- 
formed, then, Az and By will effectively have vanished. 
This reinforces very strongly the assumption made in 
the dispersion-theoretic approach that higher order 
intermediate states are unimportant. 

Next discuss the term in ¢*¢ in Eq. (3). This may 
also be evaluated exactly in terms of the meson nucleon 
scattering phase shifts. In order to do this, we follow 
the technique described by Fubini.* The desired matrix 
element is 


e 
—e'-ef ds ei(k—k) 4) .| b*(x)p(x) | Po). (21) 


Upon expanding the meson field into creation and 
destruction operators and introducing the quantities 
R(w) defined by Fubini,’ this may be rewritten as 


~eef— d*x’ v(x)v(x’) 
(2x)8 


——---¥* 
(2)? w2—w,”” 
x fas expLi(x+x%’+k—k’)-x] 
Ri(w,) Ri(w,’) 
fied Bled 











W, Wy! 


where if we, for example, neglect all meson-nucleon 
phase shifts except that arising from the 33 states, 


‘i 4 dir,’ sin?533(w,’) 
_— —_(* ) (23) 


Ri(w)= : 
ww 3rd K3P(n’)\ wteoy 








This contains all multipoles. We again wish to select 
only the £1 amplitude; denote it by 


(e2/2Mk)A,(k)e’-e. 


Note that there is no spin-flip contribution from this 
term. We obtain 


asay-ore f f 
“ EE Ri (wx) 


We Wy! 
8S. Fubini, Nuovo cimento 3, 1425 (1956). 
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The space integral here is laborious but straightfor- 
ward.’ The remaining integrals on x and x’ are done 
numerically. The result shows A;(k) to be a decreasing 
function of k, starting at about eight Thomson ampli- 
tudes at k=0, with zero slope. 

The final electric dipole scattering comes from the 
last term in Eq. (3), representing the scattering due to 
a point static nucleon. The amplitude resulting from 
this is just the usual Thomson term, (e?/2Mk)e’-e. 

Altogether, the electric dipole scattering amplitude 
is given by 


(e?/2Mk){e’ -e[ Ai (k) +-A2(k)+As(k) +1) 
+io-e’Xe[B,(k) + B2(k) }}. 


The foregoing analysis has produced the exact 
prediction of the static theory for the electric dipole 
scattering amplitude, barring line current effects. We 
now turn our attention to magnetic dipole scattering. 
Here, unfortunately, no complete calculation seems 
possible, due to the fact that the same meson need not 
interact with both photons. Thus diagrams such as 
those shown in Fig. 3 can contribute in this case. We 
are, however, helped by two circumstances. First, the 


ea Fic. 3. Diagrams 
in which different 


/ j mesons interact with 
the photons, thus 
contributing only to 
M1 and £2 scat- 
tering. 


(25) 








magnetic dipole scattering is fairly small at low energies 
compared to the electric dipole, so that an accurate 
calculation should not be necessary. Second, at high 
energies, the entire scattering is dominated by a large 
resonance in the magnetic dipole, and the resonance 
terms can be calculated exactly. 

Magnetic dipole scattering will arise from the fol- 
lowing terms. The j, and j, parts of the current con- 
tribute only for M1 photons. The second term in Eq. 
(7) gives an M1 effect. In addition, these are M1 effects 
from the terms already calculated from which we earlier 
extracted only the electric dipole contribution. Of all 
these sources of M1 scattering, only that coming from 
j» is important at high energies. This part produces a 
huge resonance at about 300 Mev in the lab system, 
and completely swamps the other effects. At low 
energies, j, does not dominate, but our subtractions 
and use of the low-energy theorem should repair most 
of the damage produced by using j, alone. Furthermore, 
as stated above, the M1 scattering is small at low 
energies, so approximating it to some extent does no 
harm. 





®°G. N. Watson, Bessel Functions (Cambridge University Press, 
New York, 1944), second edition, chap. XIII. 
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We therefore limit ourselves to j,. We have! 


Fe naa Tee 
(6.0 ficaly)=(S2) 2 
_,|a-kxXe : 
«(vs | caenlh). (26) 


Inserting this in >, in Eq. (3), we notice that the result 
is identical to the integral equation satisfied by the 
amplitude to scatter a neutral meson of momentum 
kXe into one of momentum k’Xe’, barring certain 
factors. Correcting these factors, the exact result for 
the magnitude dipole scattering from j, may be easily 
written down. It is, if we retain only the 33 phase shift 


Me~ia\? 
= } ee saneett sinds3(k) e338") 
2f k? 


x [2(k’ Xe’) - (kX e)—ie- (k’ Ke’) x (kXe)], (27) 


where g’=k’—y?. The small phase shifts could also be 
included, but their effect is only about 10% even near 
k=, so they will be neglected. We write this amplitude 
as 
(e?/2Mk)k*{k' Xe’ - kX eC, (k) 
+io- (k’Xe’) (kxXe)[—43C,(k) }}. 
The low-energy theorem states that the Compton 


scattering amplitude, including terms in 1/& and inde- 
pendent of &, is given by® 


Uy 


é 
M)=-- e’-e+ika- (k’ Xe’) x (kXe) 
2Mk 
leu k(kxXe)+(kxXe)k 
+o [{— Ads Se 2 
2M 2k? 


k’(k’ Xe’) + (k’ Xe’) k’ : 


—(ieus/2M)e-e'Xe, (28) 


where yu is the total magnetic moment of the nucleon, 
and wa its anomalous part. If we pick out of this the £1 
and M1 contributions, we are left with just 


e CLA 
My=——e'-e-—io-e'Xe 
2Mk 2M 


+u°k~e- (k’ Xe’) (kXe). (29) 


Our complete scattering amplitude then takes its final 
form: 
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Fic. 4. The total cross section including both £1 and M1 effects. 


M (ke — k’e’) comptete= (e?/2Mk) {e’-e[1+A1(k) 
—A,(0)—kA,/(0)+A2(k)— A2(0)—RA2' (0) 
+A;(k)—A;(0)—kA;' (0) ]+it0-e’Xel— (kus/e) 

+ B,(k)— B,(0)—kBy' (0)+ B2(k) — B.(0)— kB,’ (0) ] 
+k-*(k’ Xe’) - (kX e)[C1(k) —C1 (0) — Cy’ (0) ] 
+ik-*e: (k’ Xe’) X (kXe)[ (2M ky?/e?) — 3C1(k) 

+3C€1(0)+3kC;'(0) J}. 

This includes subtractions to reproduce the line current, 

and the insertion of the low-energy theorem. Setting 

A», Bz, Az, and C, equal to zero gives us the dispersion 

relation of Gell-Mann and Mathews for electric dipole 

scattering in the static limit. 


(30) 


Ill. RESULTS 


The differential cross section for the Compton scat- 
tering process is readily obtained from Eq. (30), and 
may be written as 


da/dQ= (e?/4eM)°[ (4 | A |?-+43/C|2+3/ B|2+3|D/*) 
+($|A |?+4/C|?—43]| B|?—4|D]?*) cos’ 


+ (AC*+A*C+BD*+B*D) cosb], (31) 


where A, B, C, and D are defined as the coefficients of 
e’-e, ia: (e’ Xe), k-?(k’ Xe’) - (kXe), and ike: (k’ Xe’) 
xX (kXe), respectively in Eq. (30). The numerical 
evaluation of the various amplitudes making up A, B, 
C, and D has already been briefly discussed. The total 
cross section [obtained by integrating Eq. (31) ] is 
plotted in Fig. 4 as a function of incident photon energy 
in the laboratory system. In Fig. 5 we show the electric 
dipole contribution to this cross section (that is, we 
set C and D equal to zero). The differential cross section 
for a center-of-mass scattering angle of 90° is plotted 
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Fic. 5. The electric dipole contribution to the total cross section. 


in Fig. 6, along with experimental data.’ At energies 
larger than about 1.5 meson rest masses, the cross 
section is pretty well dominated by the resonance in 
the magnetic dipole j=} state. At low energies, the 
cross section is predominantly electric dipole. The dip 
appearing in the cross section is due to a cancellation 
between electric dipole scattering from the meson cloud 
and the Thomson amplitude. It is seen that the ex- 
periments are qualitatively reproduced, but the agree- 
ment is not ideal, particularly around 200 Mev. It 
should be mentioned that the size of the magnetic 
dipole contribution, which is what is responsible for 
the larger than desirable values near 200 Mev, is quite 


1 Yamagata, Auerbach, Bernardini, Fuosofo, Hansen, and 
Odian, Bull. Am. Phys. Soc. Ser. II, 1, 350 (1956). 
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sensitive to the choice of scattering phase shifts. Since 
these are not too well known in this region, this may 
be an explanation of the disagreement. 
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Identical Scattering from Causal and Noncausal Interactions 
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The scattering amplitude is explicitly written in terms of the commutator of the field operators far from 
the scatterer only, so that ‘‘microscopic causality” cannot be inferred from the scattering amplitude alone. It 
is shown how to construct a nonlocal Hamiltonian for a Klein-Gordon particle which gives exactly the same 
scattering at all angles and momenta as that from an arbitrary local scalar potential, but differs in that the 
commutator of the field operators does not vanish everywhere outside the light cone. 


I. INTRODUCTION 


HE scattering of real particles is the most powerful 
and often the only tool available for the explora- 
tion of an interaction. However, a measurement of the 
scattering amplitude only specifies the wave function 
far away from the scatterer and therefore does not lead 
to unambiguous knowledge of the detailed structure of 
the interaction. In general, an infinite number of 
models give exactly the same scattering amplitudes (as 
long as the scattering is on the energy shell). It is 
possible for both a causal and a noncausal interaction 
to lead to exactly the same scattering and a fortiori the 
same dispersion relations; in the first case the com- 
mutator of the field variables vanishes everywhere 
outside the light cone while in the second it does not.! 
It is the purpose of this paper to demonstrate the 
validity of the above remarks for the scattering of a 
Klein-Gordon particle by a fixed, static, scalar inter- 
action. In Sec. II, the scattering amplitude is expressed 
in terms of the commutator of field operators far away 
from the scatterer only, a formulation which is also 
valid in field theory. Section III gives an explicit 
formula for a nonlocal (separable) potential which 
gives for a Klein-Gordon particle exactly the same 
s-wave phase shift as an arbitrary local potential. It is 
then straightforward to write down a Hamiltonian with 
a nonlocal interaction which gives exactly the same 
scattering amplitude at all angles and momenta as is 
obtained from a Hamiltonian with any local potential. 
Section IV contains a demonstration that for these 
“equivalent” Hamiltonians, the commutator of the 
field operators does not vanish outside of the light cone 
except far away from the scatterer, so that a noncausal 
theory can give exactly the same dispersion relation and 
scattering amplitude as a causal one. 


II. RELATION BETWEEN SCATTERING AMPLITUDE 
AND THE COMMUTATOR OF THE 
FIELD VARIABLES 


The elastic scattering of a scalar boson of four- 
momentum g=[q, go= (q’?+u”)!] into a state of four- 
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address: Department of Physics, University of California, Berke- 
ley, California. . 

' Compare, e.g., Lehmann, Symanzik, and Zimmermann, Nuovo 
cimento 6, 319 (1957). 


momentum k=[k, ko= (k’+y?)!] is described by the 
“causal” amplitude? 


Mralkg)=i f ax f dy eo iketiay 


X(B|0(xo— yo) L5(x),5(y) J 


where the scatterer undergoes a transition from the 
state A to the state B, and where the boson field 
operator $(x) satisfies the equation 


(O?—y*) p(x) = 7 (x). (2) 


To express Mga(k,q) in terms of the retarded com- 
mutator matrix element 


G(r,1’,t,') = 10(t—’)(B| [6(r,t), o(2’,t’) ]| A). 
substitute the relation (2) in the first term of Eq. (1) 
and integrate by parts. To make use of the expressions 
fo e~** 1029 (r,2) 

= —# fa e~*®-16(r,t) 


+ lim 
Ro 


rf 


dQ, e~***(8,+ik-#)6(r,0), (3) 
R 

where ? is a unit vector in the radial direction, and 

f dt e**'9(t—1’)2(r,2) 


=—k? f dt e**0'9(t—t')o(r,t) 
oe +e**°* (iko— dy)o(r,f’) 
— lim eT (tky—Or)d(r,T), (4) 


it is assumed that the scatterer remains localized within 
a finite (though arbitrarily large) region around R=0, 
and that the duration of the collision is finite in the 
same sense. As seen from expression (4), equal-times 


2 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954); M. L. Goldberger, Phys. Rev. 99, 979 (1955). 
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commutators enter into the reduction, and for these 
the canonical values are assumed?: 


[o(r,0),¢(r’,/) ]=0, (5) 
[o(r,0),4(r’,t) ]=i8(r—r’). (6) 


Carrying out the computations, we arrive at the result 


Moa(ka= f au f dt’ e**ot—iaot’ 


X lim Rf ao, f dQ, e~ik tHig er! 
aiend r=R r/=R 
x (8, +ik-#)(8~—iq- ?)G(r,1't,'). (7) 


Other terms which involve equal-time commutators 
either integrate to zero by virtue of the fact that the 
scattering is elastic and on the energy shell (i.e., q?= k’) 
or are canceled by the second term on the right-hand 
side of Eq. (1). The terms involving large times T also 
vanish when the scattering is on the energy shell. The 
existence of an energy integral allows one to write 
G(r,1’,t,l’) as a function of t—?’ only, and then Eq. (7) 
becomes 


Mea (k,g)= 2wa(hu—as) f ds etkos 


lim rf ao, f dQ,» e~ik-ttig et” 
Rx —_ tal 


X (0, +k: #)(0,-+iq-?)G(r,1'; 5). (7) 

From Eq. (7) it is clear that the scattering amplitude 
involves only the commutator [¢(r,/),¢(r’,t’)] at 
distances very far from the scatterer (this characteriza- 
tion motivated the localization of the interaction region) 
and that therefore the knowledge of Mga(k,g) can in 
no way provide us with information as to the behavior 
of that commutator in a region other than the asympt- 
totic one. The analytic properties of Mga(k,g) which 
lead to dispersion relations for the scattering amplitude 
depend only on the causal behavior of the asymptotic 
limit of the commutator.‘ 


III. CONSTRUCTION OF “EQUIVALENT” 
HAMILTONIANS 


From this point we shall deal with the scattering of 
a Klein-Gordon particle by a fixed, static, scalar inter- 


3 For potential scattering, where j(r,t)=V(r)¢(r,t), Eq. (6) 
is an expression of the completeness of the eigenfunctions ‘of 
[V?—y?—V(r)] and Eq. (6) follows from Eq. (5). Furthermore, 
the relation [¢(r,/),7(r’,t) ]=0 which is necessary for Eq. (1) 
to hold is taken for granted. 

4 As is obvious physically, Mga(k,g) can be shown to depend 
only upon the asymptotic limit of G(r,r’; s) for # parallel to q 
and # antiparallel to k. 
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action ; the equation of motion is 
(s)o(e)= far (IV |e). (8) 


The scatterer does not undergo any change during the 
interaction, and as the number of particles is a constant 
of the motion, it is sufficient to deal with one-particle 
eigenstates | A; k) such that 


(A |o(r,0) | A ; k)= (2ko)- W(re ~~, (9) 





and the functions ¥x(r) obey the equation 
(+H Wale) = fa (r| V[r’)y¥x(r’). (10) 


When (r/V|r’)=6(r—r’)V(r), the potential is local. 

Below, a nonlocal interaction is constructed, which gives 

exactly the same scattering as an arbitrary local V(r). 
The separable potential 


(r|V\r’)=du(r)u(r’) (11) 


gives rise to s-wave scattering only. The scattering am- 
plitude f() for the interaction of Eq. (11) is given by 
the relation® 


a gee. 
k) = ——¢*(k)] 14+-— dp ———_| , (12 
f(@) ane 4? fi er (12) 


where 


(t= 6(-#)= far e**tu(r), (13) 


Equation (12) may be viewed as an integral equation 
for the unknown potential function g(k) which yields 
an arbitrarily given s-wave scattering. It is possible to 
invert Eq. (12) and express g() explicitly in terms of 
f(k).° A function #(z) is defined by 


1 = w(p) 
oa=— f dp —-, (14) 
2midv. pz 
where 
w(p) = —Apg?(p)/4n, (15) 
and z=k+i¢. With the notation 
$,(k)= lim ®(z). (16) 
p40 
Equation (14) implies that 
©, (k) —B_(k) =w(k). (17) 


5G. Wentzel, Helv. Phys. Acta 15, 111 (1942). See also Y. 
Yamaguchi, Phys. Rev. 95, 1628 (1954). 

6 The technique used is described and justified in detail by N. I. 
Mushkelishvili in Singular Integral Equations (P. Boordhoft N. V. 
Groningen, Holland, 1953). 











CAUSAL AND NONCAUSAL 


Equation (12) may be written in the form 


Ys 18 

| ~ 2a se wy 
where 

S(k) == exp[2i8 (k) ]=1-+2ikf (Rk) (19) 


is the given s-wave scattering matrix element. It is 
assumed that S(k)->1 as k-~. To find a function 
#(z), analytic except for a cut along the real axis, 
which satisfies Eq. (18), observe that if ¥(z) satisfies 
the homogeneous equation 


1 
V+ (k)=——W_(k), (20) 
S(k) 


and the boundary condition ¥(z)—1 as 2, then the 
function R(z)=(z)/W(z) satisfies the equation 





S(k)—1 
Ry (k) == R_(k) (21) 
2iv- 
The solution of Eq. (21) is 
1 7? 1 S(p)—1 
Ro)=— f dp ee, (22) 
2miv.  p—z 2i¥_(p) 


The solution of the homogeneous equation (20) is accom- 
plished by introducing the function 
W (s)=In¥(z), (23) 

which satisfies the equation 
W,,(k) = —InS(k)+W_(k). (24) 


Since InS(&)=2i5(%) is well-behaved on the real axis, 
the solution is 


1 - inS( 
W(z)= ae f dp n. ) 
dri J» p—z 





(25) 


Combining the results of Eqs. (22) and (25), one finds 
w(k)=R,(k) expW,(k) —R_(k) expW_(k) 
° dp ee) 





1 
= sins) cost) —-4 (8) PV. f 


T -« p—k A(p) 
(26 
where P.V. means “principal value” and 
1 = 6(q) 
A (p)=exp] —- pv. f dq | (27) 
™ -» q-p 


From Eqs. (26), (27), (15), and (13) a function u(r) 
can be found which gives the same s-wave phase shifts 
as a local potential V(r), as long as exp[2i5(k) }>1 
when k++ ©, Then the interaction Hamiltonians 


fe o*(r)V (r)o(r) (28) 
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and 


fare mvinec) 





5(r—r’) 
- (any fad fa -$* (r’)V (r)o(r) 
Tr 


+ farfar u(r)u(r’)o*(r)p(2’) (29) 


give exactly the same scattering at all angles and 
momenta. They differ only in the behavior of the 
s-state wave function close to the scatterer. 


IV. EVALUATION OF THE COMMUTATOR 


For the interactions (28) and (29), the commutator 
is simply expressed in terms of the normalized eigen- 
functions of the related Klein-Gordon equation. 


ak 
G(r,r’ ; s) =70(s) (anys f Dee va (ee ee 


—Vulr yx" (ne). (30) 


For large r, 
et*r 


u(r) > e+ f(k,O)—, 
Tr 


where /(2,#) is the scattering amplitude. In this limit 
the interactions (28) and (29) give the same value for 
G(r,r’; 5), and this can be shown to vanish outside the 
light cone, Upon designating the commutator for the 
(local) interaction (28) by Gz, and that for the (non- 
local) interaction (29) by Gyz, it follows from the 
microscopic causality for local interactions that 


Gyx(t,r ;s)=Gwi(t,r;s)—Gi(t,r;s) (31) 


as long as |r—r’|>s. To establish the noncausal 
behavior of Gyz, Gvyt—G_z must be shown not to vanish 
outside the light cone. Since the interactions (28) and 
(29) differ only in their effect upon s waves, the dif- 
ference in Eq. (31) contains only s-wave eigenfunctions 
after the angular integration over all directions of k 
is performed. 

Let us consider the scattering to be due to a local 
potential AV (r). It is always possible to choose \ small 
enough so that the Born series converges. Then to first 
order in A the local s-wave eigenfunctions are 








1 2k ¢® dp per 
dele) =—_| eri noe Oe 
ikr nr /_. P—k—ie 
» sinpr’ sinkr’ 
xf dr’ V(r’) ;. | (32) 
0 


To the same order in \, the nonlocal s-wave eigenfunc- 
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tions are’ 
1 ipr 
vw (r) =—+} e#*r— age -j— pdpe 
2ikr apo Donke 
xLra soca, (33) 
where 


jo(y)=—— f ; dr’ \V(r’) sin*pr’. (34) 
P Ho 


From Eqs. (30), (32)-(34) we may calculate Gyz to 
first order in A. 


1 1 p*dppsinpos © kdk 
Gu, M%=—— | —————-P v.f —_—X(p,k) 
2n? rr’ J_. Po -. A— p* 
X (sinkr sinpr’+sinkr’ sinpr), (35) 
where 








~~) (cn dr —vo) 


eS , ink 
-f P pn sana OO (36) 
0 pk 


X(p,k)= ( f Pes 


The commutator Gyz"(r,r’; s) and all of its even time 
derivatives vanish at s=0. Its first derivative vanishes 
because of completeness, but its third derivative at s=0 
is generally nonzero, which is sufficient. to demonstrate 
the noncausal behavior of the commutator. Thus 


a 
[en 
as* o=0; |r]—12"| 


1 
” Dei? 


If V(r)=0 for r>a, then for |r| =|r’| >a the second 
term of X(p,k) does not contribute to (37), and one 


pap f kdk e**e'?"X(p,k). (37) 


7It is not clear that g(k) as calculated via Eq. (26) is a con- 
vergent series in powers of X. If it is not, however, the following 
procedure is a proper way of calculating ((d/dA)[Gwz]),_0, and 
the nonvanishing of this still indicates noncausality. 
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obtains 


e 
arg 
as* 





--- f dp cn ( f > sin*pr’ V (r’)dr’ )}. (38) 


which is seen not to be zet o in general. 

It is. instructive to consider a special example for 
which Gyz,™ can be calculated exactly, namely the 
scattering of a massless particle by the potential 


2a 
——o (39) 


The first order scattering amplitude is simply a(k?+/*)* 
and the “equivalent” nonlocal potential is given by 
g” (k) = (4ara)*(k?+-6*) to this order. Upon substi- 
tuting (39) into Eqs. (36) and (35) it is possible to 
evaluate Gyx™. At large distances from the scatterer, 
with |r| =|r’| =r one finds 





it —ereora( 1 4 |r—s| ) 
Y. 


+O(ebl2rte1), (40) 


Thus the commutator vanishes when 2r>s only in the 
limit roo but the departure from causality is sig- 
nificant only in the region close to the light cone. The 
potential (39) satisfies the sufficiency conditions for a 
dispersion relation to be valid for sufficiently small 
momentum transfers’ A (A<4). 
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Electromagnetic Structure of the Nucleon in Local-Field Theory* 
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In analogy to the dispersion-relation method for scattering, the description of nucleon electromagnetic 
structure by local-field theory is discussed in terms of mass-spectral representations for the form factors. 
The existence of such representations is made plausible although not proved, and it is shown that the spectral 
distribution functions are related to scattering amplitudes on the mass shell but sometimes in a nonphysical 
region. It is argued that the main contributor to the magnetic moment structure in the spectral distribution 
must be the two-pion state, and an attempt is made to evaluate this contribution in terms of the known 
behavior of pion-nucleon scattering. A semiquantitative calculation yields results in reasonable agreement 


with experiment. 


It is emphasized that the large observed charge radius of the proton does not imply the dominance of the 
two-pion state in the charge structure. Thus it is not impossible that higher mass configurations supply the 
isotopic scalar charge needed to explain the small neutron-electron interaction. 





I. INTRODUCTION 


HEORETICAL calculations of the electromag- 
netic properties of the nucleon have been carried 
out for many years within the framework of local-field 
theory, but mainly by perturbation techniques! of 
dubious validity. Recently the use of dispersion rela- 
tions in the problem of pion-nucleon scattering? and 
photopion production’ has shown that local-field theory 
is capable of some quantitative correlation of physical 
phenomena even when the perturbation method fails. 
It is the purpose of this paper to attempt to apply the 
kind of relations that have successfully correlated 
experiments involving low-energy pions to the problem 
of the nucleon electromagnetic form factors. To the 
extent at least that the electromagnetic structure of the 
nucleon is determined by virtual pions of sub-Bev 
frequencies such a program should be enlightening, even 
though in the end local theories in the strict sense may 
be abandoned. 


1.—There are at least three reasons for believing that 
the anomalous magnetic-moments structure of the 
nucleon is dominated by low-frequency virtual pions: 


(a) The anomalous moment is almost entirely a 
vector in isotopic spin, i.e., the anomalous moments of 
neutron and proton are nearly equal in magnitude, with 
opposite signs. This situation prevails not only for the 
static moments but up to frequencies at which the 


* This work was supported in part by a grant from the National 
Science Foundation and done under the auspices of the U. S. 
Atomic Energy Commission. 

t Now at Department of Physics, Stanford University, Stanford, 
California. 

1 References to most of the published perturbation calculations 
may be found in the paper by B. Fried, Phys. Rev. 88, 1142 
(1952), who gives the formulas for the neutron to lowest order 
in the pion-nucleon coupling constant. A numerical evaluation of 
the form factors is given by M. Rosenbluth, Phys. Rev. 79, 615 
(1950). 

2 References here may be found in the recent paper by Chew, 
Goldberger, Low, and Nambu, Phys. Rev. 106, 1337 (1957). 

se Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957). 
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moments have fallen to about 4 of their static values.‘ 
It will be explained below that the wt, #~ pair, the 
virtual configuration of lowest energy contributing to 
the nucleon electromagnetic structure, is a vector in 
isotopic spin space. It is of course possible for a com- 
bination of virtual effects other than pion pairs to 
produce an almost purely vector moment, but such a 
circumstance must be regarded as unlikely. 

(6) The sign and the approximate magnitude of the 
anomalous moments are correctly given by the cutoff 
model of the Yukawa theory.® This model is normalized 
to the same low-frequency limits as the local theory, but 
neglects nucleon recoil as well as antinucleons and 
strange particles and excludes virtual pions of energy 
higher than about 1 Bev. 

(c) The measured mean square radius of the mag- 
netic-moment distribution* corresponds to the wave- 
length of a pion of about 4 Bev. 


In contrast to the anomalous magnetic moment, it 
is experimentally clear that the charge structure of the 
nucleon is not dominated by 2+, m~ pairs. The decisive 
fact here is the extremely small second radial moment 
of the neutron charge distribution as compared with 
that for the proton, which is at least ten times as large.® 
Thus the charge density is certainly not an isotopic 
vector. 

2.—Before going into the details it is perhaps ad- 
visable to outline the approach to be used. It is well 
known that the linear interaction of nucleons with the 
electromagnetic field can be expressed in terms of four 
real scalar functions of g*, the square of the energy- 
momentum-transfer four-vector.* We shall label. these 





4E. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956), and R. Hofstadter, in Proceedings of the Seventh Annual 
Rochester Conference on High-Energy Nuclear Physics (Interscience 
Publishers, Inc., New York, 1957). 

5H. Miyazawa, Phys. Rev. 101, 1564 (1955). 

*For a recent review of experimental knowledge about the 
electromagnetic structure of the nucleon, see Lévy, Ravenhall, 
and Yennie, Revs. Modern Phys. 29, 144 (1957). This article also 
discusses those theoretical features of the problem which follow 
from invariance considerations. 
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functions G,5(q’), G1" (q*), Ge5(q"), Ge" (@), where the 
index 1 goes with the part of the interaction propor- 
tional to y,A, (the “charge”) and the index 2 goes with 
the part of the interaction proportional to o,,A,q, (the 
“magnetic moment”).* The superscripts S and V refer 
to the isotopic character of the interaction, scalar or 
vector, the normalization being specified by the relations 


Gi5(0)+Gi"(0)=e, G,5(0)—G:"(0)=0, (2.1) 
G25(0)+G2"(0)=uy, G28(0)—G2"(0)=Hn, (2.2) 


where ¢ is the proton charge and y, and u, the proton 
and neutron static anomalous magnetic moments, re- 
spectively. The conventional form factors® are given 
by the ratio of the appropriate G(q’) to the value at 
g’=0. Thus in our notation the proton form factors are 


Gi, 25(q*)+Gi, 2” (q°) 
Gi,25(0)+Gi,2" (0) 


Our approach is to be based on mass spectral repre- 
sentations of the type 


¢ Py S(m?) 
G.a(qy=2—* dm? boul Lae 
2 @ J (3m_)? m?(m?+- 9°) 


s a“ v(m?) 
er(ga=t— dm fate cal (2.4 
2 «© S(2m,z)? m*(m?+-q’) 





Fy, 2?(¢)= 


(2.5) 


i g25(m’) 
G25(q*)=- f dm? —-—— 
(3m_)* 


m+? 


T 


1 «© ¥(m?) 
G2" (q?) =- f me : 
mY (2mz)* m’+q° 


which have been suggested by a number of authors.*~® 
The four real weight functions g;,25:”(m?) may be 
nonzero for m equal to the mass of any system strongly 
coupled to the nucleon which at the same time can be 
created by the electromagnetic field. The lightest such 
isotopic vector system is the w+, m~ pair, while the 
three-pion wt, a, 7° system is the lightest isotopic 
scalar; hence the thresholds at (2m,)* and (3m,)*. It 
will be shown in Sec. III that, in general, systems of 
even numbers of pions contribute only to the isotopic 
vector charge and magnetic moment while odd numbers 
of pions give purely isotopic scalar contributions. Of a 
mass comparable to six pions is the K+, K~ pair, and 
eventually of course one comes to the baryon pairs, 
starting with the nucleon-antinucleon system. From a 
practical standpoint one must hope that in the mass 
spectra the contributions from the simplest systems 
are the most important. 

The derivation of the representations (2.3)—(2.6) to 


(2.6) 


7Y. Nambu, Nuovo cimento 6, 1064 (1957). 
8 V. Glaser and B. Jaksic, Nuovo cimento 5, 1197 (1957). 
§ M. Gell-Mann (private communication). 
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be given in Sec. II presupposes that G,(Z)/Z and G2(Z) 
approach zero for large Z. Actually, it may be inferred 
from the work of Lehmann, Symanzik, and Zimmer- 
mann” that G;(Z) approaches zero also. In that case 
one may write a relation of the form 


1 gi5'” (m?) 
WV =< peewee 
Gere) 7 fam m+-¢ . 


(2.7) 


with the restriction on g:5:" implied by Eq. (2.1). The 
convergence, however, is achieved only because of 
electromagnetic damping, which sets in for extremely 
large g?=> M’e'*’, while according to perturbation theory’ 
the functions G; behave logarithmically for large gq? in 
the range M°e'*7>>¢?>>M?*. It is possible that an exact so- 
lution of the pion-nucleon field theory would lead to 
functions G,; which tend to zero even without electro- 
magnetic damping. At present, however, we cannot feel 
at all confident of such a circumstance, so we prefer to 
use Eqs. (2.3) and (2.4) to avoid a large contribution 
from the uncertain regions. The anomalous magnetic- 
moment distribution, on the other hand, for reasons 
which are essentially dimensional, is definitely expected 
to approach zero for g>>M? with or without electro- 
magnetic damping. Thus for practical purposes we are 
confronted by a difference between the charge and mag- 
netic moment distributions. 

3.—Often it seems appropriate to discuss the nucleon 
electromagnetic structure in configuration-space lan- 
guage, and to that end one conventionally introduces 
three-dimensional Fourier transforms of the functions 
Gi, 2": 


v()=— fe G5" (pt), (3.1) 
S8,V 7) =—— pe?! 75'9V ‘ ’ 
: (2m)? 


a fa cP *G_5.¥ (p?) (3.2) 
(2n)! esa pe 


Although the configuration-space functions p and IN 
have no precise physical meaning they correspond 
roughly to charge and anomalous magnetic-moment 
densities, respectively. Substituting Eqs. (2.5) and (2.6) 
into (3.2), we have 


mr 


1 
S,V = d 2 2h'V 2 rh, 3 
me"()=— fd ne "(m)}—, (3.3) 


which shows that in the spectral decomposition of the 
magnetic moment the contribution of a particular mass 
value m has a “range” ~1/m. Thus the lightest masses 
that contribute to g2(m?) give rise to the longest-range 
structure, 

A quantity often used to characterize the size of the 
nucleon is the “mean square radius of the anomalous 
magnetic moment,” ® that is (suppressing the super- 


Lehmann, Symanzik, and Zimmermann, Nuovo cimento 2, 
425 (1955). 
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scripts S and V), 


(ra n= f de emir) / f ar mr), 


which is easily shown to be related to the logarithmic 
derivative of G2(q*) at ¢=0: 


1 dG;(q") 
rt -— |] 
Gi(0)L dg Iyrno 


( 2 ( 2 
Uratu= f dm sm | fam £ ) 
m' m 


Thus the mean square radius is related to some average 
mass in the weight function g2/m’, 


(3.4) 


(3.6) 


(rm?) = (m=) nu, (3.7) 
a notion which is useful if the spectral distribution is 
predominantly of one sign. Actual calculation, as will 
be seen in Sec. V, shows no tendency for gy to oscillate, 
although it has not been proved that a change of sign 
is impossible. Taking the measured root-mean-square 
radius of the anomalous (vector) nucleon magnetic 
moment,‘ one finds a corresponding average mass of 
5m,, which, if divided between two particles, would 
give each an average total energy of 2.5 m,. This low 
average energy suggests, as mentioned above, that 
virtual K particles and baryons play only a small role 
in the determination of the anomalous magnetic 
moment. 

4.—Because of the uncertain behavior of G,(q*) at 
infinity, there may not exist a useful connection 
between the second radial moment of the charge dis- 
tribution and an average virtual mass. Going through 
the same manipulations as above but using Eqs. (2.3) 
and (2.4) rather than (2.5) and (2.6), one finds for the 
mean square radius of the (scalar or vector) charge the 


formulas 
: ? «© g:5(m?) 
KC wt=— fan, 
Te Y (3m,_)4, m' 


(4.1) 


(4.2) 


2 g Y(m?) 
(1,2) )w¥ =— f amas YY 
(2m,)? 


me m‘ 
Often the statement is made that because the lowest- 
mass intermediate state the x*, x~ pair, contributes to 
the vector charge but not to the scalar the latter should 
have a much smaller mean square radius than the 
former. Such reasoning, however, is tacitly based on the 
assumption that a formula of the type of (3.7) holds 
for the charge radius as well as for that of the magnetic 
moment. Formulas (4.1) and (4.2) in themselves imply 
nothing about either the relative or the absolute mag- 
nitudes of the second radial moments of the scalar and 
vector charge distributions. 

The experimental fact that the scalar and vector 
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second radial moments of the charge are almost equal 
means, of course, that configurations more complicated 
than the «+, x~ pair are important. Why this should 
not also be true for the magnetic moment we must say 
at once we do not understand. It is, however, fortunate 
that at least part of the problem of the nucleon electro- 
magnetic structure may be tractable. 

5.—In our present state of knowledge an attempt at 
a specific evaluation of the weight functions gy, 25" (m?) 
must be confined to the two-pion contribution, and 
even here we have not succeeded in formulating a 
reliable method of calculation. We shall show that the 
two-pion part of the weight function is proportional to 
the charge-exchange pion-nucleon scattering amplitude, 
but at a negative value for the square of the momentum 
transfer. An extension of the physical scattering am- 
plitude is thus required, which we attempt to carry out 
by means of dispersion relations combined with 
Legendre polynomials. If integrals are cut off and an 
expansion is made in inverse powers of the nucleon 
mass the results of the static model® can be reproduced. 
Without a cutoff we are unable to make a definite cal- 
culation, but arguments will be given to support the 
belief that the local theory, properly evaluated, will be 
in agreement with the observations. 

In Sec. II we discuss and to some extent justify the 
representations (2.2) to (2.6). Section III deals with 
general properties of the various intermediate-state 
contributions to the weight functions g;,25'"(m?), and 
in Secs. IV and V we concentrate on the two-pion 
intermediate state. In Sec. VI our findings are sum- 
marized. 


II. THE MASS-SPECTRAL REPRESENTATIONS 


6.—Recently Bogoliubov, Medvedev, and Polivanov" 
and others” derived dispersion relations for meson- 
nucleon scattering from the causal nature of a local- 
field theory. In this section we shall show that the elec- 
tromagnetic structure factor satisfies requirements that 
are analogous to the properties of the meson-nucleon 
scattering amplitude. We therefore infer that it has a 
spectral representation similar to the dispersion relation 
for the scattering amplitude. Our discussion closely 
follows that in reference 11. 

We shall write the form factor for the emission of a 
virtual four-vector quantum with momentum q,(0 <4), 


ii(p’s’)F,(p',q; p)u(p,s), (6.1) 


where the nucleon makes a transition from the state 
with momentum #, spin and isotopic spin s, to the 
state p’, s’; w and @ are the usual normalized spinors. 
The index s will be suppressed where no loss of clarity 
results. If the field operator A,(x) for the virtual elec- 
tromagnetic field is introduced in addition to the 


4 Bogoliubov Medvedev, and Polivanov, Institute for Ad- 
vanced Study Notes, Princeton, New Jersey, 1956 (unpublished). 
— Oehme, and Taylor, Phys. Rev. 109, 2178 
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nucleon operators (x) and ¥(x), we can consider the 
function in Eq. (6.1) as an S-matrix element to which 


the reduction formulas" can be applied: 


U(p's’)F,.(p',q; p)u(p,s) = (p's’, qu S| ps) 











1 
( &S slo (ps) 
X{ p's’ |———— ) ps 
‘ 5A, (x)dp(y) 
we d‘x dy e~ ei” 


X (p's’| T(ju(x)Ais(y)|0)u(p,s), (6.2) 


plus a possible local contribution to the integrand when 
x=y. Here the currents are 








6S 
is(y)=i——St. (6.3) 


iu ( ) j ’ 


5A, (x) 


In the final step of Eq. (6.2), the causality conditions 
have been used in the form 


5j,(x)/dpa(y)=0, xo>yo or 
5ija(y)/6A,(x)=0, xo<yo or 


(x—y*)>0; 
(x—y)*>0. (6.4) 


We may now define the causal function S“ and a set 
of related covariant functions, 


(P| TL ju(x),%ia(y)]|0) = —ie¥?’ 1 S,.5¢(x—y); (6.5a) 


(p' |5j,.(x)/dpa(y) |0) = — eB?’ 4) S,.5(94v) (~— y) ; 
(6.5b) 


(p' | 5Ha(y)/5A, (x) |0) = — eB’ +) S58) (x—y) ; (6.5c) 


(0' | ju(x)is(y) |0) = — tet?’ 5,4 (xy); 
(6.5d) 


(6" | ia(y) ju(x) |0) = ie HP’ MS 5 (x—y). (6.5e) 
The translation invariance of the field equations 
assures that the functions S‘” defined in this way are 
functions only of the difference x—y. Two useful rela- 
tions among these functions are 


Sup (x) = Spa (x) + Sa (2) 





= Sp (x)— Sys (x), (6.6a) 
and 
Sup (x) = Sp” (x) = Sup (x) +S, (x). (6.6b) 
In terms of the Fourier transform G‘* (k), 
S (x)= fewco (k)d*k, 
2r)* 
(6.7) 
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the form-factor Eq. (6.2) is written 


ii(p’,s’)F.(p’,q; p)u(p,s) 
= 2nid(p—q—p')Gyp" (3p +q)u(p,5). 


The quantity of physical interest is this form factor 
considered as a function of positive g when 


p=p?=—M’, 


where M is the nucleon mass. 

Because of momentum conservation (or translation 
invariance) at least one momentum in addition to g, 
must be varied. The representation Eq. (6.2) we have 
constructed is most convenient when ’ is held fixed, 
because then the dependence on momentum transfer 
is contained entirely in the exponential factor 


(6.8) 


(6.9) 


a  — \(x— —hip’ (2+ 
eat eipy — g—i(attp’) (2-0) g— hin’ ( », 


(6.10) 


which has been used to obtain Eq. (6.8). We shall 
therefore use the rest system of the final nucleon with 
the following notation: 


p,'= (0,M), (6.11a) 
qu= (Ae, +), (6.11b) 
pu=(—Ae, E=M+w). (6.11¢) 


The condition that p, be a nucleon momentum leaves 
w the only variable (beside the trivial possibility of 
rotating e), because A is determined by Eqs. (6.9) and 
(6.11c) to be 


\=[(M+w)*—M?}}. (6.12) 


7.—In order to establish a dispersion relation we 
should now like to apply Cauchy’s theorem to 
Gys(3p’+q) considered as a function of complex w. 
The Fourier integral Eq. (6.7), 


Gopi +0)= f ev’ exp[ —i(Ae-x—wxo) | 


X Sys’? (x)d*x, (7.1) 
unfortunately exists only on part of the real axis, 
Imw=0, Rew>0 or Rew<—2M, (7.2) 
where 
|Imw| >|Im A}. (7.3) 


It is necessary to determine, therefore, whether there is 
an analytic function which is equal to the integral in 
Eq. (7.1) where that exists, and to locate its singu- 
larities if it can be found. In perturbation theory 
S© (x) and G(k) can be exhibited explicitly as poly- 
nomials in the momentum components times simple 
functions of the invariant squares of the momenta, so 
that the analytic continuation can be carried out by 
inspection.” 

We shall proceed by establishing a dispersion relation 
for nonphysical values of p’, 


p=-r, 1r<0, (7.4) 














so that Eq. (6.12) becomes 


h=[(M+w)?—r]}. (7.5) 


We then conjecture that the analytic continuations of 
the G“ as a function of 7 can be extended to 


7 <M’, (7.6) 
for which they have the required values given by Eq. 
(7.1) and its obvious modifications. 

The functions G@ are the easiest to discuss. By 
introducing into Eqs. (6.5d) and (6.5e) a complete set 
of states labeled by the quantum number n, with the 
rest-energy M,, and the energy-momentum vector 
k,(k?= —M,”) we obtain 


Sus (x) = sbilels y= f d'k 2k (ko)5(k?-+M 2) 
(2x)* » 


Keb’) (p'| Hig(0) | n,k)(n,k| j4(0)|0), (7.7a) 
and 
Sa : dk 2k (ko) 5(+M,? 
us @=-55r f 0 ( 0)5( + n’) 
Xe-*tbe'-¥ (p"| j,(0) | mk)(mk| ¥g(0)|0). (7.7) 


In view of Eq. (7.4), g and the momentum \ are now 
given by 


g=M?+2Mw—7, »4=[(M+w)?—r]!, (7.8) 


whence follows 


|Imw| >|{Im AI, (7.9) 


for all values of w, real and complex. The Fourier 
transforms at the value p’+-q can therefore be obtained 
as 


Gys" (4p' +9) =Gys (w,7) 
= ri D200 (—w)8(g?-+M ns?) 
nt 


” <(p'|119(0)|n-+, —g)(n+, —4|ju(0)|0) (7.10) 


and 


Gus (30' +9) =Gys™ (w,7) 
=2ni D 2E0(E)i(P’+Mn*) 


X (p"| j.(0) |n—, p)n-, P| %a(0)|0), (7.11) 


where we have introduced notation to indicate the 
functional dependence on w,r and to distinguish the 
sets of states n+ that contribute to G respectively. 

Since j,(0) is a vector operator, its matrix element 
(n+, q| j,(0)|0) vanishes unless the state n+ contains 
at least two pseudoscalar mesons; hence the lowest- 
energy intermediate state has M,,=2m, and the 
function G“(w,r) vanishes over a large part of the 


ELECTROMAGNETIC STRUCTURE OF NUCLEON 


269 





real axis, . 
G,st(w,r)=0, ¢>—4m/ 
—M?+71-—4m,/ 
or w>wo(T)= i (7.12) 
2M 


In particular, G+) vanishes in the “physical” region 
w>0. where the quantum is really emitted (E>M). 
Similarly, the matrix element (n—, p| %g(0)|0) vanishes 
unless the state n— contains at least one nucleon and 
a meson, M, >(M-+m,), so that we have 


Gus (w,7)=0, p> —(M+m,)? 


or r<(M+m,)’. (7.13) 


Since the inequality is always satisfied in the region 
(7.6) in which we are interested, the function G~ will 
not be considered further. 

From Eq. (6.6) we may now infer the corresponding 
relations among the Fourier transforms, 


Gus (w,7) = Gy (w,7) 


=G,3") (wr), w>wo(r), (7.14) 
and 
Gys" (w,7) — Gp”? (w,7) 

=Gys(w,r), w<wo(r). (7.15) 


8.—To construct the analytic continuation of the 
retarded and advanced functions we must exploit their 
space-time behavior, Eq. (6.4). To avoid the branch 
points at \=0 in the integral representations Eq. (7.1), 
we shall treat the even and odd forms, i.e., the forms 
symmetrized and antisymmetrized in the sense of the 
vector e, 


Gua (ast) = fervor 
—i 
x (come x, — sin\e- x) Sm (x)d‘x, (8.1) 
v 


which are even functions of \. Because S‘**)(x) 
restricts the integration to the future light cone, these 
functions are analytic in the region 


Im w>|Im\}, (8.2a) 


or 


Im w>0, (8.2b) 


in view of Eq. (7.9). The functions 


(¢,0G g(adv) (ays) = f evrscon 
-i 


x (cone: x, te sin\e- x) Sats ()a (8.3) 


are analytic in the region 


Im w<—|Im A! (8.4a) 




















270 CHEW, KARPLUS, 


or 


Inw<0 (8.4b) 


because the integration extends only over the past 
light cone. 

Furthermore, Eq. (7.14) states that on part of the 
real axis 


w>wo(7) (8.5) 


the causal, advanced, and retarded functions are equal ; 
they are, therefore, the same analytic function 
(eG, 9(w,7), regular in the entire complex w plane with 
a branch point at 

(8.6) 


w=wo(7), 


and a cut from there to infinity; we shall take the cut 
along the negative real axis. A retarded function is 
obtained by approaching the cut from the upper half 
plane and an advanced or causal function by approach- 
ing from the lower half plane. 

Since the discontinuity in G on the cut is known 
from Eq. (7.15), we can apply the Cauchy theorem to 
the function “’G(w)/w if this function approaches zero 
for large values of w. In accordance with the discussion 
in Sec. I, 2, we assume that this is the case, and that 
‘°G(w) may not approach zero. The resulting dispersion 
relation or spectral representation is 


doo’ + G,s(0,7), 
(8.7) 


w wo(r) Gus (w’,7) 
ne 
Qrid_. a (w'—w 


w>0. 


It follows from covariance arguments that the function 
‘°\G approaches zero for large values of w if “G(w)/w 
does. The spectral representation for that function is 
therefore 





; f ee (8.8) 


(0) Reina A 
G,s(w,7) wi ‘ a, w>0. 


a7 —2o o—-Ww 


9.—We shall now assume that Eqs. (8.7) and (8.8) 
hold for 
r= M’. (9.1) 
The possibility of such an analytic continuation has 
been proved rigorously” only for the case in which the 
meson and nucleon masses satisfy the inequality 


m,> (v2—1)M. 


We believe that this restriction is a result of the 
method used for the proof and that it will be removed 
when further progress is made in the study of this 
problem. 

We may therefore write the spectral representations 
for the even and odd form factors “)F, which differ 
from the functions “”G only by the constant final 
nucleon spinor. It is still more useful first to decompose 
the form factor into the four real scalar functions 
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described in the introduction, 
F, (0,9; p=) =iv.LGi8(¢)+7G" (¥) J 


tog [Ga5(q*)+7sG2" (¢*) J, (9.2) 
and to do the same for G®?, 
Gp (w,M*) = —2itda(p’,s) {iyulgi5(—g*) 
+rgi”(—¢) ]+0,.¢-[¢25(—¢) 
+rage”(—q*) ]}. (9.3) 


It is clear that each of the functions g, 25'" is related to 
the analytic continuation of the corresponding G,, 25" 
in the same way as G“? is related to G, Then the 
gi2°" are real functions as a consequence of the 
Riemann-Schwarz “principle of reflection.” 

Each of the two functions G,5:" has a spectral repre- 
sentation of the form Eq. (8.7), in which we may set 
(Eq. (7.8) ] 

w=¢/2M, w'=—m’*/2M, (9.4) 


to obtain Eqs. (2.3) and (2.4). The functions ¢G25-" 
satisfy a representation of the form (8.8), while qG25'’ 
satisfy one of the form (8.7) with [qiG@25-” ],-0=0; 
both give the same result, which leads to Eq. (2.5) and 
(2.6) after the change of variables in Eq. (9.4). 


III]. GENERAL PROPERTIES OF INTERMEDIATE-STATE 
CONTRIBUTIONS 


10.—Having obtained the spectral representation for 
the form factors, we now focus our attention on the 
four weight functions 


(10.1) 


g1,25°" (m?). 


As already observed, these functions contain a sum of 
terms corresponding to the possible intermediate states 
in Formula (7.10); thus for each g, 


8=Learthent:*+gaxnytsss+gweyt:::. (10.2) 


Each of these partial weight functions g; vanishes for 
value of m? less than (m,)*, where m, is the sum of the 
rest masses of the particles in the state 7. As argued in 
the introduction, a particular g,; therefore contributes 
to the nucleon structure only within radii of the order 
of the Compton wavelength associated with the mass 
m; Thus it is appropriate to concentrate on the 
functions g; corresponding to the low-mass intermediate 
states, in order to discuss the outer regions of the 
nucleon in configuration space. 

According to (7.10) the weight functions g,; are pro- 
portional to the matrix element for a virtual photon of 
mass m to “decay” into the intermediate state in ques- 
tion. It follows that the total angular momentum of 
any possible intermediate state is one, while under 
either space inversion or charge conjugation the state 
must be odd. The total charge is of course zero. Further- 
more the total isotopic spin J can be only zero or one, 
states with /=0 contributing to the isotopic scalar part 
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of the nucleon electromagnetic structure and those with 
I=1 to the isotopic vector part. 

To obtain a special selection rule for the least massive 
states, those containing only pions, one may consider 
the combined operation of charge conjugation and 180° 
rotation about the y axis in isotopic spin space. Under 
this operation a pion state is even or odd depending only 
on whether an even or an odd number of pions is present. 
Since the states of interest here are odd under charge 
conjugation, they will contain an even number of pions 
if the total isotopic spin is odd and an odd number of 
pions if J is even, i.e., 


Line) =0, if m is even, (10.3) 
and 
Sinz)’ =0, if mis odd. (10.4) 
We thus have 
g5= Ean) t+ 86x) t+ °° +8 cen) 5+: +s +giveyS+°::, 
BY =fiaey they t +8 cen) +°°: (10.5) 


+gmy"+-°°. 


If the charge contribution from the three-pion inter- 
mediate state were of the same magnitude as that of 
the two-pion state, one might have an explanation for 
the difference in second radial moments between the 
proton and neutron charge distributions. There is no 
visible reason, of course, why the three-pion configura- 
tion should contribute substantially to the charge 
density and not at the same time to the magnetic 
moment. However, this same statement can be made 
in our current state of knowledge about any possible 
source of isotopic scalar charge, so that the three-pion 
state must be regarded as a possible candidate to supply 
the needed scalar charge. At the present time we know 
of no sensible way to estimate even the sign of the 
three-pion contribution. On one side a closed nucleon 
loop is required to couple this system to the electro- 
magnetic field and on the other side a nonphysical 
matrix element for the process 3r > N+N (or r+N 
— 2x+N) is involved. 

For intermediate states of mass greater than 2M the 
other factor in g;, as given by (7.10), is the physical 
transition amplitude connecting the state i to a nucleon- 
antinucleon pair. According to calculations by Bern- 
stein, Federbush, Goldberger, and Treiman," the uni- 
tarity of the S matrix severely limits the size of contri- 
butions from such states, a circumstance that gives 
encouragement to a program of calculation which 
ignores the high mass region. In particular, the contri- 
bution from the nucleon-antinucleon intermediate state 
is given by the product of nucleon electromagnetic 
structure factors themselves, evaluated at g? = — m?, and 
nucleon-antinucleon elastic scattering amplitudes in the 
physical region. There seems no reason to think that 
this (VN) contribution should be even remotely ap- 


13]. Bernstein and M. L. Goldberger, paper delivered at the 
1957 Stanford Conference on Nuclear Sizes (unpublished). 
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proximated by setting G,5:”(— m?) =0,G,5:"(— m’) =}e, 
and using the Born approximation for nucleon-anti- 
nucleon scattering,’ the procedure equivalent to the 
standard perturbation calculations.' This point is dis- 
cussed further in Sec. VI. 


IV. FORMULATION OF THE TWO-PION 
CONTRIBUTION 


11.—The contribution to the nucleon electromag- 
netic structure from the two-meson intermediate state 
will be calculated in the next two sections. The reasons 
for concentrating on this part of the process are: (1) it 
is the only part for which at present anything like a 
calculation is feasible; (2) there is reason to hope, as 
explained in the introduction, that the two-meson con- 
tribution dominates the magnetic moment. 

For an intermediate state consisting of mesons of 
four-momenta q; and q2 with isotopic spin indices 7 and 
k, we have for the spectral distribution function, Eq. 


(7.10), 
a(p’)I,°* (p',p)u(p) 
~ —LGaoM alg” 
1 
=—}r pe Gay fentosatort) 
X (P| (0) | qrjg2k)u(p)(q1J, g2k| ju(0)|0). 


The second factor of the integrand, i.e., the matrix 
element describing the disappearance of the photon 
with the creation of a pion pair, may on the basis of 
invariance considerations be written 


(11.1) 


(nj, gek| j,(0) |0)= (q1— 92) 


(4w1w2)! 
X (5 j15e2—5 jo5e1) Fe (gi tge)?]. 


Here F,[(9:+4q2)*] is a form factor associated with the 
one-photon, two-meson vertex, normalized to unity for 
zero argument. This function for positive argument 
describes the electromagnetic structure of the pion in 
the same sense as the functions G;,25:" describe the 
nucleon, and in principle could be measured directly by 
electron-pion elastic scattering. In practice we shall be 
forced to set F, equal to unity (“point pion” approxi- 
mation) since there is at present no understanding, 
either experimental or theoretical, of the pion structure. 
However, this approximation may be postponed until 
the very end of the calculation, since F,(—m?) appears 
simply as a multiplicative factor in the weight functions 
Ror (m*), 

The other factor in the integrand of Eq. (11.1) is 
related to the meson-nucleon scattering amplitude. Ex- 
plicitly, if the amplitude for scattering a meson in the 
state g by a nucleon in the state p, leading to a meson 


(11.2) 
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q’ we a nucleon p’, is denoted by (p’,q'|7| p,g), then 
we have 


(6"| (0) | guj, g2k)u(p) = (pr’,—g2k|T |p, xj). (11.3) 


Of course, writing —gz2 for the final pion energy- 
momentum implies an extension of the scattering am- 
plitude to a nonphysical region. This extension will 


occupy Sec. III, 14. 
Using the notation introduced by Chew, Goldberger, 
Low, and Nambu," 


{p’, —qok| T| p, 919) 
1 
a( +’ —AG) W?, 
Reap UONT-AP OM 
+i7,Q0,B (W*,¢) bat+L—A@ (W?,¢") 
+i7,0,B@ (W?,¢@) laLre,7;]}u(p)), (11.4) 


where —¢™= (qi+492), Q=3(q1—92), P=3(p+p’), and 
=—(P+(Q)*, we may carry out the isotopic-spin 
sum in Eq. (11.1) to obtain 





é 
I,e (p’,p) = — ref dadedtartato) 


X8(gi2-+-m,7)5(q2?-+-m,") 3 (g1— 92), 
X[A@ (W2,¢)—in2,B@ (W?,¢) JF.(). 


The three-dimensional integrals over g; and g2 have 
been increased to four dimensions by adding the mass- 
shell delta functions. It can be seen that only positive 
frequencies contribute. 

12.—It should be noted that in Eq. (11.5) only the 
charge-exchange scattering amplitudes occurs and that 
the contribution, as expected, is only to the isotopic 
vector part of the nucleon electromagnetic structure. 
Introducing g and Q in place of g; and q2 and then per- 
forming the integration over d‘g, we obtain 


(11.5) 


é 
12°(.p)=—— 1s f 440 aC (4q-+-0)-+m,"] 


Xo (3q—0)*+m,.710,[A © (W?,@’) 
i 17.0)B - (W?,¢’) Fe (¢) . 
The next task is to relate formula (12.1) to the scalar 


weight functions g1, 2:27)" (m"). Clearly we are to make 
the identification m?=—g’, and by standard invariance 


arguments we find 


(12.1) 


81(2n)” (m”) t 
=[Ma(m*) + B1(m?) + M'62(m")y—Fa(—m?), (12.2) 
G2(2")" (m?) 


=[— Jao?) — 3M Ba( mF e(—m, (12.3) 


4 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1337 
(1957). 
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where 


a(—¢)=— f d405(P-+4q2-+-m,")5(2g,0r) 


x (P.0,/P)AO(W¢), (12.4) 
ps(—a)= f a4Qo(Or+ter + m.2)5(200,) 
x (LPP (POV 2PBO(WA¢), (12.5) 
Bx(—¢)= f d405(OP-+-442-+-m,2)8(240) 
(LPG 3(PO)'/2(P)YYBO (Wig). (12.6) 
If we recall that 
P?=—M'*—}¢, (12.7) 


then it is clear that these integrals indeed depend only 
on the single scalar q’. 

13.—In order to exploit these results, the pion- 
nucleon scattering amplitude is needed in a nonphysical 
region, in particular in a region where the square of the 
momentum transfer g* is negative. The variable 
W?=—(P+() also takes on nonphysical values, but 
the dispersion relations permit us to extend the scat- 
tering amplitude to values of W* anywhere in the 
complex plane. It is the technique of extension to 
negative g’ that is our particular problem here. 

Actually, for g* less than —4M?, the matrix element 
we are concerned with can be identified with the physical 
amplitude for the process r-+2 — N+N. In the future 
this identification may turn out to be useful, but at the 
moment the only good theoretical approach we have 
to pion-nucleon matrix elements derives from the 
prominence of the (3,})-state scattering resonance. Any 
calculation attempted now has to be based on pion- 
nucleon scattering rather than on pion-pion production 
of a nucleon pair. This conclusion is reinforced by the 
empirical fact, emphasized in the introduction, that the 
“average” value of m’ in the magnetic-moment weight 
function g2” (m?) is less than M?, so that we may hope 
not to have to be concerned with values of (—g*) =m? 
that are greater than 4M’. If the high-virtual-mass 
region turns out to be crucial in understanding the 
nucleon magnetic moment, our motivation for concen- 
trating on the two-pion contribution will be lost. 

So long as one works with Feynman diagrams, i.e., 
with a perturbation evaluation of the pion-nucleon 
matrix element, there is no problem about continuing 
to negative values of g’; the functional dependence is 
explicit. The whole point of the approach adopted here, 
however, is to avoid the perturbation method; and the 
most obvious alternative is the method already used 
with some success in the dispersion relations for non- 
forward scattering, where nonphysical values of ¢? also 
occur—that is, an extension by means of Legendre 
polynomials. 

It is clear that a polynomial expansion cannot be 
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valid for indefinitely high values of |g*|. In fact, as 
pointed out by Symanzik, the possibility of meson- 
meson scattering implies that strictly speaking the 
expansion will not converge for | g*| >4m,’, a condition 
which excludes our entire range of integration. However, 
there is reason to think that meson-meson scattering is 
weak and that for practical purposes the Legendre 
expansion may be used for |q°| <4M*. We shall make 
this optimistic assumption here, thereby allowing a 
crude calculation of g2,(m*) in the low-mass region. 

14.—Let us start with the conventional scattering 
dispersion relations in the form used by Chew, Gold- 
berger, Low, and Nambu": 


1 Dn 
A-”(W,g) =— i) dW” Im AO (W",¢") 
nw /(M+m,)? 











1 
x| —__- — —}. (14.1) 
W"+(P+0)? W"+(P—Q)? 
1 1 
BOW) =¢ - a ote] 
M?+(P+0)? M?+(P—Q)? 
1 oa) 
+- f dW” Im B~ (W”,q*) 
aw (M+m,)? 
1 1 
x | — +. - —|, (14.2) 
W"+(P+0)? W?+(P—Q)? 


where g,’ is the rationalized and renormalized Yukawa 
coupling constant. As emphasized by these authors, the 
forms (14.1) and (14.2) correspond to the most op- 
timistic assumption possible about the behavior of the 
amplitudes as W? approaches infinity. There is, however, 
some experimental evidence to support the optimistic 
assumption for charge-exchange scattering, the case 
with which we are dealing here.'® We note for future 
reference that the Born approximation; i.e., neglect of 
A@ and of the integral contribution to B™ in the 
calculation of the weight functions Eqs. (12.2) to 
(12.6), is equivalent to including in the nucleon form 
factor only the lowest-order perturbation-theory con- 
tribution to the meson current effects. 

The only place in Eqs. (14.1) and (14.2) where the 
dependence on ¢’ is not explicit is in the imaginary parts 
of A™ and B in the dispersion integrals. It is here 
that the polynomial expansion is needed. According to 
Chew ef al.,* these imaginary parts may be expressed 
in terms of partial-wave “total” charge-exchange cross 
sections o;,~ for states with parity (—1)'* and total 


15 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 
(1955). 
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angular momentum /+3, 


1 
-Im (A@; BO) 
k 


(W+M;1) « | 
Te D CPi’ (xoyO— Pry (xo ] 
t+] IO 
(W-M; —1) a) 
a Dd Pi (*)[or-O-ey4@]. (14.3) 
E—] i= 


Here E is the nucleon energy and & the relative pion- 
nucleon momentum in the barycentric system, while 
P{(x) are derivatives of Legendre polynomials of the 
cosine x of the scattering angle, 


x= 1—¢?/2k, (14.4) 


which exhibit the dependence on q’. 

Our intention, of course, is to use experimental infor- 
mation about the total cross sections for the first few 
partial waves in pion-nucleon scattering to effect an 
approximate evaluation of Eq. (14.3) and thus of Eqs. 
(15.1) and (14.2). Any single partial-wave contribution 
can then be extended to negative values of g’. The dif- 
ficulty, as explained above, is that the series in / does 
not converge for large |q*|. 

15.—In evaluating the quantities a(m?), 8;(m?), and 
B2(m*) as given by formulas (12.4) to (12.6), we may 
use the representations (14.1) and (14.2) to carry out 
the integration over Q, because they give the depend- 
ence on W and thus on Q. One obtains inverse trigo- 
nometric functions of a variable y, 





2grGn 
y(W" m*) =—— “» (15.1) 
W"+9.?— Qn’ 
where 
Qr= (3m?—m,?)', gn=(M?—4m*)'. (15.2) 
The functions are 
w { Qs 1 
1,.(W”, +mi)=" ("i - tay} (15.3) 
m\ qn y 


T Qs 1 1 
To(W", +m*)=— *Ltan'y--(1-- tan-ty) | 


m 24n yRg 
(15.4) 
—F ds° 3 1 
Tp.(W”, +m?) =—— 2 tan'y—-(1-- tary) | 
m 2q,° | dole 
(15.5) 
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and the final formulas for the spectral functions are 


€ 1 
£27 en (m8) = Fe(—m)| gene, +m?) + M?I62(M?, +m?) ]+- 
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dW”"(M Im A (W”, —m?) 
7“ (M+m;)* 


XIa(W”, +m?)+Im BO (W", —m?) (1s,(W”, +m?) + MI a.(W”, +n))}}, (15.6) 


2 


£2" on (m8) =F (—m)| * la, +m f 
47? 2 wr ( 


This is as far as one can carry the calculation without 
making approximations. 


V. ATTEMPTED EVALUATION OF THE 
TWO-PION CONTRIBUTION 


16.—Several different kinds of approximations may 
be distinguished. First one may take advantage of the 
dominance of the (3,3) resonance in Eqs. (15.6) and 
(15.7) to treat W’—M as small compared with M, this 
being the approach which has had considerable success 
in theoretical discussions of pion-nucleon scattering’ 
and photopion production. Of course for making 
practical use of the polynomial expansions it is also 
necessary that m*=—g> be small—an unfortunate 
requirement, since for calculation of the electromag- 
netic form factors an integral over all values of m? is 
involved. Nevertheless, it may be of interest to see how 
the weight functions g,2,)(m*) behave for small m’; 
therefore we tentatively neglect all terms of order 1/M? 
and assume |g’| sufficiently small that the polynomial 
expansions are well approximated by keeping only S$ 
and P waves. Formula (14.3) then becomes 





¢ 
Im AW) =H] o9+30n)( 1-—) | 
2M’ 


U 


(16.1) 





Lop, op; ], 


2M 
Im B~ (W",¢*) =n —op; |], (16.2) 


where w’=W’—M. 


Furthermore, in view of the uncertainties involved 
it seems legitimate to set all partial cross sections for 
pion-nucleon scattering, except that for the ($,3) state, 
equal to zero and to approximate the latter by a delta 
function. From the effective-range approach'® one may 
relate integrals over the (3,3) resonance to the value 
of the coupling constant g,’, viz., 


12M 4 
——opy = —-g5LW"— (M+u,)*], (16.3) 
ax k’ 9 


16 G, Chew and F. Low, Phys. Rev. 101, 1570 (1956). 
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where w, is the resonance energy (w,~2m,). In this 
way we approximately evaluate the integrals over 
dW” in Eqs. (15.6) and (15.7) to find 


ef? (2s m 
gsc" (mt) =—( ) (“-m.) 
m\m 2 
8 m? Wr qr 
~-(a2+"—m-)[1—" tan-o(™) |}, (16.4) 
9 2 Qe Wr 
ef? 9" 
gran" nt)=——(*) 
m,\ m 
wr 4fw?+q," qr\ Wr 
Xx pel _ tan-*(*) --] , (16.5) 
z * se" Wr qe 


me \? (ge 
p=( ) (=) ~00. 

2M/ \4r 
In Eqs. (16.4) and (16.5) only terms of lowest order in 
1/M have been kept, in order to achieve simple for- 
mulas and to facilitate comparison with the cut off 
model. The first terms in the large brackets are due to 
the nucleon poles and are seen to be substantially larger 
than the contribution from the (3,3) resonance. 

The general form of these approximate (no-recoil, 
low-m*) expressions is similar to results obtained by 
several authors using the cutoff model.*? In that 
model one finds for the electromagnetic structure factor 
the lowest-order perturbation result plus relatively 
small corrections proportional to integrals over charge- 
exchange scattering cross sections. For the magnetic 
moment it is the spin-flip cross section that occurs, 
while for the charge it is the non-spin-flip, the same 
forms obtained here. If our expressions (16.4) and 
(16.5) are cut off at m’~(2M)*, numerical results close 
to those of the cutoff model emerge.'® 








where 





17S. Treiman and R. Sachs, Phys. Rev. 103, 435 (1956); G. 
Salzman, Phys. Rev. 105, 1076 (1957). 

18 The algebraic forms of the structure factors so far derived 
from the cutoff model are more complicated than the spectral 
representations (2.4) and (2.6) even though the numerical content 
is oy peng equivalent when the approximations (16.4) and 
(16.5) are employed. 








ELECTROMAGNETIC STRUCTURE OF NUCLEON 


Because of the approximations made, the results 
(16.4) and (16.5) have incorrect asymptotic behavior. 
Instead of vanishing at infinity, gic2s)(m*)/m® ap- 
proaches a constant while go,2,)(m”) increases as m. As 
explained already, it is not easy to remedy this defect 
because the polynomial expressions (14.3) and (14.4) 
are inappropriate for asymptotic considerations, and so 
long as the behavior at infinity is wrong we cannot 
calculate the electromagnetic structure factors without 
cutting off. For pion-nucleon scattering’ and photopion 
production’ it was possible, by use of the spectral- 
representation approach to local-field theory, to re- 
produce the essential results of the cutoff model once 
the position of the (3,3) resonance was known, It was 
not necessary to introduce a cutoff explicitly. We have 
not been able to do the same here, and we infer that the 
cutoff model is correspondingly less reliable for describ- 
ing the nucleon electromagnetic structure than it is for 
phenomena involving real pions of low energy. 

17.—It is interesting to note, however, that in the 
low-m? region our results (16.4) and (16.5) are fairly 
well represented by making the Born approximation to 
the scattering amplitude, i.e., keeping only the rational 
term in Eq. (14.2) which comes from the single-nucleon 
intermediate state. For example, at the empirically 
determined “average” m? [see Eq. (3.7) ] the contri- 
bution to the magnetic moment arising from the 
integral over the (3,}) resonance is only 17%, according 
to Eq. (16.5). Once we recognize this simplifying fact, 
it is easily possible to evaluate the magnetic-moment 
form factor with no further approximations other than 
treating the x meson asa point charge. As stated earlier, 
the result is precisely equivalent to lowest-order per- 
turbation theory. 

It may seem remarkable that a perturbation result 
can be anywhere near the truth, since it is well known 
that the perturbation calculation of pion-nucleon scat- 
tering is grossly misleading. The main trouble for scat- 
tering, however, occurs for the non-charge-exchange 
amplitude, where the S-wave part is overestimated by 
an order of magnitude. The g’ approximation to the 
charge-exchange amplitude, on the other hand, is not 
too bad at low energies even in the physical region and, 
in the nonphysical region required here, is relatively 
more accurate because one is closer to the pole at W= M 
than to the (3,3) resonance. In the immediate neighbor- 
hood of the pole, of course, the perturbation result is 
exact. The weight functions we obtain now without the 
neglect of nucleon recoil are 


ef? /2Mq2\(2/ 1 | 
gO) =—( ){=(1-= tary) 
m\ mn Yo yo 


m 3 1 
= | tan-ty,-—(1-— tay) , (17.1) 
4q,” yo yo 
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and Mig? 
e dr 
arnt (He) 
m,”\ mqr* 
3 1 
x {tan-yy——(1-— tan~y) } (17.2) 
Yo Yo 
where now ‘ 
GrQn 
ROE (17.3) 


One is tempted to assume that the weight functions 
£1,2(m*) are everywhere reasonably well represented by 
this approximation and proceed to an evaluation of the 
structure factors. The anomalous (vector) nucleon 
magnetic moment obtained from Eq. (17.1) is 1.5¢/2M, 
quite near the experimental value 1.84e/2M, although 
the close agreement must be fortuitous because the 
mean square radius of the magnetic moment, similarly 
calculated, is only about half the experimental value. 
Nevertheless we may regard the perturbation result as 
giving a qualitative and perhaps a semiquantitative 
representation of g2(m?). 

Assuming the same to be true for g:(m), one may 
use Eq. (17.2) to estimate the mean square radius of the 
vector-charge cloud [Eq. (4.2) ]. The result for (r,-*)” 
is 0.24m,~*, which agrees with the measured value*:® 
within the fairly large experimental uncertainties. It 
should be remarked that these results for the vector 
charge and magnetic-moment structure obtained from 
the local theory, using only the Born approximation 
to the meson-nucleon scattering amplitude, are not 
very different from those given by the cutoff model in 
the same approximation (both being in reasonable 
agreement with experiment). That is to say, the effect 
of nucleon recoil in the Born contribution introduces 
a natural “cutoff” in the neighborhood of m?=(2M)*. 
Presumably, if a correct method for handling the scat- 
tering corrections could be formulated, a natural cutoff 
would appear there also. 


VI. SUMMARY AND DISCUSSION 


18.—The reader may at this point feel that the 
authors have perpetrated a fraud, cloaking nothing 
more than old-fashioned perturbation theory in a vast 
cloud of words and equations. To refute this impression 
let us review what has been accomplished, starting with 
the problem of the magnetic-moment structure, which 
is much clearer than that of the charge. 

We began with the observation that in the framework 
of the spectral representation the observed qualitative 
properties of the anomalous nucleon magnetic moment 
suggest that it is due principally to the two-pion inter- 
mediate state. We then attempted a calculation of this 
contribution and had to deal with the problem of 
extending the meson-nucleon scattering amplitude into 
the region of negative squared momentum transfer. 
However, it was found that for small values of m’=— ¢ 
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the main part of the weight function goes)" (m?) was 
due to the nucleon pole in the pion-nucleon scattering 
amplitude, which depends only on the renormalized 
Yukawa coupling constant and which can be extended 
without difficulty. Thus it seems reasonable to ignore 
the scattering corrections and to use only the nucleon 
pole in order to gain a rough idea of the content of the 
local theory. When this is done, one finds a magnitude 
for the static anomalous moment and a “size” which 
are in semiquantitative agreement with the observa- 
tions. Our conclusion from this result is that a correct 
calculation based on the local theory may very well 
yield complete agreement with experiment. The fact 
that the practical estimate finally carried out here is 
equivalent to a piece of lowest-order perturbation 
theory is irrelevant to the validity of this estimate. 

It has of course not been shown that more com- 
plicated intermediate states fail to contribute appre- 
ciably to the magnetic moment. Here we are unable 
even to make an estimate until some understanding 
has been developed of the matrix elements coupling 
these states on one side to the electromagnetic field and 
on the other side to the nucleon. 

The particular high-mass intermediate state that has 
discredited local-field theory in the magnetic moment 
problem is the NN system, whose contribution when 
evaluated by perturbation theory is of the same order 
of magnitude as that of the two-pion state and which 
contains a large incorrect isotopic scalar part. The 
reader may well ask why he should disbelieve perturba- 
tion theory for the NN state when he is asked to accept 
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it for the 27 configuration. The situations in these two 
cases, however, are quite different, because in the former 
the relevant scattering matrix element (V+N—-N+N) 
is to be evaluated in the physical region and there is no 
reason to think it is even remotely approximated by 
the second-order Born approximation. This approxi- 
mation is known to be totally misleading even for 
nucleon-nucleon scattering, and in the nucleon-anti- 
nucleon problem the influence of annihilation processes 
on elastic scattering is enormous. Furthermore the NN 
contribution to the magnetic moment involves the 
nucleon structure factors G;,25'", which we know are 
important but which are ignored in the perturbation 
calculation. The corresponding pion-structure factor 
F,, which occurs in the 2x contribution, may be im- 
portant but there is no evidence to this effect. 
19.—The situation with regard to the charge structure 
of the nucleon is not nearly so clear, but we feel that in 
this case also one should not conclude that local-field 
theory is incapable of ever explaining the known facts. 
In particular the fairly large “charge radius” observed 
for the proton‘ does not imply that the two-pion state 
is the main contributor. It is quite possible that an 
isotopic scalar part, approximately equal in magnitude 
to the vector part, will be forthcoming from the 3x 
state to produce the required small charge radius for 
the neutron. 
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Energy Shifts in the Feynman Formalism 


LEONARD S. RopBERG* 
RIAS, Incorporated, Baltimore, Maryland 
(Received December 6, 1957) 


The relation between the S matrix and the energy-level shift is demonstrated in a form which permits 
the use of the Feynman methods of calculation. It is also shown that vacuum fluctuations and “unlinked 
clusters” do not contribute to the energy of a physical system. 





T is often convenient to use a time-dependent 
formalism to compute the energy shift due to a 
time-independent interaction. This is especially advan- 
tageous when both particles and antiparticles are 
treated, since a symmetrical treatment using the time- 
dependent formalism of Feynman’? can often simplify 
such problems, Examples are relativistic theories such 
as quantum electrodynamics, and some many-body 
problems in which the particle-hole idea is useful.* 

The fundamental quantity of this time-dependent 
formalism is the S matrix, which describes the propa- 
gation of the state vector from /=—* to /=+. 
The S matrix has been used in the past to compute 
energy shifts, although often in a modified form. 
Although the relation between the S matrix and the 
energy shift has been stated in the literature,'’? a 
rigorous proof was not given until recently.‘ However, 
this result is not in a form which can be directly 
applied in the Feynman formalism; it is the purpose 
of this article to supply this connection. 

Our proof shows that unconnected Feynman graphs 
representing, for instance, vacuum fluctuations in field 
theory or “unlinked clusters’*:> in the many-body 
problem, make no contribution to the energy of a real 
system. 

We start with an unperturbed state ¢, an eigenstate 
of Ho with eigenvalue Eo. The energy-levei shift which 
arises when the interaction gH, is “turned on” adia- 
batically can be shown‘ to be 


a oO 
AE=limi-g— In(¢| Sal ¢). (1) 
a>) 2 Og 


Here S.=U.(~, —@) is the adiabatic S matrix de- 
fined by 


U,.(t, -«)=1-if dee gall, —«) (2) 


in the limit +>”. 

In the Feynman method it is customary to inter- 
change the order of integration and limiting process in 
(1) and (2) so that the convergence factor ¢~*!¢! 


* Present address: Physics Department, University of Cali- 
fornia, Berkeley, California. 

1R. P. Feynman, Phys. Rev. 76, 749, 769 (1949). 

2J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Press, Inc., Cambridge, 1955). 

+ J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957). 

4J. Sucher, Phys. Rev. 107, 1448 (1957). 
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becomes unity and does not appear explicitly. We wish 
to show that one can do this and obtain a simple 
prescription for computing the level shift. 

Let us denote by M, the contribution to (¢|Sa| ¢) 
arising from all terms represented by only one connected 
diagram. Then, in terms of Ma, 


M.? 
ak as ld (3) 


where we use the fact that m disconnected loops are 
counted in m! ways while performing the integrations 
involved in M,”. [This argument is due to Feynman.! 
We assume here that the sum of the perturbation series 
has a meaning, and, consequently, that this series can 
be reordered. In any case, (3) is formally correct. ] Thus 
In(¢|Sa| ¢)=M, and contains only connected diagrams. 
Let Ma=>.M.™, where M, is the nth-order 
contribution to M,. It contains space-time integrals 
over various combinations of wave functions and 
propagators. If each of these is expanded in the energy 
representation, the resulting expression has the form® 


=e f dt,-+-dt,dE,:--dEy_; ep(-a 4) 


fui 


Xexp 1 > B4) {Bx 7 -En-1). (4) 


Here {(£,---E,-1) contains the Fourier transforms of 
the appropriate wave functions and propagators. In 
terms of diagrams, E; is the algebraic sum of the 
energies of all lines which meet at the jth vertex 
(positive if they enter, negative if they leave). The set 


* As an example, the second-order contribution to the electro- 
magnetic self-energy of a charged particle has the form 


M, = af dhdtdgde exp(-a% |¢; ') 


Xexp[i(p:°—P—#) (s— te) Jh(9°,P). 


The spatial integrals and the integrals over the three-momenta 
are included in A(q,k°); p:° is the initial (and final) energy of 
the charged particle; ¢ and # are the energies of the intermediate 
particle and photon. If we change integration variables to E, 
= p,°—P—F# and #, and let E2= — Zi, then 


2 2 
Ma = gt if dtidted E: exp(—a 2 In) exp(i 2 Esti) f(E). 


The #°-integral, which depends on the dynamics of the electro- 
magnetic interaction and is not related to the time integrals, has 
been absorbed into f(#:) = fdk°h(E:,). 
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E; is related by }>;-1" E;=0 arising from over-all 
energy conservation. 

Using (1), and the fact that g(0/dg)Ma=>."M.™, 
we find that 


a é na 
AE=limi-g—M,=> limi—M,=) AE™. (5) 
a0 2 Og n 20 2 n 
Therefore 


Na oo 
AE limi —M a =ig" f dE,:--dE,1 
~) 2 « 


X0(Ey:+-E,)f(E::+-En-1), (6) 
where 


na p® 
O(F,- “ -E,)=tim— f dt;: ° “dln 
a0 2 es 


xexp( —a » |t;| ) em(i i El). (7) 

~ teat 

To evaluate 0(£,---£,) it is simplest to perform all 
the integrals involved in AE“, and then examine the 
result. We assume that the orders of integration may 
be freely interchanged, although one must still go to 
the a-limit after the time-integration. 

If we first perform the integrations over é,---t,—1 in 
(7), we find 


O(E,---E,) ‘ 


no n—1 2a 
=lim— | di, I] ( citi ett, (8) 
-O2/_. inl \E?7+e 


We do not integrate over /, at this stage so as to permit 
each of the (w—1) energy integrals to be performed 


independently. 
The jth energy integral is 








- 2a 
f dE; e ‘Fite f(Ey- ++ Ej+++ Ens). 
—~— “f+ 
This integral can be performed by extending £; into 
the complex plane and transforming to a contour 
integral. For ¢,>0 we close the contour in the lower 
half-plane. In this case there will be contributions from 
the simple pole at E;= —ia and from the singularities 
of {(£,---E;---En-1). We shall ignore the latter since 
they lead to smaller inverse powers of a, and give no 
contribution in the limit a—0. Then if we include the 
results for both positive and negative /,, this integral is 


ln 
anes s( 7, —ta—., :> E1), 


[tal 


Combining all such energy integrals, we find 


. na e 
AE™ = (2r)"“ig” ee 


x, fies lie ~) 
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= (2x) ig" lim fia, a 


+f(—‘a, ---, —ia)] 
= (2m)"tig”f(0,- - -,0). (9) 
This result shows that 
O(E;: . » Ey) = (2r)"" T1a(z)). (10) 


j=l 


On the other hand, suppose we let a—0 before we 
perform the time integrals. The resulting matrix ele- 
ment is 


Marme f dEy:--dEy10(Ey"*+E,) f(Ey:++En-1), 


—2 


where 


O(E\- ° E,)= f dt;- : -dly exp(i > E1,) 


j=l 


= (29) TL a(E)=(2n)0(0) TL ACE), (12) 


since >> j-1" E;=0. [The expression 6(0) is not well- 
defined, but this equation can serve to give it meaning. 
Alternatively, we could let >> 5.1" E;=,,, the energy 
difference between the initial and final states, so that 
6(0) is replaced by &(e,;), and then let e,-0]. As a 
result, 


O(E;:-+En)=275(0)O(Fi---E,), —— (13) 
and 
Mo” =—2rid(0)AE™. . (14) 
If we sum the contributions of all orders, we find 
M = 1n(¢| So| ¢)= — 27i5(0) AE, (15) 
or 
(g|So| g)= e727 HOSE, (16) 


This result was anticipated in a heuristic argument of 
Feynman.! So is the operator which is considered in 
the Feynman formulation; it is clearly more convenient, 
for purposes of calculation, than S,. If we expand the 
exponential in (16), we arrive at the following pre- 
scription: Compute, using the energy representation 
for all time-dependent functions, those terms in 
{¢|So|¢) which contain only one energy-conserving 
6-function (i.e., the connected diagrams).’? The sum of 
these terms is — 27i6(0)AE. 

I would like to acknowledge fruitful discussions with 
Professor Francis Low, Professor Thomas Fulton, and 
Dr. George L. Hall. 


7 These include terms corresponding to the self-energy of the 
vacuum as well as those yielding the energy shift of the system 
under consideration. These occur additively, and the vacuum- 
fluctuation terms can be separated from the real, physically- 
interesting, energy shifts. 
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Mobilities of He Ions in Liquid Helium* 


LoTHAR MEYER AND F. REIF 
Institute for the Study of Metals, University of Chicago, 
Chicago, Illinois 
(Received January 20, 1958) 


N investigation of the motion of microscopic 
charged particles in He II can be expected to 
yield interesting information concerning the elementary 
excitations in this quantum fluid. Recently Careri et al. 
reported some measurements on the heat flush of ions 
in He. We have made a direct study of the mobilities 
of positive and negative ions in liquid helium. 
Our method is essentially an adaptation of one used 
for ion mobility studies in gases by Tyndall and Powell.? 
The electrode assembly schematized in Fig. 1 is im- 
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Fic. 1. Schematic diagram of the experimental arrangement. 
The disk S is plated with Po". He ions produced near S drift 
under the influence of an electric field toward the collector C 
connected to an electrometer. The grid pairs A A’ and B B’ 
have ac potentials applied to them and act as shutters. 


mersed in liquid He. Alpha particles, emitted from Po?” 
plated® on the disk S, ionize He atoms immediately in 
front of S. Batteries connected to the various electrodes 
maintain between them electric fields of appropriate 
direction to drive ions of the desired sign to the col- 
lector C which is connected to an electrometer. The 
closely spaced pair of grids A A’, with a superimposed 
ac electric field of frequency v applied between them, 
acts like a shutter allowing ions to pass through pre- 
dominantly during one particular part of each cycle 
only. The pair of grids B B’, with the same ac field 
applied between them, acts like a second identical 
shutter. As a result, the number of ions reaching C is a 
maximum essentially whenever the time ¢, required for 
the ions to drift the distance d from A’ to B under the 
influence of the dc electric field E applied between 
them, is equal to an integral number of periods »~! of 
the ac field. An experimental curve of collector current 
as a function of » is illustrated in Fig. 2. The separation 
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Fic. 2. A typical experimental curve of current J reaching the 
collector vs the frequency v of the ac field between each shutter. 
In practice such a curve is traced out on a recording meter con- 
nected to the electrometer output while the oscillator frequency 
is slowly swept by a clock motor. 


in frequency vo between any two adjacent maxima or 
minima on this curve measures f~'. Thence one deduces 
the drift velocity u in the region A’ B and the mobility 
p=u/E. 

The experimental results obtained for the mobilities 
are shown plotted in Fig. 3. Since the effective value 
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Fic. 3. Logarithmic plot of the mobilities u of positive and 
negative ions as a function of 7. The dotted curve shows the 
yroduct «4» in arbitrary units, 7 being the viscosity of liquid He. 
PThe temperature-dependent values of 7 in the He I range are 
taken from R. D. Taylor and J. G. Dash, Phys. Rev. 106, 398 
(1957). Below the \ point the values of » are the normal fluid 
viscosities given in reference 7. ] 


of d is somewhat uncertain because of electrical edge 
effects near the grids and the finite separation of A A’ 
or B B’, the absolute values of u are uncertain to within 
a common scale factor* which may differ from unity by 
as much as perhaps 50%. Except for this scale factor, 
however, all the values should be good to within 2%. 
It was verified that « is indeed proportional to E, at 
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least between fields from 50 to 200 v/cm. Within this 
range of fields, therefore, there is no trace of the marked 
dependence of mobility on E claimed by Careri et al.’ 
The ratio u_/u, of negative- to positive-ion mobilities 
is slightly temperature-dependent; e.g., its value de- 
creases from 0.77 at 2°K to 0.62 at 1.18°K. The exact 
nature of the ions is not known. They may well be 
complexes more complicated than simple Het or 
He- ions.® 

The striking increase of u with decreasing temperature 
shown in the logarithmic plot of Fig. 3 suggests the 
correlation u.~p,,! with the density of the normal fluid. 
This is what one might expect from a simple model in 
which the ion mean free path varies inversely with the 
number of scattering excitations (predominantly rotons 
above 1°K) where these are not too dense, i.e., at tem- 
peratures sufficiently below the point. Putting ap- 
proximately p,~¢~*/*? for the roton contribution to the 
normal fluid density® in the temperature range of 
interest, the slope of the uw; curve in Fig. 3 yields 
A/k=8.3°K. This lies within the spread of values for 
A/k deduced from measurements of p, by different 
methods. Thus oscillating disk techniques yield A/k 
=10.6°K, whereas the combination of second sound 
and thermal data gives lower values in the range 
A/k=8—9.6°K.” On the other hand, in He I or just 
below the A point where the excitations are very dense, 
one might expect to be able to consider He like an 
ordinary liquid. In that case one expects u~9~! on the 
simple model of a quasi-macroscopic charged sphere 
being dragged through a medium of viscosity ».* The 
approximate constancy above 2°K of the product uy 
shown by the dotted curve in Fig. 3 may lend some 
support to this naive picture. 

It is planned to extend these measurements with 
improved techniques to temperatures below 1°K and 
to the rotating fluid. 

* This work was supported in part by grants from the National 
Science and the Alfred P. Sloan Foundations. 

1 Careri, Reuss, Scaramuzzi, and Thomson, Proceedings of the 
Fifth International Conference on Low Temperatures, Madison, 
Wisconsin, August, 1957 (unpublished), p. 79. 

2A. M. Tyndall and C. F. Powell, Proc. Roy. Soc. (London) 
A129, 162 (1930). 

8 We are indebted to Dr. J. L. Richmond of the Mound Labora- 
tory, Monsanto Chemical Company, for kindly preparing the Po 
source for us. 

‘If absolute values of the mobilities were of interest, the scale 
factor could be determined by making these measurements for 
two different values of the spacing d between A’ and B. The 
difference in drift distance would then be known and unaffected 
by edge effects near the grids which cancel. 

5 For example, in He gas He2* ions predominate over Het ions 
at the higher pressures [A. V. Phelps and S. C. Brown, Phys. 
Rev. 86, 102 (1952) ], and have higher mobilities than the latter 
since they are distinctly different from the neutral atoms and 
a do not suffer resonant charge exchange scattering. 

M. Khalatnikov, Uspekhi Fiz. Nauk S.S.S. R 59, 673 
41956). 

7 J. G. Dash and R. D. Taylor, Phys. Rev. 105, 7 (1957). 

8 J. Frenkel, pe oo? of Liquids (Oxford University Press, 
New York, 1946), p 
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21-Centimeter Solid-State Maser* 


S. H. Aurtert AnD Netson McAvoyt 
Lincoln Laboratory, Massachusetts Institute of Technology, 
Lexington, Massachusetts 
(Received February 3, 1958) 


3-LEVEL solid-state maser’ using K;Co(CN)s 

doped? with 4% KsCr(CN)s has been operated 
as an amplifier at 1382 Mc/sec. The design is somewhat 
different from a previously reported one which operates 
in the same frequency range.* Saturating power is sup- 
plied at 9070 Mc/sec through a wave guide while a 
coaxial line terminated in a probe serves as both input 
and output for the amplified power. The band width 
has been varied from about 1 Mc/sec to less than 50 
kc/sec by changing the probe insertion and thus the 
external coupling. At an operating temperature of 
1.25°K the product of voltage gain and band width is 
about 1.85 10° sec over a considerable range. 

A means of obtaining a reasonably large filling factor 
and still saturating all spins is to use a cavity with 
dimensions small compared to a wavelength at the signal 
frequency. With a coaxial cavity (Fig. 1) shortened by 
capacitative loading at one end, a filling factor of 
approximately 0.5 is obtained. Pumping is possible in 
several higher-order modes but best results were ob- 
tained for the 9070-Mc/sec mode. 

The maser operates at a magnetic field of about 1200 
gauss, making an angle of 18° with the a axis and 90° 
with the d axis of the crystal.? It can be seen from Fig. 2 
of reference 2 that in this region emission can occur 
between levels 2 and 3 and saturation between 2 and 4, 
where the levels are designated in order of increasing 
energy. 

It is of some interest that we were unable to make a 
maser amplifier work using the same cavity and a 
crystal containing 1% Cr. The reason for this is not 
yet understood, but a possible explanation is that the 
additional power required for saturation at the higher 
concentration raises the lattice temperature, reducing 
the spin-lattice relaxation time, which results in still 
greater power requirement for saturation, etc. 

The measured gain band width product is less than 
one-fifth the theoretical value for AM =-=-1 transition. 
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Fic. 1. Cross-sectional view of maser cavity. 
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Although a calculation of the wave functions in the 
operating region would be quite involved, it is likely 
that mixing of the states has greatly reduced the transi- 
tion probability between levels 2 and 3. Relatively weak 
paramagnetic absorption observed in the absence of 
saturating power confirms this, and better maser per- 
formance should be obtainable by operating at lower 
magnetic fields (200-300 gauss) where stronger absorp- 
tion is observed. This would require a somewhat lower 
pumping frequency than 9 kMc/sec. 

About 28 milliwatts of saturating power is required, 
which is considerably greater than that reported by 
McWhorter and Meyer.’ A reduction should be obtained 
by using a cavity mode at the saturating frequency 
which has no magnetic field nodes within the crystal. 

A new design for a tunable maser which incorporates 
these improvements is being constructed and may be 
useful in radio astronomy for observing Doppler-shifted 
hydrogen radiation. 

* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology. 

t Staff Member, Lincoln Laboratory, Massachusetts Institute 
of Technology, Lexington, Massachusetts. 

t Visiting staff. 

1N. Bloembergen, Phys. Rev. 104, 324 (1956). 

2A. L. McWhorter and J. W. Meyer, Phys. Rev. 109, 312 
(1958). 

3Ortman, Bloembergen, and Shapiro, Phys. Rev. 109, 1392 
(1958). 





Two-Level Solid-State Maser* 


P. F. Cuester, P. E. WAGNER, AND J. G. CASTLE, JR. 


Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received February 6, 1958) 


ICROWAVE amplification and oscillation have 
been observed at 4.2°K using two-level electron 
spin systems.' The materials used were single crystals of 
quartz and of magnesium oxide, each containing para- 
magnetic defects introduced by neutron irradiation.?# 
Samples were mounted in a reflection cavity resonant 
at 9kMc/sec and having a loaded Q of ~ 6000. Inversion 
of the electron populations was brought about by 
adiabatic rapid passage,‘ in which the magnetic field 
was swept through resonance. The field sweep also 
prevents excessive radiation damping’ immediately 
after inversion by taking the Larmor frequency off 
cavity resonance.* Microwave power for the inversion 
was supplied in pulses of 50 to 100 usec duration and 
about one-half watt amplitude at a repetition rate of 
10 cps. For convenience, inversion and amplification 
were observed as the magnetic field was swept back 
through resonance at a controlled delay after the in- 
verting sweep. Under these conditions the duration of 
the amplifying period was controlled by the rate of the 
return field sweep. The power reflected from the cavity 
was monitored with a frequency-stabilized cw klystron 
and a superheterodyne detector. 
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Fic. 1. Power emitted from cavity under oscillation condi- 
tions as the magnetic field is swept through resonance after 
inversion. 


With a quartz sample containing ~10'* spins, the 
inverted state persisted for 2 milliseconds at 4.2°K ; and 
regenerative amplification occurred for times up to 
1.2 milliseconds after inversion, the gain decreasing 
with time. A value of ~5X10® sec~! was obtained for 
the product (gain)!<band width, for gains between 8 
and 21 db. With sufficient inverting power and with or 
without monitoring power, oscillation was observed on 
the return through resonance. The peak power emitted 
during oscillation was 12 milliwatts in a pulse of about 
10 microseconds duration. Figure 1 shows a typical 
oscillation pulse. The structure of the pulse may be 
associated with field inhomogeneities known to be 
present. Similar structure has been reported for spon- 
taneous emission in doped silicon by Feher et al.’ After 
an oscillation pulse, amplification was still observed 
when subsequent field sweeps were applied. Figure 2 
shows the result of repeated field sweeps at 130-micro- 
second intervals. The wide signal on the left is caused 
by the inverting pulse. The signal occurring on the 
second sweep is oscillation. The next eight signals 
represent amplification each time the field passes 
through resonance, the gain falling from 16 db on the 
third sweep to 6 db on the seventh and to less than 
0 db on the eleventh. 


Power 


Init 
Gain 


ge ee eS ae 





0 ' 2 
Time in Milliseconds 


Fic. 2. Power reflected from cavity as a function of time after 
inversion as magnetic field is swept repeatedly through resonance. 
Horizontal trace represents unity power reflection. The inverting 
pulse and the oscillation peak both saturate the detector. Monitor- 
ing power: 4X 10-8 watt. 
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With an MgO sample containing ~10" spins, the 
inverted state persisted for about 2.5 milliseconds at 
4.2°K. Amplification was observed with a gain of 20 db 
at 125 microseconds after inversion, falling to 3 db at 
720 microseconds. 

We are indebted to Dr. R. A. Weeks of the Oak 
Ridge National Laboratory for irradiating the materials 
and to Mr. B. R. McAvoy for his assistance. 


* Supported in part by Wright Air Development Command, 
U. S. Air Force. 

1 The first attempt of this kind was reported by Comprusson, 
Honig, and Townes [Compt. rend. 24d, 2451 (1956), using 
doped silicon. 

2R. A. Weeks, J. Appl. Phys. 27, 1376 (1956). 

3 Wertz, Auzins, Weeks, and Silsbee, Phys. Rev. 107, 1535 
(1957). 

4F. Bloch, Phys. Rev. 70, 460 (1946). 

5 N. Bloembergen and R. V. Pound, Phys. Rev. 95, 8 (1954). 

6 P. F. Chester and D. I. Bolef, Proc. Inst. Radio Engrs. 45, 
1287 (1957); D. I. Bolef and P. F. Chester, Trans. Inst. Radio 
Engrs., Microwave Theory and Technique MTT-6, 47 (1958). 

7Feher, Gordon, Buehler, Gere, and Thurmond, Phys. Rev. 
109, 221 (1958). 





Energy Levels of an Asymmetric Rotor 


J. G. Baker 
Physical Chemistry Department, University of Cambridge, 
Cambridge, England 
(Received January 20, 1958) 


ICROWAVE spectroscopy is at present seriously 
handicapped by the lack of sufficiently extensive 
tables of the rotational energy of a rigid rotor. This is 
commonly described either by the £,, x rotation of 
King, Hainer, and Cross! or by a series expansion’ of a 
quantity w in powers of the Wang asymmetry param- 
eter, 6. The available tables’ give E, at 0.01 intervals of 
x up to J=12. More recent compilations’* give the 
coefficients in the series expansion up to J=40, but 
this converges prohibitively slowly when |x| <0.9 and 
the K value is small. 

Work in progress here on bent triatomic molecules 
requires accurate energies for J>12 and large asym- 
metries. A satisfactory technique has been developed 
by use of the method of Golden. This originally re- 
quired an exceptionally good tabulation of characteristic 
values M(s) of the Mathieu equation of parameter s. 
The new method instead uses the energy tables? for 
low J to obtain the energy levels of higher J by a 
“stepup” process, to be described. 

Golden gives the result : 


w= M (40) —20+206’+60'?+---, 
where 


=4/5|| J(J+1)—1-———], 
sie | orn Tee 
¢=4/61|1+——_], 

2I(J+1) 


the terms in a and # being small corrections. 
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The stepup process consists of increasing J while 
simultaneously decreasing the asymmetry, 6, so that 6 
remains constant. The quantity w then also remains 
constant, apart from small variations in 6’. The appro- 
priate value of w for the lower J and larger asymmetry 
is found from the tables,’ and corrected for higher J by 
using the values of a and # listed by Golden.* In practice 
it was necessary to develop more complicated relations 
in the £,, « rotation, but this does not affect the 
rapidity and convenience of the process. 

Table I compares tabulated values of £, for the level 
12120 with values calculated by the above method and 
by the series expansion up to 6°. 

There is good agreement for asymmetries so large 
that the series oscillates violently, though agreement 


TABLE I. Comparison of values of E, for the level 1219, . 




















« =0,90 « =0.80 
Tabulated value 151.111552 148.695733 
Stepup from 1111, o 151.111558 148.695724 
Stepup from 660 151.111397 148.694102 
Stepup from 339 151.109561 148.572802 
Stepup from 229 151.068250 
Series expansion 151.923200 230.240702 





becomes less good as the asymmetry increases, making 
the method valueless for |x| <0.5. It is also inaccurate 
when K is comparable with J, but the series expansion 
is then satisfactory. The value of the technique is that 
it gives satisfactory energies where other methods fail, 
and could yield even better results by use of these as 
starting points for an iteration solution of the secular 
determinant. Much tedious computation can also be 
saved by the recently suggested use of energy moments.*® 

I am grateful to the Department of Scientific and 
Industrial Research for a Studentship supporting this 
work and to Dr. T. M. Sugden for helpful discussions. 

1 King, Hainer, and Cross, J. Chem. Phys. 11, 27 (1943). 

2C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 

3 R. H. Schwendeman, J. Chem. Phys. 27, 986 (1957). 

4S. R. Polo, Can. J. Phys. 35, 880 (1957). 

5S. Golden, J. Chem. Phys. 16, 78 (1948). 

6L. C. Brown and P. M. Parker, J. Chem. Phys. 27, 1109 
(1957). 





Specific Heat of He® below 1°K 


D. F. Brewer,* A. K. Sreepuar, H. C. Kramers,t 
AND J. G. Daunt 


Department of Physics and Astronomy, Ohio State University, 
Columbus, Ohio 
(Received February 5, 1958) 


HE first measurements of the specific heat of 
liquid He’ under its saturated pressure by deVries 
and Daunt! covered the temperature range 0.5°K to 
2.3°K. Subsequent measurements by Roberts and 
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Fic. 1. Molar specific heat of liquid He* at a pressure of 12-15 cm Hg. © present results. Previous measurements at the 
saturated vapor pressure are shown as: A deVries and Daunt!; @ Roberts and Sydoriak?; * Abraham, Osborne, and 


Weinstock.’ 


Sydoriak? extended the range of observation down to 
0.37°K and those by Osborne, Abraham, and Wein- 
stock* down to 0,23°K. The later measurements, carried 
out with greater volumes of He’, were of higher accu- 
racy. All the data were consistent and showed that no 
marked anomaly, such as a A-point, occurred. in the 
range of temperature studied. They also showed the 
curious result that between about 0.3°K and 1.0°K the 


specific heat varied little with temperature, and no . 


unambiguous extrapolation of the curve could be made 
to T=0°K. It was considered important therefore to 
extend the observations to yet lower temperatures, and 
measurements down to 0,085°K are reported herewith. 

An adiabatic calorimeter of volume 0.5 cm* was used 
which was cooled below 1°K by a paramagnetic salt, 
the thermal connection being made through a super- 
conducting Pb thermal valve which could be opened 
and closed magnetically, as described elsewhere.‘ A 100- 
ohm manganin heater was used and temperatures were 
determined by susceptibility measurements of a cerium 
magnesium nitrate specimen thermally attached to the 
calorimeter. This salt was chosen since it accurately 
follows Curie’s law in the temperature range covered,® 
and has a negligible heat capacity. Details of the 
apparatus and method of measurement are deferred to 
a later publication. 

The results of our measurements of the specific heat 
of pure® He’ under a pressure of 12 to 15 cm Hg are 


shown in Fig. 1, which also gives the data from previous 
observations made at the saturated vapor pressure.’~* 
It is estimated that the smooth curve drawn through 
our data is accurate within +2%. No corrections have 
been made for the differences between C, and C,, 
which are negligible in this temperature range. 

It will be seen from Fig. 1 that the smooth curve 
falls close to the previous results down to 0.25°K and 
that below this temperature it continues to diminish 
smoothly with decreasing temperature down to 0.085°K. 
The curve appears to allow a linear extrapolation to 0°K 
to be made with a slope of 3.75 cal/mole-deg*. The 
justification for this linear extrapolation is reinforced 
by appeal to the entropy diagram of Fig. 2, which has 
been calculated by using the linear extrapolation and 
the measured specific heat. At 0.5°K we find Sjiqg= 1.39 
+0.03 cal/mole-deg. Since the difference between the 
Specific heat under 12 to 15 cm Hg and under the satu- 
rated vapor pressure is small in the range of our 
measurements, it is permissible to compare this figure 
with the value of 1.44 cal/mole-deg calculated for Stig 
at saturated vapor pressure from the most recent vapor 
pressure data.’ 

We feel that the experimental results reported here, 
together with the magnetic susceptibility data of 
Fairbank ef al. and the recent theoretical work of 
Brueckner and Gammel,’ now provide sufficient evi- 
dence to give a high degree of certainty to the linear 
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extrapolation that we have made, particularly in view 
of the close agreement (within about 2%) between the 
experimental and theoretical values of the linear term. 
Rigorously there always remains the experimental 
possibility of a transition, possibly accompanied by 
the appearance of superfluidity, at temperatures lower 
than those of our measurements; but we feel that the 
data presented here make this possibility now unlikely. 
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Fic. 2. Molar entropy of liquid He? at a pressure of 12-15 cm 
Hg, calculated from the present specific heat measurements by 
using a linear extrapolation from 0.085°K to 0°K. 


It is generally agreed” that the condition leading to 
superfluidity in He‘ is the absence of low-lying energy 
states apart from the collective phonon excitations. It 
follows from the linear Fermi-type specific heat that in 
He’ an abundance of low single-particle excitations 
exists down to 0°K, thus preventing the occurrence of 
superfluidity, a conclusion inherent in the original 
statistical approach of London." 

The marked deviation from an ideal Fermi function 
above about 0.2°K indicates a more complex character 
for the excitations at these higher temperatures. It is 
anticipated that further insight into the nature of the 
excitations will result from measurements on the liquid 
under pressure, which are now in progress. Further dis- 
cussion is therefore postponed. 
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Electron Nuclear Double Resonance of 
Neodymium* 
Donatp Hatrorp, Crype A. Hutcuison, JR., AND 
Peter M. LLEWELLYN 


Enrico Fermi Institute for Nuclear Studies and Department of 
Chemistry, University of Chicago, Chicago, Illinois 
(Received February 5, 1958) 


HE method of electron nuclear double resonance 

has recently been employed by Feher' for investi- 

gation of some solid state problems. In this letter we 

discuss the application of the method to an investigation 

of Nd** in LaCl, crystals. 

Both Nd and Nd"* have nuclear spin 7/2. The 

lowest crystal field state of Nd*t*(f*,‘79/2) in LaCl; is a 
Kramers doublet described approximately by” 


0.941 | +7/2(—0.339| 5/2). 


The energies of the hyperfine levels are therefore 
given by* 
W (M,m) = —4hcA+hcP{M?+m*+2Mm—5} 
+3{[(M-+m)hc(A—2P)+¢\,8H }? 
+ (hcB)*[16—(M-+-m)?]}}!—gn'bHm, (1) 


for the case in which H is parallel to the c axis of the 
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LaCl; crystal. A, B, P, and g); are parameters in the 
spin-Hamiltonian (S= 4) 


H=B(g)HS.+¢.[HS.+HSy]} 
+he{ ASI, +BLSel t+Syly] 
+PUI2—4(I+1)]}—gw/BvH-L. (2) 


It has been pointed out by Bleaney‘ that in the 
second-order perturbation theory treatment of the 
hyperfine patterns of paramagnetic resonance spectra, 
the cross-product term between the matrices of the 
magnetic perturbation, 6H -(L+-2S), and of the nuclear 
spin perturbation, aI-J, must be taken into account. 
This will be seen to introduce the term (notation of 
Elliott and Stevens®) 

(¢5| Jel os) 


48*BvgwHm(r-*)(J|\A\| JX IN| J) 
—— | Wi-W; 


in the energy in the case in which only the crystal field 
states, y;, of the lowest multiplet ?5*4Z y are taken into 
account. This term has the same dependence on nuclear 
magnetic moment and on external field strength as 
does the usual term —gy8vHm representing the direct 
effect of the external field on the nucleus. For fixed 
orientation of the crystal the two are therefore experi- 
mentally indistinguishable. This effect is similar to the 
paramagnetic chemical shift of an ordinary nuclear 
resonance with the exception that the intervals W;—W; 
between the crystal field levels are relatively small and 
the apparent external field seen by the nucleus may be 
much larger than the actual external field. 
We may write 


gv’=0( 14-49% I|/al| JIL) 
(¢5| Jn | ¢:) 
i W,;-W; 7 





(3) 


TABLE I. Frequencies of second resonance for Nd™*, 
It is assumed that A is positive. 





|H| for normal 
paramagnetic 
resonance at 
9218 Mc sec™ 
m (gauss) 


ees” ee 


Frequency for 
second resonance 
(Mc sec™) 


412.17 
406.22 


413.58 
406.97 
405.58 





—5/2 1999.3 


1570.0 393.56 
389.60 
388.80 


385.75 


+1/2 


+3/2 1428.2 
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In our experiments the transitions 
(},m)—>(3,m+1) and (—},m)—>(—},m+1) (4) 


were induced by introducing a second field, with fre- 
quency matching these transitions, into the cavity in 
which normal paramagnetic resonance of the transition 


was occurring at approximately 9000 Mc sec. The 
second field was frequency-modulated at frequencies 
from 1.25 10° to 4X 10? cycle sec~!. The ac component 
of the microwave carrier at this modulation frequency 
was detected by crystal diode or bolometer. When any 
of the transitions (4) occurred, populations of the 
nuclear states fluctuated at the modulation frequency, 
producing a signal. The second resonances have a width 
of ~1X 10° cycle sect. 

In Table I are given the frequencies so far observed 
at which the second resonance for Nd™* occurs when 
the ¢ axis of the crystal is parallel to H. The remainder 
of the measurements are in progress 

gi; and A have been previously measured? for Nd 
and found to be 3.996 and 0.0264 cm™, respectively. 
Using these values, the data in Table I are fit by (1), 
using the following values of the remaining parameters 
and assuming A to be positive: B=0.01034+0.00002 
cm™!, gyj;’=—0.345+0.006, and P=(—1.27+0.30) 
X10-* cm. Using the formula of Elliott and Stevens® 
and (r~*)=42X10" cm~, the quadrupole moment is 
given by 

Q=0.0104X 10-™ cm?, 


The crystal field states of Nd** in LaCl; have pre- 
viously been calculated* using the optical data of 
Sayre, Sancier, and Freed® for Pr** in LaCl; to obtain 
values of the crystal field parameters which were 
extrapolated to the case of Nd**. Using these states, we 
have calculated the values of gw,’ and gw’. We find 


gyi =gn(1+(7-*)3.946X 10-*), (6a) 
gyi’ =gn(1+(7-*)6.967X 10-8), (6b) 


(The contribution of the /=11/2 state is also taken 
into account in this calculation.) The experimental 
value of A for Nd™ gives 


gn(r*)= —7.600X 10% cm-, (7) 
not allowing for any s contribution. This value cannot 
be combined with (6a) to obtain reliable numerical 
values of gy and (r~*) because of the uncertainty with 
respect to the amount of s contribution and the very 
great sensitivity of the numerical values to the assumed 
amount of this contribution. Taking 42 10% cm- as 
the value’ of (r~*), (6a) gives gv=—0.130 and (7) 
gives gv= —0.181. 

Measurements of gw’ would enable us to find both 
gw and (r~*) with good accuracy from (6a) and (6b). 
Extensive observations of second resonance in the per- 
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pendicular orientation have been made on both Nd"** 
and Nd and will be discussed in a complete paper on 
this subject. The main difficulty in the analysis of the 
data for the perpendicular orientation is in the fitting 
of the results to the spin-Hamiltonian (2). Formulas of 
fourth or higher order perturbation theory must be 
used to obtain sufficiently accurate values of the 
parameters inasmuch as, particularly in the case of 
Nd, the normal second- and third-order contributions 
to the hyperfine effects are very much larger than that 
coming from gw,’BwH -I. 

We thank Eugene Wong for the preparation of the 
crystals used in these experiments. 

* This research was supported in part by the U. S. Atomic 
Energy Commission. 
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Anomalous Behavior of Al*’(p,«)Mg™ 
Differential Cross Sections* 


G. E. Fiscner, V. K. Fiscner, E. A. REMLER, 
AND M. D. TATCHER 


Columbia University, New York, New York, and Brookhaven 
National Laboratory, Upton, New York 
(Received February 13, 1958) 


HE partial success of Butler’s direct interaction 

theory’ in fitting the experimental C!?(a,p)N"* 
angular distributions suggested an investigation of 
(pa) reactions. The differential cross sections™of 
Al?"(p,a0)Mg™ (Q=1.60 Mev) and Al?’(p,0;)Mg™* 
(Q=—0.23 Mev) have been measured for protons of 
approximately 11 Mev from the Brookhaven National 
Laboratory 60-inch cyclotron. Alpha-particle groups are 
separated from proton and deuteron groups by a 
(dE/dx) vs E proportional counter scintillation counter 
telescope. This counter, the scattering chamber, and 
associated equipment have been described elsewhere.” 
Beam energy and energy spread are determined by 
range measurements using the range curves of Aron, 
Hoffman, and Williams. The initial proton energy 
varies between 10.3 Mev and 11.0 Mev depending on 
cyclotron operation conditions, and the energy spread 
is approximately 200 kev. Lower proton energies are 
obtained by degrading the beam with aluminum 
absorbers. 

Figure 1 shows the angular distributions measured 
for the Al(p,a) reactions leading to the ground and 
first excited states of Mg™ respectively, both at 10.97 
and 10.87 Mev incident proton energy. Figure 2 shows 
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Fic. 1. (A) Angular distributions of alpha particles from 
AF? (p,a0)Mg™ (Q=+1.60 Mev) for 10.97-Mev and 10.87-Mev 
protons. Theoretical curve calculated from Butler’s' Eq. (58) 
for r=4.50X 10~ cm and for 10.9-Mev protons. Q= (23/27)k, 
— (23/24)ka. (B) Angular distributions of alpha particles from 
AP7(p,0:)Mg™* (0=+0.23 Mev) for 10.97-Mev and 10.87-Mev 


protons. 


the differential cross sections at laboratory angle 45° 
for these reactions as well as for protons scattered 
elastically from aluminum, as a function of proton 
energy. The curves in Fig. 2 were obtained after a 
major cyclotron shutdown and it was not possible to 
bring the beam energy up to its previous value of 
10.97 Mev. The estimated maximum experimental error 
is 15% for the differential cross sections. The absolute 
bombarding energy is believed to be known to 100 kev. 
Energy changes are known to 2%. 

The theoretical curve in Fig. 1 was calculated from 
Eq. (58) of Butler’s paper! for 10.9-Mev protons. The 
nuclear radius used, r=4.50X 10~-" cm, was that which 
gave the best fit to the minimum and second maximum, 
It was not possible to reproduce the first maximum 
with a reasonable value for the radius. Butler’s theo- 
retical expression predicts less forward peaking than is 
observed for (a,p) reactions.’* Hunting and Wall* 
obtain a much improved fit to their (a,p) data with the 
expression exp(—(Q?/Qo")| 7:(Qr)|* for the differential 
cross section, taking the Fermi momentum into account. 
For Al*’(a,p)Si® they required a radius of 4.98 10-¥ 
cm for a fit to their data. However, for Al?”(p,a0)Mg™ 
The Butler theory predicts more forward peaking than 
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Fic. 2. Differential cross sections for Al?7(p,p)Al?’, Al?7(p,ao) 
Mg™, and AP’(p,a1)Mg™ at @»=45° as a function of proton 
energy. : 


is observed (Fig. 1) and the expression used by Hunting 
and Wall makes this disagreement worse. That a smaller 
radius is required to fit Al(p,a) data than Al(a,p) data 
probably reflects the extent of the incoming particle. 

The sharp energy dependence observed for these 
Al(p,a) differential cross sections was not expected. 
Two lines of discussion, however, may be advanced to 
account for these observations: 

(1) Direct-interaction theories,‘ calculated by using 
plane waves, predict a very slow variation with energy. 
Cross-section expressions derived for (p,p’) reactions by 
Levinson and Banerjee® using distorted wave functions 
are too complex to permit an easy calculation, but 
single-particle resonances would probably have widths 
of the order of 1 Mev.* Thus, a distorted-wave calcula- 
tion for Al(p,a) reactions would probably also not yield 
as sharp an energy dependence as was observed. How- 
ever, Owen and Madansky’ obtained a good theoretical 
fit to their B'(d,n)C™ angular distributions, which 
display a large energy dependence, by including heavy- 
particle or exchange stripping in a Born approximation 
calculation. An analogous approach may yield agree- 
ment with these Al(p,a) data. 

(2) Compound-nucleus processes might be expected 
to yield a sharp energy dependence if either the con- 
tinuum or statistical assumptions about the compound 
nucleus were violated. However, in this case, the con- 
tinuum assumption is probably valid, since the com- 
pound nucleus, Si®*, would have up to 22.7 Mev of 
excitation. Certainly, the mean level spacing® is much 
less than the beam energy spread. If the statistical 
assumption is not satisfied (e.g., the decay-channel 
reduced-width amplitudes are correlated), then an 
energy dependence might be expected from either 
purely compound-nucleus processes or interference be- 
tween compound-nucleus and direct-interaction proc- 
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esses.’ The failure of the statistical assumption has also 
been suggested by Eisberg and Hintz” as a possible 
explanation of their A“(p,p’)A®* angular distributions. 

To summarize: the partial fit of the Al?’(p,a0)Mg™ 
data by a curve of the general form | j2(Qr)|* suggests 
that direct-interaction processes play a substantial role 
in determining the differential cross section. Thus, 
either interference between various direct-interaction 
processes or between direct-interaction and compound- 
nucleus processes, implying a failure of the statistical 
assumption, or both, are responsible for the sharp 
energy dependence. Experiments of high resolution are 
in progress. 

The authors thank Dr. C. P. Baker and the crew of 
the Brookhaven National Laboratory cyclotron for 
their patient cooperation. They also thank Dr. B. 
Margolis for many helpful discussions and Dr. C. A, 
Levinson for his suggestions. 


* This work partially supported by the U. S. Atomic Energy 
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Hyperfine Structure Measurements on 
Neptunium-239} 
J. C. Huspss anp R. MArrus 
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(Received January 20, 1958) 


HE atomic-beam magnetic-resonance method has 

been used to investigate 2.36-day Np*® in the 
low-field or Zeeman region of hyperfine structure. The 
spin of this nuclide is found to be 5/2 in agreement 
with the conclusions of Hollander, Smith, and Mihelich 
from beta- and gamma-spectroscopy' and with the 
predictions of the Bohr-Mottelson model, but appar- 
ently in conflict with measurements by the methods of 
optica]* and paramagnetic-resonance’ spectroscopy. The 
principal observations have been made in a low-lying 
electronic state with measured J=11/2, gy=0.6551 
+0.0006, which is probably the ground state of the 
electronic configuration (5f)*(6d)!(7s)*. 
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Fic. 1. Low-field search in Np*. Resonances in the states F=8 
through F=4 are shown. The F=8 and F=7 states are unresolved 
at 1.4 Mc/sec; succeeding peaks (left to right) are from F=6, 
F=5, and F=4. 


The material is produced in curie amounts by neutron 
activation of depleted (0.4% U™*) uranium. A beam is 
detected in one of two ways: (a) the beam is collected 
on a sulfur surface and counted in scintillation counters 
with low beta-detection efficiency but with high effi- 
ciency for gamma rays between 20 and 200 kev, or 
(b) the beam is collected on a flamed platinum foil and 
detected in flow proportional counters sensitive to beta 
particles above about 5 kev. 

An initial attempt to form a beam of neptunium was 
made by vaporizing the material directly from the 
uranium. Although the relative vapor pressures are 
suitable, this technique failed as a result of uranium 
creep. At beam temperatures the uranium interacts 
with the tantalum oven slits to form a low-melting- 
point alloy. The resulting destruction of the slits in- 
variably leads to an intolerable background count at 
the detector. 

A beam of neptunium is, however, successfully made 
by a high-temperature decomposition of neptunium 
carbide, which is in turn formed by an intermediate- 
temperature reduction of neptunium oxide by carbon. 
The gross target material is oxidized in air, mixed with 
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a large excess of graphite powder, and placed in a 
tantalum oven. The reduction stage is signaled by the 
liberation of large quantities of CO, starting at a tem- 
perature of about 1000°C. When this stage is completed, 
the oven temperature is raised to 1800-2500°C to 
obtain a beam. The temperature dependence of nep- 
tunium effusion rate in this region is typically a factor 
of 4 per 100° temperature rise. 

Low-field runs covering a considerable range of g 
values (Fig. 1) indicate that prominent resonances arise 
from the system J=11/2, J=5/2 and that there are 
probably other electronic states in the beam. The 
accuracy in the assignment of g values from these data 
is, however, too low to convincingly establish this 
assignment. Therefore each of the five prominent reso- 
nances has been followed to a magnetic field of 25 gauss. 
All observations of the six resonances associated with 
J=11/2 are given in Table I. The sixth resonance 
associated with the state F=3 is very weak relative to 
the other five because of apparatus discrimination, and 
is included for completeness only; the reliability of 
observations on this state is probably no better than 
five to one. 

The essential conclusions that may be drawn from 
Table I are that, to the accuracy of measurement, the 
system is in the Zeeman regicn of hfs; that relative and 
absolute resonance intensities are consistent with the 
assumption that J=11/2, J=5/2 comprises a major 
fraction of the beam; and that, to an accuracy of one 
part in a thousand, all six transitions fit the system 
J=11/2, 1=5/2, g,;=0.6551. With the electronic angu- 
lar momentum and g value thus established, a search 
was made for the spin 1/2 previously reported for this 
nucleus. When detection system (b) is used, and at a 
time 5 days after production of the sample, the product 
of relative decay rate and detection efficiency for spin 
1/2 is found to be conservatively less than 5% of that 
for the spin-5/2 state. 


TABLE I. Summary of data. 











Magness Seid Total angular momentum 
c/sec F=8 F=7 F =6 F=5S F =4 F =3 
Experimental 1.443 0.76+0.02 1.04+0.02 
observations 1.985 0.430.015 0.479+0.015 0.534+0.015 0.635+0.015 
(gr) 2.969 0.451+0.010 0.485+0.010 0.5434+0.010 0.624+0.010 0.788+-0.010 
5.880 0.451+0.005 0.540+-0.005 
11.544 0.449+0.003  0.484+-0.003 
18.786 0.4841+0.0015 
27.386 0.53792-0.0010 0.6222+-0.0010 0.7697+0.0010 1.0649+0.0010 
35.535 0.4505+0.0008 0.4856+0.0008 0.5379+0.0008 0.62232-0.0008 0.7686+-0.0008 
Mean experimental value (gr) 0.4504+0.0008 0.4853+-0.0007 0.5379+-0.0006 0.6223+0.0006 0.7692+.0.0006 1.065+0.0010 
Calculated gr values; J = 11/2, 
I=5/2, g7=0.6551, gr=0 0.4504 0.4855 0.5381 0.6223 0.7697 1.0645 
Mean observed resonance in- 
tensity in percent direct 
beam 0.3% 0.3% 0.25% 0.15% 0.15% 0.04% 
Calculated intensity for only 
J=11/2, T=5/2 in beam 0.47% 0.47% 0.47% 0.45% 0.36% 0.12% 
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Fic. 2. Np™ decay curves for a direct beam (2.37+0.1 days) 
and for resonances from the states F =8 (upper 2.4+0.4 days) and 
F=6 (lower 2.4+0.4 days). 


Samples have been shown in several ways to be 
Np™. First, aliquot fractions of the target and intense 
direct beam exposures have been shown to have a 
gamma spectrum essentially identical to that reported 
for this isotope,‘ and, secondly, half-lives have been 
taken on the target and on a direct beam and two 
resonances (Fig. 2). 

If we assume that the ground-state configuration of 
neptunium contains only 5/ and 6d electrons,° only the 
configurations (5/)*(6d)! and (5/)?(6d)* have, from 
Hund’s rule, ground-state angular momenta J= 11/2. 
The configuration of uranium has been found® to be 
(5f)*(6d)! and that of plutonium is’ probably (5/)*. 
It is therefore highly probable that the ground-state 
configuration of neptunium is (5/)*(6d)'. The g value 
of this state in pure Russell-Saunders coupling is 
0.615 ; however, results of optical spectroscopic investi- 
gations in this region clearly show that this coupling 
scheme is inadequate to describe configurations in- 
volving unpaired 5f and 6d electrons. A much better 
approximation that has been found to give considerable 
success in interpreting the g values of uranium is that 
the electrostatic coupling between 5f and 6d electrons 
is small in comparison to the fine-structure coupling in 
each shell. In this approximation the two shells are 
individually in Russell-Saunders coupling, and the 
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electrostatic interaction between 5f and 6d electrons 
removes the degeneracy in the total angular momentum. 
Thus under this approximation the ground-state wave 
function is (?Ds2—*J4)11/2, giving a g value of 0.6547 if 
diamagnetic corrections and the relativistic breakdown 
of Russell-Saunders coupling are neglected. 

The authors wish to acknowledge their indebtedness 
to J. L. Worcester for his able assistance in the early 
stages of the research and to W. A. Nierenberg, B. B. 
Cunningham, and L. Brewer for helpful discussions. 
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Chirality of Tensors and Parity- 
Nonconserving Interactions 
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AND 
Satost WATANABE, International Business Machine Research 
Laboratory, Ossining, New York 
(Received February 14, 1958) 


T is shown that there necessarily exist two inde- 
pendent chirality operators, X, Y, in tensor calculus, 
and that any Lagrangian has to be invariant under the 
combined transformation X-Y-P, where P is the 
parity operator. The requirement that any interaction 
Lagrangian should be invariant under one of these three 
and noninvariant under each of the remaining two 
seems to delimit the possible types to a reasonable 
number of varieties as necessitated by experiments. 
The group G of congruent transformations in the 
Minkowski space is divided into a class J including no 
space inversions and a class P including space inver- 
sions.! The factor group G/J consisting of J and P 
satisfies the following relations: 


I-I=I, P-P=I, P-I=1-P=P. (1) 


If L is a faithful representation of the group G, then 
IL and PL will also be a faithful representation of G. 
A chirality operator X should be defined by? 


X-X=I], X-I=1-X=X, X-P=—P-X. (2) 


The lowest possible rank of the representation of this 
group consisting of J, P, and X is two.* If the representa- 
tion PL with a second-rank P is used, it is obvious that 
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there exist two distinct chirality operators, X and say Y, 
such that J, P, X, and Y are linearly independent and 
that Y satisfies the same equations as X in (2).4 For 
symmetry of the theory, let us further require that 
X-Y=—Y-X. Then, it follows that the product X -Y -P 
commutes with X, Y, and P, ie., it is a number. 
Setting 

X-Y-P=i, (3) 


we note that X, Y, and P can be expressed by Pauli 
matrices. 

Let us denote the eigenvectors of P corresponding to 
eigenvalues +1 and —1 by S; and S_, respectively. 
Then the effects of operations X, Y, and P on Sx are 


Pade Bei BBs 
Xx: S-8,... SS, (4) 
ee ae ee 


The transformation rules for Tx, eigenvectors of X, 
and for R,, eigenvectors of Y, can be obtained from (4) 
by cyclically permuting S, T, R, and P, X, Y. It is 
obvious that we can write 


T.=3(Sy4AS_), Rg=}(S,FiS_). (5) 
Examples of S;, 7, and Rx are given by 
S,=Ve, S_=iyse, 
Sir =iWrye, S.-= Wyse, 6) 


T.=V(1+175)¢, T 4 =i¥y.(1+75) ¢, 
Rs=¥(1+75) ¢, Ryus=tWy,(1F is) ¢. 


Admittedly, T, (R,) and T_ (R_) are interchanged by 
changing the relative sign of S, and S_, and, in the 
case of a vector, also by interchanging particles with 
antiparticles. This interchange in both cases amounts 
to a change of sign of ys. To avoid this kind of am- 
biguity, one needs only adhere consistently to one of 
the alternatives. 

The charge conjugate of S; as defined in (6) is 
simply S,*, which is the Hermitian conjugate of Sx. 
This means that 7* is just the charge conjugate of T;, 
while R,* is the result of charge conjugation and 
reversal of the Y chirality (see Eq. (5)). It is then 
natural to assume that this rule holds also when 
Ss, Ts, Rs are not built from spinors but represent 
boson fields. 

An important theorem which follows from (3) is that 
any one of the quantities Si, 7, Ry returns to the 
original quantity (except an arbitrary phase factor) 
by the combined transformation P-X-Y. Thus, any 
product of these quantities also is an invariant under 
P-X-Y. This is very similar to the invariance theorem 
for P-T-C.5 Any such product can be (1) invariant 
under each of X, Y, P, or (2) invariant under one of 
X, Y, P and noninvariant under each of the remaining 
two, or (3) noninvariant under each of the three. (An 
example of the last case is S,R,.) 

Our basic hypothesis on the interaction Lagrangian 
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is that besides being invariant under L, it should belong 
to the second of the above three possibilities. This is 
achieved by making a product of two quantities of the 
same kind, i.e., S,5,’, S_S_’, T,T,', T_T’, RR,’, 
RRS 

The electromagnetic interaction of a spinor belongs 
to the type S;S,’, while the pion-nucleon interaction 
belongs to the type S_S_’, which both are invariant 
under P only. The parity-nonconserving Fermi interac- 
tions: (1s) pE(1ys)n and Py,(1s) oy. (1ys)n 
belong respectively to R,R,’-type and 7,47,4’-type, 
which are respectively invariant under Y and X. 

One of the authors (Y. T.)’ previously proposed a re- 
normalizable theory of Fermi interactions which are 
mediated by a boson of a very heavy mass and a very 
short lifetime. This theory can be adapted to newer 
experimental data by assuming that the bosons are 
scalars of the R,-type. The interaction term with 
spinors should then be of the RiR,’-type. The details 
of this theory will be discussed in a separate paper. 

One of us (Y. T.) would like to thank Professor J. R. 
Oppenheimer for the hospitality extended him at the 
Institute for Advanced Study. 
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Inner Bremsstrahlung and the Magnetic 
Moment of the Neutrino 
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ECENT £ decay developments have restimulated 
interest in the question of whether the neutrino 
magnetic moment, m, and mass are small or zero. 
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Ionization measurements! yield n<10-* Bohr mag- 
neton. 

The possibility of detecting m through inner brems- 
strahlung (I.B.) has been considered’; contributions 
proportional to n’ were found. However, there is also a 
term linear in nm which arises through interference be- 
tween electron and neutrino radiation. The inclusion of 
parity-nonconserving 8 couplings leads to a circular 
polarization, P, of the y ray.’ P too is found to have 
a term linear in m. In this respect, I.B. is then a more 
sensitive process for the detection of than ionization, 
which is proportional to ?. (On the other hand, in 
ionization the neutrino effect is the total effect rather 
than a correction, and large neutrino fluxes are avail- 
able.) The neutrino moment is taken to be of the Pauli 
form.® The term in n? is dropped, and Coulomb effects 
are neglected. For allowed transitions the probability 
per unit time for emission of a polarized photon is then 
(h=c=1) 


S$ (Ro, e)dko =dky 


Wo-ko 


xf 
where 


dP (ko, po,0,€) =ap[4rkogog | sinddé 
X E{ pol +ho(U+V)+6(0)mU+d(U+V)ik-e 
X e*-+-n(fhko?T/ por dghko?/m—hpo(2mT)“ 
xX (U+V)ik-eXe*)}, (2) 


dpo(Wo—q)*¢uqhe-* f db, (1) 


ko, k and fo, p are the final energies and momenta of 
the y and e, respectively, m is the mass of e, B= p/po, 
qo= potko, g= (qo?—m*)!, e is the polarization vector 
of the y,@is the angle between k and p, T= (1—8 cos@)~', 
U=T"'8? sin@, V=koT/po, Wo is the 8 spectrum end- 
point energy, £, £b(0), and éd were defined previously*:® 
(set aZ equal to 0), and 


tf=(|Cs|*—- |Cs'|*)|Mr|? 


—4}(|Cr|?—|Cr’|*)|Mar|*, (3a) 

ég= (Cs*Cy—Csg'*Cy’) | My! 2 
—4(Cr*Ca—Cr'*Ca')|Mer|*+c.c., (3b) 

th= (Cs*Cy’—Cs'*Cy)|Mr|? 
—43(Cr*Ca'—Cr’*Ca)|Mar|*+c.c. (3c) 


The upper sign is used for e~ emission and the lower 
sign for e+ emission. The magnetic moments of »v and 7 
are taken to be equal and opposite. 

The term néfko?T/po is always small compared to 
ng poU+ko(U+V) J=nimY. When we neglect this 
term, the ¢b(0) or Fierz term,’ and terms in n?, Eq. (2) 
yields 


P~P{+1—npo(2mT)“ 
x [EgketD (tpn) th/ed}, (4) 
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where P=[d@,—db_]/[db,+d_] (the subscripts + 
and — give the helicity of the y ray), and P,=£édko 
x (U+V)/(émY). The factor po(2mT)— can enhance 
the neutrino contribution but it never exceeds 30; the 
neutrino contribution is then appreciable only if §d/&<1, 
in contradiction to experiment.* While knowledge of the 
C; and C;,’ values is not yet complete, it seems reason- 
ably certain that C,’~ —C; for all i or that C;’~+C; for 
all i. (Much more is known about these coefficients but 
this is not relevant here.) If either of the above relations 
is exact (as in the two-component theory), rather than 
approximate, the coefficient of m in Eq. (2) vanishes. 
If |C/’| — |C;| =C,A; where 0 | A;| <1, then the coeffi- 
cient of m in Eq. (4) is of the order of the |A;| and it 
would be extremely difficult to detect m. Further, 
Coulomb and other effects have been neglected; these 
outweigh the neutrino effect. It will therefore be 
necessary to measure P as a function of some variable, 
say 6, in order to better isolate the effect of m, rather 
than simply to measure the over-all polarization ob- 
tained by performing the necessary integration in 
Eq. (2); this makes the experiment even more difficult 
to perform. 

K capture yields analogous results but without an 
enhancement factor and so is less interesting for our 


purposes. 
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Energy and Momentum of Cylindrical 
Gravitational Waves* 


NATHAN ROSEN 


Department of Physics, Israel Institute of Technology, Haifa, Israel 
(Received February 12, 1958) 


OME time ago it was found by the present writer! 
that in the case of cylindrical gravitational waves 
emitied by a line source, the waves in empty space do 
not appear to carry energy or momentum, judging by 
the form of the gravitational energy-momentum density 
pseudotensor. This result was confirmed by Weber and 
Wheeler.” 

The purpose of the present note is to point out that 
the foregoing rather puzzling result can be explained by 
the fact that it was obtained by calculating the gravita- 
tional energy-momentum density pseudotensor in a 
cylindrical polar coordinate system. This is a question- 
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able procedure since it is known that integrals of the 
components of this pseudotensor have a physical 
meaning only if the coordinate system goes over at 
infinity into a Galilean system. One should therefore 
carry out the calculations in a Cartesian coordinate 
system, rather than in a polar coordinate system. 

It turns out indeed that if one goes over to a Cartesian 
coordinate system, or, what amounts essentially to the 
same thing, if in the polar coordinate system one takes, 
in place of the pseudotensor, the corresponding fensor, 
obtained by using at the same time the metric of the 
curved space and of the flat space with the same 
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coordinates® (since for the Cartesian system the tensor 
and pseudotensor coincide), the difficulty disappears: 
the energy and momentum densities and current den- 
sities associated with the gravitational waves are found 
to have finite, and reasonable, values. 

Details of the calculations will appear elsewhere. 


* Supported in part by the Office of Scientific Research, U. S. 
Air Force. 

1N. Rosen, in Jubilee a ag Theory (Helv. Phys. Acta 
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Verlag, Basel, 1956), p. 171. 

2J. Weber and J. A. Wheeler, Revs. Modern Phys. 29, 509 
(1957). 

3.N. Rosen, Phys. Rev. 57, 147 (1940). 





IMPORTANT ANNOUNCEMENT 


EGINNING with the issue dated July 1, The 
Physical Review will no longer carry Letters to the 
Editor. These will be published in a supplemental semi- 
monthly journal tentatively called Physical Review 
Letters. By the use of offset printing the Letters will 
appear about two to three weeks after receipt instead of 
the present six to ten weeks. The new Physical Review 
Letters will also print copies of the abstracts of future 
Physical Review articles. 

Physical Review Letiers will initially be sent gratis to 
all subscribers of The Physical Review. However, be- 
ginning January, 1959, a subscription price will be 
charged amounting to $5 for members of the American 
Physical Society and $10 for nonmembers. At that date 
the publication charge in Physical Review Letters will be 
set at $30 instead of the present $25 per page. 

The aim of Physical Review Letters is to improve 
communication among physicists, thereby speeding up 
the flow of ideas, increasing the interaction of results 
on related work, and reducing duplication of effort. It 
will make important results available promptly to all 
physicists and not merely to the privileged few whose 
names happen to appear on mailing lists for preprints. 

Such a fast-publishing journal may become very 
popular with authors and could soon grow beyond 
reasonable bounds. It is therefore our intention to 
maintain the same strict standards for Physical Review 
Letters as are now in operation for Letters to the Editor. 
We expect that on the average only about fifteen letters 
will be acceptable for each issue. Letters will be accepted 
only if they contain important new discoveries or cover 
topics of high current interest in rapidly changing fields 
of research. Contributions that do not conform to these 
requirements do not deserve the very special handling 
given Letters and, no matter how short they may be, 
should be submitted for publication as Articles in The 
Physical Review. Letters must be self-contained in that 
readers should be able to understand the physics of 


the contribution—i.e., the procedure followed and the 
arguments used. We shall reject all Letters which 
merely claim results, announce future publications, or 
advertise papers published elsewhere. We shall also try 
to discourage the publication of a research program in 
a series of Letters instead of in a comprehensive article. 

We have never adhered strictly to the size limitation 
of Letters (600 words) but we prefer that they be less 
than a printed page (1000 words) and contain no more 
than two figures. Contributions of excessive length 
cannot be accepted as Letters. 

Since speedy publication allows no time for thorough 
refereeing, the Editor is likely to make mistakes and to 
include occasionally Letters of minor importance or 
below our usual standards. Such occurrences cannot be 
used as a precedent to require the Editor to accept 
similar Letters later on. 

To assure speedy publication it is absolutely essential 
that manuscripts reach us in weil-edited form. We have 
no time to perform a library research to complete faulty 
references, to locate references in the text, to correct 
errors in equations, to define undefined symbols, or to 
identify unclearly written symbols (s or S, x or k or K, 
etc.). Figures should be in India ink with the lettering 
and symbols (also in India ink) large enough so that 
they are readable after reduction of the figure to three- 
inch width. Improperly prepared manuscripts will be 
returned, thereby being delayed in publication. 

As in the past, Letters must be submitted in dupli- 
cate. From now on we request authors of each Article 
submitted to The Physical Review to enclose a duplicate 
copy of the abstract of their paper. 

Dr. George L. Trigg is the Assistant Editor for 
Physical Review Letters. Circulation and subscriptions 
will be handled by the American Institute of Physics, 
335 East 45 Street, New York 17, New York. 
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